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PREFACE. 



IT has been for some time a subject of 
complaint amongst mathematical readers, 
that, although the analytical sciences have 
been investigated with the greatest ardour 
and success for a length of time by men of 
the most eminent talents upon the conti- 
nent, yet scarcely any works exist in the 
English language in which the improve- 
ments made by them are noticed. 

As their notation and peculiar modes of 
proceeding are different from those used by 
English Mathematicians; I conceive that a 
translation of an elementary treatise upon 
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IV PREFACE, 

analytical mechanics by one of the most 
distinguished of the continental Analysts, 
with notes that shall enable the reader to 
understand it with greater facility, will 
render an acceptable service to those who 
are desirous of being in some degree ac- 
quainted with their merits. 

It is hoped that when this work is under- 
stood, the obstacles which may be met with 
in reading the Mechanique Cdeste, or the 
M^dhanique Analytique, will principally 
arise from the difficulty of integrating the 
Equations of which the authors make use. 
This can only be obviated by a diligent 
pertisal of some of the treatises upon the 
integral calculus, given by Euler, Waring, 
Cousin, Legendre, and Lacroix; particu- 
larly the Traite du Calcul Differentiel et 
Integral by the lafet mentioned writer. 

To say any thing relative to the merits 
of such produttions as the Mechanique Ce- 
leste or the Mechanique Analytique would 
fee superfluous. They are so great as to 
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PREFACE* V 

itKiiioe an eminent Analyst* to assert^ 
that all elementary treatises upon mechan-* 
ics should be composed as preparatory to a 
perusal of them. 

The work which is here translated wiU 
serve to give those readers who are unac- 
quainted with the writings of the continent 
tal Analysts, some idea of the elegance and 
extent of which their methods are capable. 
I have only to regret that the task of pre- 
senting it has not been attempted by abler 
hands; but, from some excellent analytical 
specimens already before the public, little 



* It is now certaia that the Mechanique AnaSytiqae and 
the Mechanique Celeste are the trae sonrces from which a 
complete and methodical knowledge of all the properties of 
the equilibrium and of the motion of bodies either solid 
or fiuidy which objects form the principal application of 
transcendental analysis, can be obtained; it is therefore 
necessary that in futnre the elementary treatises should be 
composed with the view of leading to these works. 

Discours preliminaire to the Traite elementaire de Calcal 
Piiferentiel et de Calciil Integral par S. F. Lacroix, Edit. 
1803. 
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VI PliEFACE, 

(l^oidbt can be entert^ned of it sooa being 
followed by original treatises upon the same 
aubject> by writers well qualified for thi} 
undertaking. — From the rapidly increasii^ 
taste for the works of the continental Ma- 
thematicians, there is every reason to hope, 
that the time is not far distant when the 
analytical sciences will again flourish in the 
country of their illustrious founder. 

With respect to the notes, the whole ot 
which I have added to the treatise of La-» 
place, it may be proper to observe, th^t 
they are intended in some degree to facilitate 
the reading of the text to those students 
whose information is not supposed to extend 
beyond the elementary principles of me^- 
cbanics and of fluxions as taught in this 
island. — They contain some additions to the 
original work. These are particularly neces- 
sary, as the treatise of Laplace was merely 
intended for an introduction to the Mechan- 
ique Celeste. In making them I have deri- 
ved considerable assistance from the workf 
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PREFACE. Vll 

of the most eminent writers upon mechanics, 
particularly Lagrange. 

As these notes were merely composed 
with the hope of promoting a favourite sci- 
ence, of which every one who is acquainted 
with the confined sale of the generality of 
mathematical works must be well aware, 1 
hope the reader will receive with indulgence 
any errors into which I may unintentionally 
have fallen; particularly when he is^ in- 
formed, that they were written at intervals 
under very unfavourable circumstances ari- 
sing from the care of a school and other 
duties, which the *' res angusta domi'* ren- 
dered imavoidable. 



Npttingham Grammar Scheol, | 
MaifStSik, 1814* i 
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CHAP. I. 

Of the equilibrium and of the composiiion oftheforcts 
which act upon a material point. 

1. A BoDF appears to us to be in motion 'wben it 
changes its situation relative to a system of bodies 
'whicb we suppose to be at rest : but as all bodies, even 
those which seem to be in a state of the most absolute 
rest, maj be in motion ; we conceive a space, bound- 
less, immoveable, and penetrabl«? to matter : it is to the 
parts of this real or ideal space that we by imagination 
refer the situation of bodies ; and we conceive them to 
be in motion when they answer successively to different 
parts of space. 

The nature of that singular modification in coasei* 
quf'nce o( which bodies are transported from one p^ice 
toanothery is, apd always will be uolsnown: we have 
dlijgiuited it by ibeoaiDe enforce ^ ;mAwe9s%noiMm 
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2 LAPLACE'S MECHAlilCS. 

to determine any thing more tban its effects, and the 
laws of its action. The eflfect of a force acting upon a 
material point is, if no obstacle opposes, to put it into 
motion; the direction of the force is the right line which 
it tends to make the point describe. It is evident that 
if two forces act in the ssamc direction, their effect is the 
sum of the two forces, and that if they act in a contrary 
<lirection, the point is moved by a force represented by 
their difference. If their directions form an angle with 
each other, a force results the direction of which is a 
mean between the directions of the composing forces. 
Let us see what is this resultant and its direction. 

For this purpose, let us consider two forces a: and y 
acting at the same time upon a material point il/, and 
forming a right angle with each other. Let z repre- 
sent their resultant, and d the angle which it makes with 
the direction of the force a? ; the two forces j? and jf 
being given, the angle B will be determined, as well as 
the resultant z ; in short there exists amongst the three 
quantities .r, s, and 9 a relation which it is required 
to^ know. 

Let us then suppose the forces x and y infinitely 
small, and equal to the differentials cte and dy ; let us 
suppose again that <r becoming successively dv, ^dXy 
3dXy &c. y becomes dy, 2(^, Sdy^ &c. j it is evident 
that the angle Q will be always the same, and that the 
resultant z will become successively cfe, 2<fe, 3dzy &;c. ; 
therefore in the successive increments of the three forces 
^9 3/9 ^^^ ^i ^b^ ratio of <r to z will be constant, and 
can be expressed by a function * of Q which we will re- 



* Every expression in which any number of indeterminate 
quantities enter in any manner, is called a fuocHon of the 
indeterminate quantitiei. Thus «^, a^, a4*^> sln»^ and 
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LAPLACE'S MECHAHICSk S 

present by ^ (fl) ; we shall therefore have .rrris (p (8) 5 
an equation in which .r may be changed intoy, pro- 
vided that at the same time we change the angle into 

- — 9y TT being the semi-circumference of a circle whose 

radius is unity. 

Moreover the force a; may be considered as the re- 
sulta.nt of two forces ^ and o/'^ of which the first x' is 
directed along the resultant z, and the second x" per^ 
pendicular to it. The force a; which results from these 
two new forces forming the angle S with the force x' 

and the angle 5 — with the force x"y we shall have 

these two forces may be substituted for the force x. 
In like manner two new forces y' and y" may be sub- 

stituted for t/^ the first being equal to — and directed 
along s, and the second eq<ual to -^ and perpendicular 



logarithm of (a+bx) are called functions of x ; and ax-{-y^ 
(x+yyt sin- ((^^-¥21) and log. (ax-^-y^) are called func- 
tions of X and y. One quantity is called an explicit function 
of another quantity or quantities, when we directly perceive 
how it is formed from the other quantity or quantities. 
Thus in fhe expressions ^i:zaa:*-f-&d:-|-.c and yzzLaxz-^-bx^-^-- 
cz* ; we have first 3^ an explicit function of x, and next ^ an 
difiplicit function iof x aod «• Whe^ i^e do not directly see 
hayi one qoanCity it formed from otber$, hat must find it by 
an algej^raical process, w call that qaantity an inexplicit 
function of the others. Thus in the first of the foregoing 
^oationt, x is an implicit fanclion of ^, and in the second^ 
an implicit function of ^ and z» 
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tot I ve BhiAl therefore faave, instead of tbe tW0 forces' 
X and^i the four foUowfng : 

«* S* ^ ^. 

9 M Z 9 

the two last acting in contrary directions destroy each 
other ; the two first acting in the same directicm, when 
jadded together form the resultant z ; we bare therefore 

itom which it follows that the resultant of the two forces 
Jt and^ is represented in quantity by the diagonal of a 
lectangle whose sides represent these forces. 

Let us proceed ta determine the angle 9. * If we in- 
crease the force x by its differential ijLcy without altering 
the force ^, this angle will be diminished by the inde- 
;finitely small quantity My but it is possible to suppose 
the force dx resolved into two, one dx' in the direction 
of Zy and the other dx" perpendicular to it ; the point 
iif will then be acted upon by the two forces z^'\-dx' 
and dx'^ which are perpendicular to each other, and the 
f esultant of these two forces which we represent by z' 

iff 

will make with dx" the angle — dd; we shall have 
therefore by what precedes 

dx"z=z'.(p(j^d6^ 

the function <(i ^ — d6 I is consequently indefinitely 



* That thfB reasonhig in the proof of the directioa of the 
rtsaltiog force mmj be more readily cotiprehended, I have 
given a dtsgrsm, (^g* I.) In whi^h we may suppose Mx 
or bz=Sy Mb OT 30Z or ac=t/y Mz=^z^ xu or gf rr- rf g , zJ:=::^ 
iod^ z'c=idx!\ 3fcr:r« resultant of c<f*ii3/ and cfa/', angle ailfar 
r^L^y and angle sitfc=— rfj. 
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•mall, and of the form — hfO, k being a constant quantity 
independent of the angle 6 ; v/e hare therefore 

dx" . 

— ,-= — Jtrffl.- 

ji' differing •nly by an indefinitely small quantity from 

«; moreover as dx^ forms with dx the angle-—-*, 

we haye 

therefore 

If we increase the force j/ by di/^ supposing x constant ; 
we shall have the corresponding variation of the angle 

4 by changing x inio^yi/ into Xy and d into ---"6, in 

ocdv 
the preceding equation, which then gives rf6=7p^ ; by 

making x and y YSLty at the same time, the whole vari- 
ation of the angle 6 will be ~? — • and we shall have 

z 
By substituting for s* its value ^+^* and* integrating 

♦ The integral or fluent of the quantity ^ ^^^^ =kd9, 

may easily be found by substituting ux for^, and udx-^xdu 
for df/y which gives 

xudX'^'X^du — uxdx du ^ ^ 

H^efore an arc whose tang.is fi,is equal to ibd+f 9 consequent* 
ly wrr^ = tang* (kO+p). In the nbore It is hardly necessary • 

to obserye, thatc2r, d^y du^ and <^ repreHSt «, jr> ti,aodl^ 
the fluxions of x^ ^, Uy and P. 
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§ UfAVhkCE'S MECHANICS. 

we shall have -zi= tang, (kO-^p), p being a constant 

quantity. This equation being combined with that of 
a^'-\-'j/^=zz^f gives .r:=z:s. cos. (kB^p)* 

It is now only required to find the two constant quan- 
tities k and p ; but if we suppose j/ to vanish^ then evi- 
dently « — ^j and BzzdO ; therefore cos, /;=l,and xiz^z. 
cos. kd. If we suppose x to vanish, then s==y and 
fc=:4-7r; cos. kQ being then equal to nothing, brought 
to be equal to S;?-^-!} n being a whole number, and in 
this case x will vanish whenever Q shall be equal to 

"^ ; but .r being nothing, we have evidently &=|^; 

therefore 2n-\-lz=zl or nz=Oy consequently 

:vzz=:z» cos. 0. 
From which it follows, that the diagonal of the rect- 
angle constructed upon the right lines which represent 
the two forces a: and ^, represents, not only the quantity, 
butlikewise the direction of their resul(ant« In like man- 
ner we are able for any force whatever to substitute two 
other forces, which form the sides of a rectangle having 
that force for the diagonal ; and from thence it is easy 
to conclude, that it is possible to resolve a force into 
three others which ibrm the sides of a rectangular pa- 
rallelepiped of .which it is the diagonal *. 

* For if MA (Jig, %) represent any force, it may be 
resolved into two others, MB and MF^ by means of the 
rectangular parallelogram MBAF^ also MF may in like 
manner be resolved into the forces MG and ME^ by form, 
f ng the rectangular parallelogram MG^E ; then if a paral. 
lelepiped be constructed having MEFG and MB for its 
tsLBe and altitude, the force represented by its diagonal ^pf 
-will have been resolved into three other forces represented 
in quantity and direction by its three edges MG^ MEy and 
MB* These three lines art called* the co-ordinates of the 
Hue MA. 
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LlkPIiACE^g MECHANICS* 7 

Let therefore a, b, c be fbe three rectangular co- 
ordinates of the extremitj of the right line, which re- 
presents any force whatever, of which the origin is that 
of the co-ordinates; this force will be represented by 

the function V'a^-j-i'^-j-c*, and by resolving it parallel 
to the axes o( a^b, and c, the partial forces will be re-' 
spectively represented by these co-ordinates. 

Let a\ J', & be the co-ordinates of a second force ; 
o-j-ft', i-j-^S c-j-c' will be the co-ordinates of the re-* 
sultant of the two forces, and will represent the partial 
ones into which it can be resolved parallel to three 
axes ; frona which it is easy to conclude, that this re- 
sultant is the diagonal of the parallelogram constructed 
upon the two forces. 

In general a, ft, c ; a', ft', c'; &c. being the co-or- 
dinates of any number whatever of forces ; a-j-o'4"<*'^ 
&c. ; ft+ft'-j-ft^' &c ; t+c'-j-c'' &c. will be the co-or- 
dinates of their resultant ; the square of which will be the 
sum of the squares of these last co-ordinates ; we shall* 
therefore, by this means, have both the magnitude and 
the position of the resultant, * 

2. From any point whatever of the direction of a 
force i5, which point we shall take for the origin of this 
force, let us draw to the material point M a right line 
which we wilt call 5 y let or, y, and z be the three rect- 
angular co-ordinates, which determine the position of 
the point JIf, and a, ft, and c the co-ordinates of the 
origin of the force ; we shall then have * 

s=y(x-ar^(f/—b)*+cz—cr. 

* In CfiS" 3. J let^Axj Ay^ and ^a r^pregent the three 
rectangular co-ordinates of a:, ^, and s, and MS the Hoegif ; 
frovi the points S and M let fall the perpendiculars Sm and 
UN upon the plane yAx^ join m and iV, draw SiR perpendh^ 
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tf we resolye the force S parallel to the axes of jr, of 
y^ and of s y the Qorrespoading partial iiMrces will be by 

the preceding n^. S. ~II-, S.^lZL^ and S.^^^, * 



ooUr to ilfiV, from nt aod N, in the plane ^Axy draw the 
perpendiculars mP and iV^T to jix^ from m draw mQ per. 
pendicular to NT; then because Sm and JfiV^ are perpen* 
dicular to the same plane, thej are parallel to each other ; 
also as mN meets MN in the plane ^Axj it is perpendicular 
to it, and parallel and equal to SR^ as is Sm to RN ; in 
the rectangular ^gnrePTQm we have PT=ziwQ, and Pm=i 
TQ. In the figure SM=9, Sm=RN=:c, MN=z, MR 
=MN^NR-=z^c^ NT=yy mPr=zTQ=b, NQ=NT— 
TQ=^—hy AT=x, AP=a, PT=,mCt=:AT^AP=x^t^, 
and as MRS is a right angled triangle MS=\^SR*+MR* 
but SR^=:mN*=::y as the triangle mQN is right angled, 
mQ*+QN*=JPT*+QN\ therefore 

MS^::VPT^+QN*+MR^ 



or by sabstitntion, r=l/ fa?— tf^*4-0— *>*+f a— O*^ K 
S coiniMfis wtdi Aj t)»n tf, b, and c yaaish, and 

Let «, ^, and y ve^ctifely represent At angles which 
« in this case makes with the axes of x^ ^, and z, thea it it 
evident from fig. % in which we may suppose MA^s^ 
MG=Xj ME:=z^y and MB=Zy that we have the following 
proportion s i x i z rad. (1) : cos. a^ consequently 

X V z 

CQi. 41;=^; in like manner cos. /3z=^, and cos* vr=-; |C 
these cosines be substituted for their values in the equatioo 

it will be changed into the following, 



l==V^cos,*»+cos,*j8-j-co^.*y. 

^ By the preceding number 8 : a?— a ; : S : S. ^^^^^^ 
«»lha f«urce U Oa diractioa of tha axit w. 
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■ ^'Kr^)--,K:7)--K^:)-(m:-i). 

and ( r— ) denoting, according to the received nota- 
tion, tbe co-efficients of the variations Jx, Jy, and Ss, 
in the variation of the preceding expression of ^. 

If, in like manner, we ilame 5' the distance of M from 
any point in the direction of another force S^, that point 

^ ) ^^*^^ 
be this force resolved parallel to the axis ofo:, andso 
on of the rest ; the sum of the forces S, S', S"^ &c. re- 
solved parallel to this axis will therefore be £* S.| r- I 
* the characteristic 2 of finite integrals denoting here, 
the feum of the tetms '5* ( j- }, S'. I r- J, &c. 

Let V be the resultant of all the forces S, S', &c.) 
and u the distance of the point Mtxom a point in the 



* The expressions ^^J|, (^), (^^ enclosed be- 

tween parentheses, represent the co.efficients of the partial 
diflerentiations of the equation 



taken by making x, ^, and z vary separately ; thus differ, 
entiating the equation, by supposing 1/ and i^ Constant, we 

obtain ^szz ^ ^" . ^ therefore! r- 1= --^% in like man- 

ner, ("ifWi?^ dnd T^i'Jzr f=:l i thbse expressions 

are evidently eqairalent to theco-siaes of the angles which 
tiibiinbi:iimkts wi)h the oo^btdibatss x, ^, and i teiipm:* 
tiv*y. 
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10 XiAPXiACB*8 MBCHAMICf. 

direction of this resultant, ivhich is taken for its origin ; 
V. ( r- J wi'l be the expression of this resultant re- 
solved parallel to the axis of ^ ; we shall therefore hay« 
by the preceding number V. ( r-J=:2. S. ( r- )• 
We shall have in like manner, 

from which we may obtain, by multiplying these three 
equations respectively by Ixj S^, and Izj and then add* 
ing them together, 

F. Jtt=2. S. S^/ . . . (a) 
As this last equation has place, whatever may be the 
variations Ixy Sy, and Izy it is equivalent to the three 
preceding ones. 

If its second member is an exact variation of a func- 
tion f , we shall have F. ^ti=$$, and consequently, 

that is to say, the sura of all the force? S, S', &c. re- 
solved parallel to the axis of x is equal to the partial 

differential fr^l. This case generally takes place 

when these forces are respectively functions of the dist- 
ance of their origin from the force M. In order to have 
the resultant of all these forces resolved parallel to any 
right line whatever, we shall take the integral £./. Sls^ 
and naming it ^, we will consider it as a function of or, 
and of two other right lines perpendicular to x and to 

effch other; the partial differential (^Vwill then be 
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liAPLACSS MECHANICS. 11 

theresultant of the forces S, S^ &c. resolved parallel to 
the right line x.* 



* The following expressiona of the equilibrium of a point 
follow from the above equations. Suppose that the powers 
are represented both in magnitude aud direction hy S^ S'^ 
' S'y &c. whose directions form the following angles, 

with the axis of x • • • «, a', a!'^ • • • 

with the axis of ^ . . . jS, /3', 0'^ . i . 

with the axis of 2; • . . y, y', y", . . • 

By resolving each of these forces into three others whose di« 

rections are parallel to the axes, we shall have for the com. 

posing forces parallel 

tox . . S. cos. ay S*. COS. «', S". cos. «", .S^c. . 
to^ . . S, cos. ^, S'. COS. iS', S". COS. 0\ &c. . 

toz . . S. COS. y, 5'. COS. y', 5". COS. y, &C. . 

Each of these threft collections of forces is equivalent to a 
single force, equal to their sum^ because these components 
are directed in the same right line. Naming P, Q, and R 
the three forces respectively parallel to x^ y^ and %^ we shall 
have 

' PzrS.cos.«4-S'.cos «'4-S".cos.«"4-&c« 
e=i.S.cos.i8+5'.cos.^+A^'.cos.^'+&c. 

iit=5.COS.y+5''.COS.y'4-A'".COS.y"+&C. 

Let a, d, and c represent the unknown angles which the 
direction of the Vesultant V forms with the three axes ; 
V. COS. a, V, COS. by V. cos c will be its components in the 
directions of the axes ; we shall have therefore V, ^Jpjj^i^P, 
V^ cos. bzzQ,^ and V. cos. c:ziR. If we add the squares ^f 
these equations together, remembering that cos.'a-f-cos.'^-|- 
cos.'czzl, we shall obtain r*=rP*+Q*+il*, which gives 
FzrVf P*+Q»4-il»J / the direction of the resultant may 
be obtained from the equations 

P ^ Q R 

cos. o:=z—y COS. b =^, cos. c =: -. 

^ r r K 

These equations determine both the magnitude and the di-^ 

Digitized by VjOOQIC 
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S« Wl^en the point Id is in equilibrio hy ibe aotioQ 

of sill the forces which solicit it, their resultant is no* 

thing, and the equation (a) becomes 

0=2. S. ^^y ih) 
which shews, that in the case of the equilibrium of a 

point acted upon by any number whateyer of forces, 
the sum of the products of each force by the element of 
its direction is nothing. 

If the point M is forced to be upon a curved surface, 
it will experience a re-action which we shall denote by 
i2. This re-action is equal and directly contrary to the 
pressure with which the point presses upon the surface ; 
foiT by supposing it ^cted upon by two forces, R and 
— 7?, it is possible to conceive, that the force — iZ is 
destroyed by the re-action of the surface, and that the 
point M presses upon the surface with the force — R ; 
but the force of pressure of a point upon a surface is 
perpendicular to it, otherwise it would be possible to 
resolve the force into two, one perpendicular to the sur- 
face, which would be destroyed by it, the other pa- 
rallel to the surface, in consequence of which the point 
would have no action upon it, which is contrary to the 



rection of the resultant F, which is evidently the diagonal 
of the parallelepiped constructed upon P, Q, and A. If 
the system be in eqailihrio, it is manifiest that each collection 
offerees parallel[to the axes should likewise be inequilibrio, 
which gives 

P=0, 0=0, IfcizO. 
With respect to the signs of the components S. cos. «, 
S', cos, a', &c., it may be observed that those which tend 
io increase the co-ordinates shoold be reckoned positive, 
and those which act in a contrary direction negative. 
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sappositioii ; naming * r therefore the perpendicular 
drawn from the point ilf at the surface, and terminated 
in any point whatever of its direction, the force R wi^ 
be directed along this perpendicular ; it will be reces* 
siiry therefore to add R.^r to the second member of the 
equation (b) which will become 

0=2. S.^s+R.^r; CO 
— i2 being tlien the resultant of all the forces S, S', 8cc 
it is perpendicular to the surface. 

If we suppose that the arbitrary variations 5x, ^^^ 
and ^z appertain to the curve surface upon which the 
point is forced tp remain, we shall have, by the nature 
of the perpendicular to this surface, 5r=0, which males 
R. ^r vanish from the preceding equation : the equa- 
tion (b) has phce therefore in this case, provided that 
we extract one of the three variations Sjr, Jy, and ^z^hj 
means of the equation to the surface ; but (hen the 
equation (b) which in the general case is equivalent to 
three, is not equivalent to more than two distinct equa- 
tions^ which we may obtain by equalling separately to 
nothing the co^efficients of the two remaining differ- 
entials, t Let vz=f) he the equation of the sur&ce. 



* Iq CJ^S' 40 let a point be in eqixilibrjo at J/, on the 
ourve AMB^ by means of the forces MP^ MQ^ and the re. 
action of the curve ; then if MR^ supposed perpendicular to 
the curve at M, be the resultant of the forces MP, and MQ^ ' 
it will represent the pressure of the point upon the curv«, 
and if JfiJif be produced tor, and MrzizMll, then Mr will 
represent the re.action of the curve upon the point, which 
may be supposed in equilibrio in consequence of the foicei 
MP, MQy and Mr. 

+ The nature of a surface may be determined by three rect- 
«ngular CQ.ordiuates, a^ that of a line may by two ; ihixA ki 
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the two equations ^r=0 and ^uz^dO will haye place at 
the same time, this requires that ^r should be equal to 
N^Uy iV being a function of x, y, and z. Naming a, 



uzzO be an equation to a surface, and let its co-ordinates »^ 
y^ and z be respectively measured upon the lines AX^ AYy 
and AZ (Jig. 5.); if the values of x and ^ are given and 
represented by a ind b^ by taking on the axes of x and^ 
AP=zay AQzzzb, and drawing the parallels Gitf', PM! to 
these axes, the point M, which is the projection of the point 
M of the surface upon the plane of a?,^, will be determined ; 
the equation by substitution will then give the corresponding 
value of s, which determines the length of the co-ordinate 
MM^ and, consequently the point M of the surface. 

Curves of double curvature are formed by the intersection 
of two surfaces* Thus, let the equations to two surfaces be 
represented by F(x^ y^ z)z=:0f2Lndf(x, y^ zJzzzO^ then the 
curve of double curvature formed by their intersection will 
have the same co-ordinates ; if therefore the variable x be 
extracted by means of these equations, the resulting one will 
represent the projection of the curve of double curvature 
upon the plane of yz; in like manner, if ^ had been ex- 
tracted, the resulting one would have been that of the pro. 
jection upon the plane of xz; and if z had, that of the pro« 
jection upon the plane of xy. The resulting equations 
likewise represent cylindrical surfaces elevated upon these 
projections respectively perpendicular to the planes of the 
co-ordinates, and the curve of double curvature will be the 
intersection of any two of these surfaces. 

Those who are desirous of being acquainted with the pro. 
perties of surfaces, or of curves of double curvature, or of 
lines supposed In space, and considered with reference to 
their projections upon three planes at right angles to each 
other, may consult the Traite' dn Calcul Difierentiel et 
Integral par S. F. Lacroix, the Application de I'Algebre ala 
Geometrie par MM. IVfonge et Hachette, &c. 



Digitized by 



Google 



liAPLACfi^t MBCHAKIC8. 15 

fr, and e Ae co-ordinates of the origin of r, we Bbatl 
have to determine it 

from which we may obtain 
(f;).+(j:J)*+(j^T=15 and consequently 

^- Kn)'+(|-;)'+(n)'h" 

bj making therefore 

R 



the term R, ^r of the equation (t:) will be changed into 
Xiuy and this equation will become 

in which we ought to equal separately to nothing the 
co-efficients of the variations ^Xjjfy, and ^2, which gives 
three equations ; but they are only equivalent to two 
between J?, ^, and z^ on account of the indeterminate 
quantity X which they contain. We may therefore 
instead of extracting from the equation (b) one of the 
variations Ix^ ^y^ or ^2, by means of the differential 
equation to the surface, add to it this equation multi- 
plied by an indeterminate quantity X, and then con- 
sider the variations ^x^ ly^ and Iz as independant quanti- 
ties. This method, which likewise ifesults from the theory 
of elimination, unites to the advantage of sin^plifying 
the calculation, that of making known the pressure 
r-i? with which the point Jlf acts against the surface*. 



* Let the poiat be supposed in eqiulibrio upon a surface 
whose equation is u-=0^ and let tfae forces Sj S'^ S"^ &c. be 
ledaced to three P, Q^ and jR acting in the directions of the 



Digitized by 



Google 



. Supposing this point to he CtmiAhwA is n eanal of 
ftiniple or double curvature^ it will ptoire oil the pari 



tliree r^tangnlar co-ordinates ; then the suih oftftelooinebts 
P.^x+Q^i/+R.h will be equivalent to S^+S'h'+S"h" 
*f-&c« and bj ^ding ^u multiplied by the iiidetermiuate 
quantity x, the equation of equilibrium becoijaes 

but u being a known function of x^ ^, and z^ we shall have 
by differentiation 

I ^ |, I ~ J, and ( ^ I representing the co*efficietit» cf 

tr, 2ry, and Ssr. By substituting this value of ^u in the pre* 
ceding equation, it becomes 

%hich gives, by equalling separately to nothing each sum of 
'the terms multiplied respecti? ely by ^x^ Itf^ and ^3^ the three 
'CoIIowing equations 



=0, 



from which, hy extracting A, we shall obtain the two follow- 
ing equations 



''•(r.)-(S=«^ 



Aftt eontaia tiie coniitioiis of the equilibrium of a polftt 
«po& a lar&ce* 
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of the catial, a re^aclion ivhich jve shall denc^e hy k^ 
that will be equal abc) directly contrary to the pressure 
ivith which the point acts against the canal, the direc- 
tion of which will be perpendicular to its side ; but the 
curve formed by this canal is the intersection of two 



In the case of a point acted upon by certain forces, th« 
conditions of its equilibrium upon a surface may be found 
with more ease, by directly substituting in the equation 

the value of^t obtained from the ditferential eqnation 

(^:M^;>+(^.>-• 

df the surface, and then equalling separately to nothing tBls 
co-«ffictents of the differentials la and ly. By this method 
we shall immediatelj get the equations 




which are eqtiivaleat to the equations found by the other 
method. 

In like manner, if a body is forced to be upon a line of a 
given description, determined by the two differential equa- 
tions lyizzp^x^ %Z':zzq^x of the projections of the line upon the 
planes of xy and xz^ we have oniy to substitute these values 
ol^y and Jz, in tie eq«atioti P.l^-^-Q.^-^RMzzQy which, 
on being divided by Ix^ gives the equation, 

for the condition of equilibrium. 
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surfaces^^of which the equations express its nature ; we 
may therefore consider the force k as the resultant 
of the two forces R and i2', which re-act upon the 
point Jkffrora the two surfaces ; moreover as the di- 
rections of the three forces ff, 72', and k are perpendi- 
cular to the side of the curve, they are in the same 
plane. By naming therefore Ir and Sr' the elements of 
the directions of the forces R and R\ which directions 
are respectively, perpendicular to each surface, it will 
be necessary to add to the equation (b) the two terms 
if.Sr and R.W which will change it into the following 
0=2.S.S^+/«?.Jr+iR'.Sr'. (d) 

If we determine the variations So:, Sy, and 5s so that 
they may appertain at the same time to two surfaces, 
and, consequently, to the curve formed by the canal ; 
Ir and Ir' will vanish, and the preceding equation will 
be reduced to the equation (b)^ which therefore has 
place again in the case where the point M is forced to 
move in a canal ; provided, that by means of the two 
equations which express the nature of the canal, we 
make two of the variations ^Xy ^^, and ^z to disappear. 

Let us suppose that w=:0 and ^'=0 are the equations 
of the two surfaces, whose intersection forms the canal. 
If we make 

R 

?c=i: — : 



/Cr:y+(l^)'+(rO' 



and 



R' 



X': 



the equation (d) will become 

0=2. S.ls-\-y^u-{-\'luf ,• 
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an equation in which the co-efficients of each of the 
▼ariations Jjr, Sy, and ^z will be separately equal to no- 
thing; in this mnmier three equations will he obtained, 
by means of which the values of X and X' may be deter- 
mined, which will give the re-actions R and R' of the 
two surfaces ; and by composing them we shall have 
the re-action k of the canal upon the poi: t 31, and, 
consequently, the pressure with which this point acis 
against the canal. This re-action, resolved parallel to 
the axis of .r is equal to 

^•Cr:)+«'(rJ -'-■(.->'•(.-.)' 

the equations of condition tiz=0, and tt'nzD, to which 
the motion of the point Mis subjected, express, there- 
fore, by means of the partial differentials of functions, 
which are equal to nothing because of these equations, 
the resistances which act upon this point in consequence 
of the conditions of its motion. 

It appears from what precedes, that the equation (b) 
of equilibrium has generally place, provided, that the 
variations ^x, 3y, and ^z are subjected to the conditions 
of equilibrium* This equation may therefore be made 
the foundation of the following principle. 

If an indefinitely small variation is made in the posi- 
tion of the point M, so that it still remains upon the 
surface, or the curve along which it would move if it 
were not entirely free ; the sura of the forces which so- 
licit it, each multiplied by the space which the point 
moved in its direction, is equal io nothing in the case 
of equilibrium *. 



• Let the forces 5, iS", S", &c. be supposed to act npon 
the point M in the directions <4 the lines #, t', «", kc. re. 
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The variations 5j?, 2ty, and >2 b^ing supposed arbi- 
trary and independent, it is possible in tbe equatioa 



$p9CtiYe\y drawn from that point to the origins* of tb^se 
forces; let F represent ttieir resultant, and u a tii.r drav^ii 
from the point M in irs direction ; also, let an^ line MN^ 
be supposed* to be drawn from the point M^ and each of Ihe 
forces F, iS\ A'^, &c. tp be resolved into I wo others, one in 
the direction of this line, and the other perpendicular to it. 
Because F h the resultant of all the other forces, its compo- 
nent along the line MN will be equal to the sum of the com- 
ponents of the other forces along th^ same line ; let m, a, 
o', a"^ ^c. denote the angles which the directions of the 
forces V^ 5, S\ S"^ &c, respectively make with the li^it 
MNi we shall then have the following equation, 

F.co8.wzz5^.co8.a+A'''.cos.a'+«S'''.cos,o",-f-&c. 
JLet any point N he taken upon the line M.V, then if this 
line be represented by 6, and its respective projecrions upon 
the lines m, s^ ^, «", &c. or their continuations by Atf^ 
A^9 A»S A«", &c, we shall have 

At/=&.cQ$.m, A^i:=^.co$.a| A^';m&.cps.a'^ &c« 
If both ^ides of the preceding equation are n^ultiplied by b^ 
it will) by substitution, become 

If the point M be supposed to move to the point iV, and the 
line MNbe regarded as representing the virtual velocity of 
tkis point, the quantities Af^, A^, A^^ &c. will denote the 
virtual velodties of this point in the directions of the forces 
F. 5, iS", S'\ &c. ; the last equation therefore Afi^n^ tUit the 
product of the resultant of any number of forces applied to 
the same pointy by the virtual velocity of this point estimated 
in its direction, is equal to the sum of the products of these 
fprces by th^ir rasp^cti^e virtpi^ velopltieSy estiiviated jn the 
d|re9^n^ pf (be ionem* It jii not absMotaly ntceitary that 
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(a) to substitute for the co-ordinates x^y Bind % three 
other quantities ivbich are functions of them, and to 
equal the variations of these quantities to nothiBg. 

Thus naming f the radius drawn from the origiii of 
the co-ordinates to \he projection of the point M upon 
the plane of x and y^ and is the angle formed by p and 
the axis of or, we shall have 

asmp.coe. « ; jrzzr^.sin. ts. 
Bj emisidering therefore in the equation {a)^ u, Sj /, 
ftc. as functions ofp^ is^ and Zy and comparing the eo^ 
efficients of ^^ we shall have 

r.(L:)=2.s.C-i), c,, 

— 'rr— j is th^ expression of the force V resolved in 

the direction of the element p.iis. Let P be tlus force 
resolved parallel to the plane of :r and y^ and p the per- 
pendicular let fall from the axis of x, upon the direction 



the Tirtaal velocities should be supposed iodefiinitelj sn^all^ 
if tbey are^ the I^t equatiop becomes 

Id the case of equilibrium, we have r==0, and coasequenilj 

0— S.^f+S'.^tf'+S'V, &c. 
If the poiit is forced to remain upon a given carve er sar. 
fac?y this equation will be proper, the virtufU velocities h^ 
?^9 S^^'i kc. being supposed ind(&£^|{l;eif small, and iu^::iQ in> 
stead of K. 

The products S.h^ S'.J*', S".U*j &c. are .ealled by some 
authors the moments of the powers S^ 5', S"y ice* ; and their 
sum being equal to nothing, which has place not onljr for one 
point, but, as will be proved hereafter, for any s)^stem what- 
ever in eqailibrio^ is called the principle of virtual ve- 
locities. 
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of P parallel to the same plane ; — will be a second 

f 
expression of the force V resolved in the direction of 
'the element p^m *; we shall therefore hare 

If we suppose the force V tobeappliicd to the extremitj 
of the perpendicular p^ it will tend to make itturn about 
the axis of z ; the product of this force hy the perpen- 
dicular is what is called the moment of the force Vy/iih 
respect to the axis of z ; this moment is therefore equal 

to r.( T-^ ) ; ftnd it appears from the equation CO9 

that the moment of the resultant of an j number what- 
ever of forces is equal to the sum of the moments of 
these forces 



* Let MB (Jig. 6 J represent F', or the force V resolved 
along a plane parallel to that of xy^ let O be the point where 
this plane cuts the aiis of z^ join OM^ then OM will be pa. 
rallel and equal to p, draw OA or p perpendicular to V or 
MB produced, also BD perpendicular to OM; then, as the 
right angled triangles MBDj MO A have a common ^ngle at 
M, they are similar, consequently 

MO(f) : OA(p) 2 : MB(VJ : DBz=£l^L; 

9 
but the line DB represents the force V* resolved in the dl- 
' rectioti p9« perpendiealar to p, therefore that force ii repre. 

sented by ?- — • 
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GHAP, II. 



Of the motion of a material point. 

4. A Point at rest is not able to give itself any mo- 
tion, because it does not contain Tvitbin itself any cause 
vrhy it should move in one direction rather than another. 
When it is solicited by any force whatever, and after- 
wards left to itself, it will move constantly in an uniform 
manner in the direction of that force, if not opposed by 
any resists^nce. This tendency of matter to persevere 
in its state of motion or rest, is called its inertia. This 
is the first law of the motion of bodies. 

That the direction of the motion is a right line fol- 
lows evidently from this, that there is' not any reason 
why the point should change ils course more to one 
aide than the other of its first direction : but the cause 
of the uniformity of its motion is not so evident. The 
nature of the moving force being unknown, it is impos- 
sible to discover "^^iprlfoip/ if it dught to continue with- 
out deasiog?, ' In fact, a^a bddy is incapable of giving 
itself any moti<)(n^ it appears equally incapable of alter- 
ing ..that, which it ha^ received ; so* that the law of 
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inertia is the most simple and natural which it is pos- 
sible to imagine ; it is also confirmed bj experience, 
for we observe upon the earth that (be more the* ob- 
stacles are diminished, which oppose the motions of 
bodies, the longer these motions are continued ; which 
leads us to believe, that if the obstacles were removed 
they would never cease. But the inertia of matter is 
most remarkable in the motions of the celestial bodies, 
which have not during a great number of ages experi- 
enced any perceptible alteration. Thus we may regard 
the inertia of bodies as H law of nature, and when we 
shall observe any alteration in the motion of a body, we 
will suppose that it is owing to the action of a different 
cause. 

In uniform motion the spaces gone over are in pro- 
portion to the timies, but the time employed in describ- 
ing a given space^ is longer or shorter according to the 
ma^itude of the moving force. These differences haVe 
given rise tp the notion of. velocity, which, in tinif(>rnA 
motion, is tb« ratio of tlie space to the time passed in 
going over it ; thus, s represeatisg the space, t the 

tinie, and v the velocity, we have v^zzj^ Time and 

space being heterogenqat, and conseqtiently, not com- 
parable quantities, a determinate interval of time is 
chosen, such as a second for an unit of tioie'; in like 
manner, some unit of space is chosen, ds a metre; and 
then space and time become abstract itombers, which 
express bow often they contain the Units of tbeirspede^, 
that are thus rendered comparable to each other. By 
this means the velocity becomes the ratio of tw6 ab- 
stract numbers, and its unity is the Telocity of a body 
which passes over the space of a metre in one second* 
5. The force being only known by tbe«pace iihick 
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-t ; r ■ - ' ) • 

it causes a body to describe in a given time, it is natural 
to takethis space for its measure ; but this supposes that 
many forces acting in the same direction, should cause 
the body to pass over a space equal to the sum of the 
spaces which each of them would have made it go 
over separately ; or what comes to the same, that the 
force is proportional to the velocity. This is what we 
arc not able to know a priori, owing to our ignorance 
of the nature of the moving force; it is therefore ne- 
cessary to have again recourse to experience on this 
occasion, for all that which is not a necessary conse- 
quence of the little which we know respecting the na- 
ture of things, must be to us but a result of observation*. 



* ]\lr. Knight, in the ninth No. of the Mathematical Re. 
pository, has attempted to prove the law of the proportion, 
ality of the force to the velocity, by supposing two straight 
lines at right angles to each other, to represent the magni. 
tudes and the directions of two forces, and taking parts from 
these lines, measured from their junction, to represent the 
velocities Which these forces would respectively cause ; and 
by completing two parallelograms, one about the lines de.* 
noting the forces, add the other about those denoting the 
velocities, and drawing diagonals in each of them represent, 
ing the respective resultants of the forces and the vefocities ; 
he has shewn that if the diagonals are in the same right line, 
the parallelograms will be similar, and consequently the 
forces and the respective velocities proportional; if they 
are not, it must be supposed that the resultant of the forces 
has caused a motion in a different direction to its own, which 
is absurd. 

Mr. Knight has^ I think, proved that the force varies as 
the velocity, if it be taken for granted, that tht proofs re. 
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NamingTthevelocity of the earth, which is commoB 
to all the bodies upon its surface, let fhe the force by 
•which oneof these bodies Mis actiiatedin consrqtience 
of this velocity, and let us suppose i\\Mv=:f<p (f) is the 
relation which exists betwe* n the velocity and the fofce; 
<p (f) being a function of/ which it is necessary to de- 
termine by experiment. L* t a, A, and c \\et the three 
partial Oorces into which the force f may be resolved 
parallel to three axes which are perpendicular to each 
othtr. Let us then suppose the moving bixly Mio be 
solicited by a new force/', which may be resolved into 
three others a', b'^ and c' parallel to the same axes. 
The forces by which this body will be actuated in the 
directions of these axes, are a-j-rt', fc-|-6', and c-J-c'y 
learning JPtho sole resulting force, it will become, from 
what precedes, ' 

F=yCa+a^/+( A+60'+f c+c';% 

If the velocity corresponding to F be named U; 

\^^^2l will represent this velocity resolved pa-* 

F • 



specting the composition and the resolution of forces, and 
those respecting the composilion and the resqlution of ?elo- 
cities, are satisfactorily demonstrated independent of each 
other. 

* If 17 represents the velocity of the body corresponding 
to F, we shall find that part of it relative to the axis of a-^ro! 



\iy the proportion 



le proponion 

y'(a+a'r+(d+d')^+(c+cf)^ : a+a! . i U : 
(a+a!)U 

but FzziVca+a'r+Cb+b'J^+Cc+c')^, therefore, by 
substitution the expression becomes -i^ — —^—* 
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rallel to the axis o(a; also the relative vAociiy 6f the 
body upon the earth parallel to this axis will be 

Cfi^2^, pr Ca+a'). ? (F)-a. <p (f). The 

greatest forces which we are able to impress upon bodies 

at the surface of the earth, being much smaller than 

those by which they are actuated in consequence of the 

motion of the earth, we 1may consider «', 6', and c' as 

indefinitely small quantities relative to /; we shall 

r t, T. ^. aa'+bb'+cc'* 
therefore have i^=/i -. ; and 



* If af^ h\ and c' are supposed indefinitely small relative 
to/, thpir squares and products may be neglected : the ex- 
pression V^(a+aO*+(H^^^ then become 
y^a^+b^+c^+^ac^+26b'+^cc' ; let a^+b^+c^=p and 
tflfl'+2^»6'+2cc'z=y, then if the expression y^/^-f^ is ex- 
panded by the binomid theorem, it will become /+- 

aa'+bb'+cc' „ ^ 
4c. or /H -f ^^' ^"' *8 all the terms after the 

two first of the series contain the squares, products, or 
higher powers of a', 5', and c, they may be neglected. 
If in the expression <p (x) we substitute x-f-k for ^, it be- 

tomes^ix+k)=^ix)+'i^Sfl,k+^:i(^ ^ f,, 

dx 1.2c^x» l.^^dx^ 

d^C>(x) 
+ ^ , .^'^-fr&c. which gives, if (p(x) be represented 

dx l,%dx^ 1.^.3 dx^ 

this is called the theorem of Taylor, and is proved a variety 
«f ways in different mathematical works. Iff be substituted 
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difibrential of <p(f) divided by df. The relative velo- 
city of ilf in the direction of the axis of a, Avill, in like 
manner, become 

Its relative velocities in the directions of the axes b and 
c will be 

The position of the axes a^b, and c being arbitrary, vft 
may take the direction of the impressed force for the 
axis of a, and then V and & will vanish ; and the pre- 
ceding relative velocities will be changed into the fol- 
lowing, 

If \p'(f) does not vanish, tlie moving boiy iA 6ons6* 
quence of the impressed force a', will have a relative 
velocity perpendicular to the direction of this force, 
provided tbat b and c do not vanish ; that is to say*, 
provided that the direction of this force does not coin* 



for x\ and ■ — JL. for Ar in the above expression, it becomes. 

but as tlie quantities a', 6', and c/ are iadefinitoly small, the 

products and higher powers than the first of — i 

may be neglected. 

Digitized by VjOOQIC 



cide Viilh tfeat of the motion o^f the earth. T&iis, sup- 
pose that a globe at rest lipon a very smooth fiorizohf al 
plane is struck by tlie basfe of a iright angfed cylinder, 
moving In the dircctlori of its axis, which is supposed 
horizontal, the apparent Relative motion of the gfollfe 
will iiot be parallel to this axis in all its positions with 
respect to the horizon t thus we have an easy means of 
discovering by experiment if (p^Cf) has a perceptible 
value upon the earth ; but the riiost exact e^tperiments 
have hot shewn In the apparent motion of the ^Icbe anjr 
deviation from the direction of the impressed force'; 
from which it follows that upon the earth, <p'Cf) is verjr 
nearly notriihg. If its small value were perceptible, it 
would parHcuTarly be shewn in the duration of the oscil- 
lations of the pendulum, which would alter ds the posi- 
tion of the plane of its motion differed from the directioh 
of the motion of the earth. As the most exact observations 
have hot discovered any such difference, ^e ought to 
conclude that (p^(f) is insensible, a'rid may be supposed 
equal to nothing upon the surface of the earth. 

If the equation (f^(f)'±=^ has pUce, whateVer the 
force / may lie, tp(f) will 'fee c'onstai'if , arid the velocity 
witl fee proportional to the forise ; it win alko ftf^ pro- 
portional to it if ifee function (^(f) is composed of onljr 
one term, as otherwise <p(f) woiitd not vanisli except jf 
'Aid : it is necessary, therefore, if the vetdcity is not 
proportional io the force, io suppose that in nature the 
function of tlie velocity which expresses the force is 
formed of many terms, which is hardly probable ; it is 
also necessary to suppose that the velocity of the earth 
is exactly that which belongs to the equation (p'Cf)z=Oy 
which is contrary to all probability. Moreover the ve- 
locity of the earth varies during the different seasons of 
the year ; it is about one thirtieth part greater in winter 
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than in summer. This variation is still more consider- 
able^ if, as every thing appears to indicate, the solar 
system be in motionin space ; for according as this pro- 
gressive motiofi agrees lyith that of the earth, or is con- 
trary to it, there should result during the course of the 
year very great variations in the absolute motion of 
the earth, which would alter the equation that we are 
considering, and the relation of the impressed force to 
the absolute velocity which results, if this equation and 
this ratio were not independent of the motion of the 
earth ; nevertheless, the smallest difference has not been 
discovered by observation. 

Thus we have two laws of motion, the law of inertia, 
and that of the force being proportional to the velocity, 
which are given from experience. They are the most 
natural and the most simple which it is possible to 
imagine, and are without doubt derived from the na- 
ture itself of matter ; but this nature being unknown, 
they are with respect to us solely the consequences of 
observation, and the only ones which the science of me- 
chanics requires from experieijice. 

6. As the velocity is proportional to the force, these 
two quantities may be represented by each other, and 
all that has been previously established respecting the 
composition of forces, may be applied to the composi- 
tion of velocities *. It therefore results that the rel^* 



* Let v\ t?", and ©'" jrepreient the noiform velocities im« 
pressed upon a body in the directions of three rectangular 
co-ordinates, x^ y^ and 2:, the spaces respectiyely passed over 
in the time t in consequence of them ; we shall then hare the 
three following equations 

xzizifif ^=1/'/, ZTZixlU^ 
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live motions of a system of bodies actuated by any 
forces whatever, are tbe same wbatever may be their 
common motion ; for this last motion resolved into three 
others parallel to three fixed axes, causes the partial 



and the resulting motion will be uniform and rectilinear, and 
determined hy the equation 

in which $ represents the space gone orer. If v represents 
the velocity of the body, it will be equal to 

The co«.sine$ of the angles which the direction s of the mo- 
tion forms with the co-ordinates 4?, ^, and z respectively, 
are 

X v' y c" 

Let 5, X, ^, and z have the same significations as above, 
and g'j g^'y and g'" denote the constant accelerating forces 
impressed parallel to tbe axes of x, y, and z ; then the eqaa. 
tions of the motion of the point being 

tbe equations of the projections of the line passed orer upoa 
the planes of xy and jfz, will be, as appears by extracting t* 
from the two first and two last equations 
5" «" 

the line passed over will therefore be a right line, and we 
shall have . 
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vdoc^^fs oS^^(f^^ body, parallel tp these a3ce§ to increase 
l^'^l^e ^gi^^ ^ij^^ti^yj an4 as thei^ relative velocitjjr 
qi^l^ depe.ml^ i^poQ ^he ^ifferenq^, of ^hf s.^^ P^^^'^l Xi^^ 
^\ik?^ it is the s^t^e %h^te^^\r p^tjr ^9 \^e l^oUon qohji- 



If ^y 0y and y represent the co.sities of the angles which 9 
makes with a?, j^, and z respectively, then ' 

The accelerating force in the direction of s is constant and 
equal to y^(^ ^+^'^+g'^ *), and composed of the three given 

accelerating forces, as is the case with aniform motions. 

Retaining the foregoing notation, an4 supposing that v' , 
v"y and v'" represent the initial velocities of a pdlnt acted 
upon by constant accelerating (prce^ parallel to the three 
axes ; the equations of th« impressed motion will be 

l^c=v't-^ig't^; 2,z=:v'U+^g^'t^; z—'dU^r^i'tK 
The projection oC the curve passed over by the point iipoa 
the plane oi j?^, found by extracting t itum the two first 
equations, is 

Ay B, and (7 being constant; quantities, a comparison of the 
co.efficients of x"^ and xy will shew that this projection is a 
parabola. The projection upon one of the other planes will 
also give a parabola, consequently the line passed OTer is a 
parabola, 

It may be proved that the curve passed over is of single 
curvature oi^upot^si pYs^^ iv|thout Qbtgi,tiio|; tj^e equations 
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mon (o all the bodies ; it is therefore impossible to judge 
concerning (he absoln(c motion oT the sjstem of which 
we make a paft, by the appearances we ol)serve5 and it 
is this which characterises the law ot the proportion- 
ality of the force to the velocity. 

Again, it results from No. 3, that if we project each 
force and their resultant upon a fixed plane, the sum of 
the moments of the composini^ forces thus projected, 
with resp tt to a fixed point taken upon the plauf*, is 
equal to the moment of the projection of the resuit.nu ; 
but if we draw a radius, which we shall call a radius 
vector, from this point to the moving body, this radius 
projected upon the fixed plane will trace, in conse- 
quence of each force acting separately, an area equal to 
the product of the projection of the line which the 
moving body is made io describe, into one half of the 
perpendicular drawn from the fixed point to this pro- 
jection : this area is therefore proportional to the time. 



of projection, by extracting / from the three equations of 
motion, which gives one of the form 

that belongs to a plane surface. 

If the velocities -;-•—, and -^ parallel to the three axes 
at at at 

at any instant whatever, are composed into one, it will be 

v=^{(v'+g'0'+(v"+^V' + (v^"+g"'0*h 
The accelerating force in the direction of the motion^ or 

— , is, as may easily be provedj 

F 
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It is also in a given time proportional to the moment of 
the projection of the force ; thus, the sum of the areas 
"which the projection of the radius vector would describe 
in consequence of each composing force, if it acted 
alone, is equal to the area which the resultant would 
make the same projection describe. It therefore fol- 
lows, that if a body is projected in a right line, and 
afterwards solicited by any forces whatever directed to^ 
wards a fixed point, its radius vector will always de- 
scribe a6out this point areas proportional to the times ; 
because the areas which the new composing quantities 
cause this radius todescribe will be nothing. Inversely, 
we may see that if the moving body describes areas 
proportional to the times about the fixed point, the re- 
sultant of the now forces which solicit it is always di- 
rected towards this point. 

7. Let us next consider the motion of a point solicited 
by forces, such as gravity, which seem to act continu- 
ally. 

The causes of this, and similar forces which have 
place in nature, being unknown, it is impossible to dis- 
cover whether they act without interruption, or, after 
successive imperceptible intervals of time ; but it is easy 
to be assured that the phaenomena ought to be very 
nearly the same in the two hypotheses ; for if we repre- 
sent the velocity of a body upon which a force acts in- 
cessantly by the ordinate of a curve whose abscissa re- 
presents the time, this curve in the second hypothesis 
will be changed into a polygon of a very great number 
of sides, which for this reason may be confounded with 
the curve. We shall, with geometers, adopt the first 
hypothesis, and suppose that the interval of time which 
separates two con«ecutive actions of any force whatever 
is equal to the clement di of the time, which we will de- 
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note by t. It is evidentlj necessary to suppose that the 
action of the force is more considerable as the interval 
is greater which separates its successive actions ; in 
order that after the same time t, the vclocitj^ may be the 
same ; the instantaneous action of a force ought there- 
fore to be supposed in the ratio of its Intensity, and of 
the clement of the time during which it is supposed to 
act. Thus, representing this intensity by P, we ought 
to suppose at the commencement of each instant dt,ihe 
moving body to be solicited by a force P.dt, and moved 
uniformly during this instant. This agreed upon : 

It is possible to reduce all the forces which solicit a 
point Mio three, P, Q, and 7?, acting parallel to three 
rectangular co-ordinates j:, y, and 2, which determine 
the position of this point; we shall suppose these forces 
to act in a contrary direction to the origin of the co- 
ordinates, or to tend to increase them. At the com- 
mencement of a new instant dt^ the moving body re- 
ceiver in the direction of each of its co-ordinates, the 
increments of force or of velocity, P.dt, Q.dly R.dt. 
The velocities of the point M parallel to these co-orJi- 

iiatcs are -r-i -r*? ^'^d :;- ; for during an indefinitely 

dV dt dt ^ '' 

small time, they may be supposed to be uniform, and, 
therefore, equal to the elementary spaces divided by the 
element of the time. The velocities by which the 
moving body is actuated at the commencement of a 
new instant, are consequently, 

^P.d/. %YQ'dt; -^^+i?.rf^- 



•r 



fi+..^_<,.*+0.*. 
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dt^ dt de ^ ' 

buf at this new instant, the velocities by which the 
moving body is actuated parallel to the co-ordinates 

x,y, and z, are evidently ^+rf. ^; ^+^- ^/ ^'»"^* 
^+^ • ^^; the forces _d.^+p.^/,_d.^ + (?. (/^ 

and — d,'^-\'R.dt^ ought therefore to be destroyed^ so 

that the moving body may in consequence of these 
sole forces be in equilibrio. Thus denoting by Sx, Sy, 
and ^z any variations whatever of the three co-ordinates 
»r, y, and 2, variations which it is not necessary to con- 
found with the differentials rfr, dy^ and dzy that ex- 
press the spaces which the moving body describes pa- 
rallel to the co-ordinates during the instant dt ; the 
equation (b) of No. 3 will become 

^U.^d.'^^-R.dt]^. (f) 

II the point Mhe free, we shall equal the co-efficients 
of ^Xy Sy, and S2 separately io nothing, and, supposing 
the element dt of the time constant, the differential 
equations will become * 

d^x_ d^y ^*-_i> 

dt^—^' dt^—^' To—^' 



* The eqaations =:P, — ^^nrQ, and — ^izrii, are 

sufficient to enable us t# discover the velocity, the trajectory 
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If the point M, be not free but subjected (o move 
upon a curve line or a surface, there must be extracted 



and the place at any given time, of a point not constrained 

to move along a line or a surface, but continually acted upon 

by forces which are given e^ery instant both in magnitude 

and direction. 

Thus supposing for greater simplicity, that thp point 

moves in the plane xy^ P and Q being constant or variable 

but given ; by extracting the time from the two equations 

fit jp ^t «/ * , 

mP, — ^zzQ, and inteffratlnff them twice, we shall 

dt^ ^ dt^ 6 5 J 

find a relation between a and^ which will give the trajectory 

of the point. Tn a like manner, the relation between x and 

/, or^ and t may be found, which will give the position of 

the point for any given value of the time t. The values of 

— and — will likewise give the velocities of the point in 
dt dt 

the directions of x and y^ from which we may obtain the 

real velocity v of the point ; for 

The first of the two constant quantities which the above 
double integration requires, will be determined by the value 
of the velocity at a given instant, such as the commence*, 
ment of the time t. The second will depend upon the sitna^ 
tion of the point wi(h respect to the two axes at this instant. 

If the moving body be attracted towards a fixed point by a 
single force, the integrals of (he equations 

d^^^p ^'y^^ "^"""^R 
T?"^' TF^' dJ--^^' 

may be readily obtained in the following manner, 

h^t the origin A of the co-ordinates be placed at thi^ 
lixed point, and suppose the moving body m in any positiorv^ 
paving «, y^ and z for its rectangular co-ordinatt s ; then its 
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from the equation (f)^ by means of the equations to 
the surface or the curve *, as many of the variations 



distance from the point A will be represented by y^x*4-f/*+«» 
aod the force acting upon It by — Sy \?hich M^hen resolved in 
the directions of x, j^, and z gives 

— Sx ^ —S^ ^ ^ ^Sz 



The three first mentioned equations, by proper multipllcatioa 
and subtraction, evidently give the three following, 
sod'y ^yd^x=(xQ — yP).dt\ 
zd^x — xd^Z'z=.(zP — xR).dt*j 
yd'z — zd*yz=(yR — zQ).diK 
If the above values of P, Q, and R are substituted in these- 
equations^ their second members "will vanish, and their first 
vill give by integration, the following xdy — ydxzizcdt^ 
xdy — ydxzzzd dty tLndydz — zdyzzd'dt^ c, c', and d' being 
constant quantities ; these equations shew, as vrill be here, 
after demonstrated, that equal areas are described in equal 
times, by the projections of the line Am upon the planes of 
the co-ordinates. If these integrals be added together, after 
having multiplied the first by z^ the second by j^, and the third 
by ^, the equation cz+dy-^-d^x^ziQ^ which belongs to a plane^^ 
will be obtained. 

* If a point moves upon a curve line or surface, it may 
be supposed free, and acted upon by a force equal and op. 
potite to the perpendicular pressure upon the curve oj sur. 
face. Let us, for example,, suppose that zzz:f(x^y) is aa 
equation to a curve surface, by differentiating it, we shall have 

d»zzpdx+qdy. Let Mz=^(l+p^+q*)y then it may be 

easily proved that the normal of the curve surface forms witili 
the axes x'^ y^ and z, angles, the co.sines of which are 
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ijSy ^t/^ and Iz as it will have equaiions, and the Co-effi- 
cients of the remaining variations mutt be eqaaUed to 
nothing *. 



~^ -jTTj and-TT respectiTely. If N represent a force in the 

direction of the normal, equal and opposite to the pressure 

Upon the curre, its components in the directions of the axel 

pN qN N 

ir, y, and z will be rr, — -jjrr and ^respectively ; the 

two first forces are negative, because they tend to diminish 
the co-ordinates x and^, if the curve surface have its con- 
vexity towards the planes of xz and yz^ as can easily be 
proved. The point may therefore be regarded as free, and 

acted upon by the forces P ^^, Q — -^, and R+Jlm » 

which will give the following equations, 

^If — p ^J^ 

^L-n El 
d^z_ iV 

* When the motion takes place in a resisting medium, the 
resistance of the medium may be regarded as a force which 
acts in a direction contrary to the motion of the body. Let 
/ represent this resistance, then it^ moment will be — /.^t, if 
« is supposed to be equal to y(x — l)^^(y — m)^-\-(z^'n)H 
I J m, and n being the co-ordinates of the origin of the force 
/• By differentiation 

If the origin of the force /is supposed to be in the tangeat 
ef the curve described by the body, and indefinitely near to 
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8. It is possible in the equation (f) to suppose the 
variatidhs^ ^^, Sy, and ^z equal <o the differentials doCj 
di/y and rfs, because these differentials are necessarily 
subjected to the conditions of the motion of the moving 



it ^ it may be conceived (hat x — bzizdx^ y — m-zzdy^ z — n 
:zzdzj which gives, by representing the element of the curve 
by dsy the foliowing equations, 

X — / dx y~ m dy z — n dz 

i ds^ t ds^ I da' 

consequently, 

ds ^ds ^^ds 
If the resisting medipm be in motion, it -^ill be necessary 
to compose this motion with that of the body, in order to 
obtain the direction of the resisting force. Let dot^ rf/3, and 
dy denote the small spaces through which the medium passes 
parallel to the axes of the co-ordinates x^ y, and s, during- 
the time that the body describes the space ds^ it will be 
proper to substract these quantities from dx^ dy^ and dz^ in 
order to have the relative motions* K%dszzi.V dx^-\-dy'^'\'dz^'i 
if it be supposed that 

daz=.V(:dX'-d<iyA-(dy — d&)^ + (dz — dyj^ 
the following equation may be obtained, 

dx—dot . dy — d^ dj — dy 



^^=— rfT^-"""^ da 
It should be observed with respect to the resistance /, that 

ds 
it is generally a function of the velocity j-^ ; butm this case 

in which the medium is in motion, it is a function of the re. 

dT 

latlve velocit) -r:* 
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body M. • By making this supposition, and afterTvards 
integrating the equation (f)^ vre shall have : 

c being a constant quantify* ^ isthe square 

of the velocity of 3/, which yelocity we "will denote by 
v; supposing therefore that P dx-\'Q.dt/-^R.dz is 
the exact differential of a function 9, we shall have * 
d'zzzc+S^. (g) 



* In every case in which the formula P,dX'\'Q,dy'\'R,dz 
is an exact differential of the variables a?, 3/, and z^ tfaeiequa.. 
tion (g) will give the velocity of the point M at any part 
of its trajectory, if we know it at any one determinate place. 
For as ^ is a function of x^ y^ and s, let it be represented 
^yf(x^yz)^ also suppose A to denote the known velocity at 
the point where the co-ordinates are Oy cly and d\ then we 
shall have the equations 

A^^c^^Sda.d ,d'), 
and consequently 

z?'»— A^z=aS(^^^^y — ^f(a,d,d'). 
This equation shews the value of v^ when A and the co.or« 
dinates x^y^ s, a, cl^ and d* corresponding to the velocities 
V and A are given. 

It appears from the above that it is possible to determine 
th^ difference of the squares •( the velocities at two points of 
the trajectory^ by means of the co-ordinates of these points, 
witboQt knowing the curve along which the moving body 
passes in going from one point to the other* 

The above does not hold good if P.dX'\'Q,dy-\'R,dxhe .. 
aot an exact differential^ as for instance^ when the forces 
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Thitgense has place wiren the forces whicti^solieit thv 
point Mf are functions of the respective dkrtances of 
their origins from this point, which comprehends nearljr 
all the forces of nature* 

In fact 5^ 5^ &c* representing these forces, Sy s'f 
&c. being the distances of the point M from theit 
origins, the resultant of aU these forces muUipliecl I^ 
the variation of its direction, ttiH be equal, bj No. 2. 
tol.S.is/ it is al80equaltoP.Jj:+<?.^y+iZ.Jsy we 
have therefore 

and as the second member of this equation is an exact 
diffbrentiaT, the first is likewise. It results from the 
equation Cg)y 1st. That if the point JIf is not solicited 
by any forces, its velocity is constant, because in this 
case (pz=zO *» It is easy to be assured of this otherwise 



P, Q, and R arise frem frktien or the resistance of a fluid, 
and contain in their valaes the velocities — , -^, and — ; in 

which case the ^pressfon is net an exact differential of a 
fbnetton of i*, jT, and 2^, regarded asf independent variables. 
Tor to integrate f aoder such circutiistadces, it woald be ne« 
cessary to substitute the lalues of these variables and their 
tfiffnre^.^iah in functions of the time, which could not be done 
except Ihe problem had been pretrouily solved. 

* If the point is not acted upon by any acceltrathig force, 
Imt taures from an initial irapnlse, the forces P, Qy and J^ 
are nothing and ^ vanishes, therefore «?»rrr, or the velocity 
ht eenstanty consequently th^ velocities in the directions of 
Vht ax«s J?, ^, and 't ate constant, >and may be supposed f€^ 
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bf iQbsexving that a.bod^ ropviog on awrfiMce oar cur^e 
lioe^ loses at eacb i^ticoanteT Tvjttb the iodefinitiel^r i$nmU 
plaoe of Xbe wrface, or of the indefinitely small ^ide of 
the curT.e^ but an indefinitely small portion of its velo- 
city ^tb« second order*. gndl/^TJbatXheiiointilfin 
passing from #ne ^ iv;en point with a given velocity^ to 
arrl^ at anotbor^ wiU have at this last point the ^me 
velocity, whatever ^ay be ib^ cuarve ^bkh it shall 
bavte d^soffibed^ 

fiuj; if 4he Ixidy is not forced io mo^e npou .a ideter- 
minate curve, the curve described by it pos;se^es.a si- 



spectiyely ^qual to Che MTanable t»aa4i4t^ ^^ i\ 4Uid c"'. 
We theivefore.bave the e^uation^ 

Tt' Tr^' Tr^ ^ 

from whidi,by<«|kaoiH»|^4lfi,we-slMi11 obtain ^-^ksrc/J^, and 
d'dyz=id'dz^ wbich give by integration (/'icrsiqp+^c'j/, and 
d*'yz=.b'\-d'z for the equations of the projections of the tra. 
jectory upon the fikneSiOf #y-an4^^; but -thfS/^ equations 
helong to straight lines, consequently the trajectory is a 
straight line. 

* It is proved in most treatises upon meehacfics, that- if 
a body moives aleijg a system of inclined planea, the velocity 
lost in passing tfrom one pVane to another, is, as liie Tersed 
sine of the angle which the planes make with each other. If 
the number ofjilanes in aj:iven curve are indefinitt'ly rncreas. 
ed, the supplements of their angles of inclination, and con. 
■sequently the chords become indehnitely small ; by the rules 

of 4Minnom^tivwe i^ve: versei tsfegjir . ^ y ; rtiieae^ 

praams 

fbre if the chord' is an indefinitely small quantity (rf the tirst 

dcder, the versed sine is an indefinitely small one of the se* 

dond, consequently ihc velocity lost may be regarded as an 

Indefinitely small quantity of Ute «ec»nd ^Asr» 
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inilar property to which we have been conducted by 
metaphysical considerations, and which is, in fact, but 
a remarkable result of the preceding differential eqna* 
tions. It consists in this, that the integral /^(fe com- 
prised between the two extreme points of the curve 
described, is less than any other curve, if the body is 
free, or less than any other curve subjected to the same 
surface upon which it moves, if it is not entirely free. 

To make this appear, we shall observe that P.dx-^ 
Q.dy-^-R.dz being supposed an exact differential, the 
equation (g) gives 

the equation (f) of the preceding number becomes alsa 

dx d^ dz 

Qsz^x.d.-j^-^-lif.d. ^+^«- d. ^ — «(ft. I V. 

Naming the element of the curve described by the 
moving body cfc, we shall have 

and by equating, 

dx dif dz 

0=:2^x.d.^Tr\^y*d.-^^ z^d.-^^ — ds.U / (h) 

by differentiating, with respect to S, the expression of 
dsf we shall have 



* ThsLtds^:\^(dx*+dy*+dz*) ii evident from consider* 
iDg that the co»ordinates ois and s-^ds are a?, ^, z and x-^dxp 
f/+di/^ z-{-dz ; consequently, 

s+ds----s=:^{(f+dii^x)*+(s^+dy--^y)^ + (z+dZ'^)*}y 
which gives dszz^(dx*+dj/*+dz*). 
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The chdmcteristics d and ^ being independaiit^, we^ 
mav place there one before the other at will ; the pre- 
ceding equation can therefore be made to take the fol- 
lowing form, 

did$>.^+d^,^^ik,^} j.^\dx ^^.djf 

— ^z.d.j^; 



* It may here be necessary to observe, that when equa- 
tions contain the differential! dx-^^ dy^ and dz^ and the Taria-^ 
tions^ ^Xy ^^, and Iz at the same time, the diiSH»Mtiab and 
Tariations are to b^ supposed con«fcant with respect tio each 
other, in all the Tarions processes of difierentiattan or inte^ 
gration. The order io which these.rprQce3ses ^rf performed 
is also indifferent as to the reiolt. Thus ^.dxzzd.lx^ i^d^xzz 
d.^.dxzzzd^^Xy ^,d^x=:d«^. l.df^—^xzrzd^^x^ also "^Ju^rzPuj u 
being here supposed a funcrion of a?, ^, 2, dx^ dy^ dx^'d^x^ 
kc.j the sign /denoting the integration of the function with 
respect to the characteristics dx, &c» If u be a function 
•f Xf y, and-*, the equation uz=f(x^y^z) gives - 



^{t)"^0'''(j>- 



also 



in which we evidently have from the process of diSerentialion 

(du\_^/'^v\ {du\_rlu\ ('du\__f'^^\ 
rfij- w \Ty)-\ryr \Tz)-\jir 

As the nature of these notes will no* permit me to enter foUj 
tipon the subject of variations, I shall refer the reader, nfao 
is desirous of information respecting them, to the Traite'dii 
Calcul Differentitl et Integral pour S. F. Lacroii, The, 
Traite Element.aire de Calcul Differentiel et de Calcol In. 
tegral, by the same author,* contains an abridged accomt of 
them frem the large work. 
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hf svtbUmdAt^ isom ibe first fliember of tiut o^BatMi^ 
thiseoflHid Oftomber of Uteiegmlion <^A^9 we shall b^Lwm 

J. ('od8)=z 5^; • 

This last equation being iMtegratefl hf idation to the 
dbaracteristic d^ will give 

J./7J(fez=const.+ 5J . 

If we extend the integral to the entire curve described 
hy the moving body, and if we suppose the extreme 
points of this curve to be invariable \ we shall jiaive 
hJsodsssdO; that is. to saj, of aU the cujrves aloi^ 
vUch a m^mg bedy^ «uh]ooted to the frtoes ^, tQ^ 
and M^ Jonn pass firom ^one gi^en point <to janotfaer given 
point, it ^!H describe Ihtft m which the Taritffien of 
the integral fvds is nothing, and in which, consequently 
(his integral is a minimum. If the j)oiQt moves along 
a curve sui'face without being Acted upon by any force, 
its velocity is constant ^md the mt»gi9ifvds becomes 



* If the point from which the body begins to move h^ 
£xed, the quantUies ^x^ ^^ an4 ^x are there respectifelj 
equal to nothii^g, therdore the constant yqirantity of the 
c^uatioD , 

if ^e^ual to nothing^ as its other tejuns vanish At thai point 
If ihe ^piantitiee Ix^ %, «nd ^z are also cesp«ctive|y iSiual to 
nothing Mt the isnil wsf the motion, irom the point wbese it 

aatU^g, ^e«efore;)/W« is «9«al to noihrngf ibtt b, th^^wtu^ 
riation of the quantity /vcfr is a minimitt* 
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%fd8 ; Av» the curve tecnbed bf Ibe MOTing bod.^ it, 
fai Ibis esse, the shortest wlach it m posaiU« to traiae 
upon the surface, fEon the fomi of depattare to tkai of 
•arrival ♦. 



^ Mavpertnis^ ia two menmrs, one sent to ^e Academy 
of Scieoces at Paris, in the jear 1741, and the other to that 
of Berlin, in the year 1746) asserted, that in all the changes 
which take place in the situation of a body, the product of * 
the mass of the body by its Telocity and the space which it 
has passed over isa mininwoi. This ha called the principle 
of the least acfioii, and it was applieil by him to the discorerj 
of the laws of the refraction and the refiectioo of lig ht,^tho 
laws of the cdlision of bodies, the layrs of eguUtbriun^ &G. 
Enler afterwards shewed that in the trajectories of bodies 
acted upon by central forces, the integral of the Telocity 
multiplied by the element of the curTe is always a minimum, 
which is an excellent application of the principle of the least 
action to the motions of the planets* This general principle, 
which was assumed as a metaphysical truth, appears evidently 
to be derived from the laws of mechanics. 

The following will be sufficient to shew the reader the way 
In which the principle may be used to discover the laws of the 
refraction and of the reflection of light. 

Suppose a ray of light to pass from one point to another, 
if the points are in the same medium, the velocity of the ray 
b constant, the path is a straight Hue and the principle ob« 
vious ; if they are in two different mediums, let v represent 
the velocity of the ray, and s the space it passes through, in 
the first medium, and v' its Telocity and / the space passed 
through by it in the second medium ; we shall then have the 
quantity vs-^v^^ , which is a minimum for the Talue oijvdim 
Tlie solution of this question is very easy and leads us to the 
following equation, 9. sin, ozzv. sin. ^, in which a repre- 
iSlfnts the angle ef incidence and 6.the angle of refraction tft 
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, 9. Let us detemiine the pressure which a poi|it 
moring upon a surface exerts against it* Instead of 
extracting from the equation (f) of ^o. 7, one of the 
variations Ix^ ^j/j and ^%^ by means of the equation oi 
the surface, we may by No. 3, add to this equation the 
difierential equation of the surface multiplied by .an in- 
determinate quantity — Xcft, and afterwards consider 
the three variations ^x^ ^j/, and ^2; as independant qiian- 
titles. Let therefore 1/2=0 be the equation of the sur- 
face; we shall add to the equation (f) the terni 
-•— X.^tf.di^, and the pressure with which the point acts 
against it will be, by No. 3, equal to 

Xiet us now suppose that the point is not solicited by 
any force, its velocity v will be constant ; if we observe 
lastly, that vdtz=:dsy the element dt of the time bemg 
supposed constant, the element ds of the curve de- 
scribed will be so likewise, and the equation (f) aug- 



tlie surface of the second medium. The above equation 
shews that the ratio of the two sines depends upon that of 
the velocities of the raj in passing through the different 
mediums. 

If the ray in passing from one point to another is reflected 
at the surface of the second medium, the velocity will be 
constant, and the path a minimum ; in which case, it may 
be readily proved, that the angle of incidence of the ray in 
passing from one point to the surface of the second medium, 
IS equal to the angle of reflection from it to the other point. 
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Bif^iited by tb« teim ,--^.^rf/> will give the throe M* 
lowing, 

at'' \uzj' 

(toifx ythich TCe may obtain 

but as 6?;^ is constant, the radius of curvature of the curve 
described by the moving body is equal to 

h^ naming this r idius r, we shall have 

that is to .S2i.y^ the pressure exercised by the.peiai 
* agiainst the aiirfaee, is equal to the squmre of Hb velociiy 
dividef] by t^ radius of cttrviduiii of the onrve whi^ 
it describes. 

If t|)e point more upoD a spherical surface, it will 
describe the cinmmference of a great drcte ef tbesplMre 
which passes by the primitive direction of its motion : 
for there is not any reason why it should move more to 
the right than to the left of the plane of this circle ; its 
pressure against the surface, or, what comes to the 
same, agafhist the circumference which it describes, is 
tberefarp pqiuvl tci tb^ $c^\^r^ of its yejocity divided by 
the radius of this circumference. 

If we imagine the point to be attached to the end of 
a thread siqpposed witfaMii thidLneaii} ktavii^ the other 
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extremity fasfened to the centre of the surfiice ; it is 
evident that the pressure exercised by this point against 
the circumference ivill be equal to the tension which 
the thread would experience if the point were retained 
by it alone. The effort which this point makes to 
stretch the thread, and to go farther from the centre of 
the circumference, is, what is called the centrifugal 
force ; therefore the centrifugal force is equal to the 
square of the velocity divided by the radius. 

In the motion of a point upon any curve whatever, 
the centrifugal force is equal to the square of the velo- 
city, divided by the radius of curvature of the carve, 
because the indefinitely sn^ll arc of this curve is con- 
founded with the circumference of the circle of curva- 
ture ; we shall therefore have the pressure which the 
point exerts against the curve that it describes, by 
adding to the square of the velocity divided by the ra- 
dius of curvature, the pressure due to the forces which 
solicit this point. In the motion of a point upon a 
surface, the pressure due to the centrifugal force, is 
equal to the square of the velocity divided by the ra- 
dius of curvature of the curve described by this point, 
and multiplied by the sine of the inclination of the 
plane of the circle of curvature to the tang^itial plane 
of the surface * : by adding to this pressure that which 



* Suppose the radius of curvature RP or r, (^g. 7. J, of 
the point P of the curve described by the body upon the sur. 
face, to be produced to A; let PA represent the centrifugal 

yx 
force — of the body moving in the curve ; from P draw the 
r 

Une PB perpendknlar to the plane tangent of the surface at 
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arises from the action of the forces that solicit the 
point, we shall have the whole pressure which it exerts 
against the surface. 

We have seen that if the point is not acted upon by 
any forces^ its pressure against the surface is equal to 
the square of its velocity divided by the radius of cur- 



P ; draw AU perpendicular to PB, let the line DPC be the 
section of the plane tangent caused by a plane passing throtigh 
the points ABP perpendicular t« the plane tangent ; then 
as ABj CPDj are respectively perpendicular to the line PB^ 
they are parallel to each other,* therefore the angle ^^P is 
equal to the angle DPR^ but this last angle is that which 
the plane of the circle of curvature makes with the plane 
tangent, for as the intersection of the plane of the curve and 
of the plane tangent of the surface is the tangent to the curve 
at P,the linePB is perpendicular to it ; likewise the radius o! 
curvature of the curve is perpendicular to its tangent at tha 
same point, consequently the plane passing through the lines 
BP^ PR, and the line PD in it drawn from the point P, 
are perpendicular to the tangent of the curve ; therefore the 
angle DPR is the angle which the plane tangent makes with 
the plane of the curve. By trigonometry in the right angled 
triangle PABy we have 

rad. (I) : sine BAP ot DPR : : PA f~\ : PB, 

therefore P B:=z — . sine DPRy but PB represents the cen- 
r 

trifugal force of thehody moving on the surface, consequently 

the centrifugal force of a body moving upon a surfj^ce^ 

equal to the square of the velocity divided by the radius of 

curvature of the curve described by this point, and multiplied 

by the sine of the inclination of the plane of the circle of cur^ 

vatura to the tangential plana of tka sajrfaee. 



Digitized by 



Google 



Tatuf^ <rf ^ ctirv« described^ the plane of the circle 
tif ^tfrVafiyt^^ tbitbto say, the ptanc wfcich pastes 
by two consecutive sides of the curve described by the 
foi#*^ Is, itt %\m case^ perpendicolar to Ihc surface, 
f hl9 ^ttrte retotite to the surface of the eftrtb, is called 
a |>er^ndkiilar to the meridian, and we hare proved 
(No. 8^ that it is the shortest which it is possible to 
draw from one point to another upon the surface, 

10^ Oi all the forces which we observe. upon the 
earth, the most remarkable is gravity; it penetrates 
into the most inward parts of bodies, and without the 
resistance of the air, would make them fall with an 
equal velocity. Gravity is very nearly the same at the 
I^TKitesI heights to which we are able to ascead, and at 
the lowest depths to which we are able to descend ; 
its ditectidn is perpeftdicalar to the hwiuon ; but in 
the mptions of projectiles, we may suppose, without 
sensible error, that it is constant, and that it acts along 
parallel lines ; on account of the small extent of the 
curve* wfcich they desciribe relative to the surlace of 
the earth. These bodied moving in a resisting iuid, 
we shall call $ the resistance that they ejcperic nee, it 
is directed along the side of ihe curve described by 
them, which side we will denote by ds^ we shall more- 
over call g the force of gravity. This agreed upon : 

Let vfi respme the equation (f) of No. 7, and sup- 
pose the plahe of x and y horizontal, and the origin of 
sat tibet mo^t «levatec|.poif4;Atbe forced will produce 
in the directions of or, ^, and 2, the three forces 

— i3*.T-* -HSv-f^, aAd-^ ^-r^ ; we diall therefor^ have, 
as as us 

byN<^ 7^ ; 
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«!ld the eqaatiim (f) will hH^ooif 

If the badjr Be enty-eljr free, vrt shall Save the lhrt# 
equations 

dt^ ds ^ 
The two first will give 

d^ di dt dt ' 
fVom Whwh^ by integ^raifbn, we shall obtairi ijc^rtfSy ; 
/being a constant quantity* This i$. the equation to a« 
horizontal right line; therefore the body moves in a 
Tertioal pla«tt By takin^r for this plane that of x and 
x^ we shall havej^=:Oj the two equations 

l^ill gi've, by^ narking eJlr constant, 

^=-^'- ^di—li^ + ^'Ts'^-^' 
from which we may obtain gtft*z=(i^*s, and by difieren* 
tiftting Sgdt.d^i::=:d^z/ by substituting for d^i its value 

--- — J and for dr its value — we shall have 

i¥fai»«qMSiMl^^Tiea.tho few of the ]^sis^pce? nectf' 
'Wrryifd^mtlki^w pro)eot9edesQii^\e;a.d«lermioa^ ejuffve« 
.^ If tb^ resisj(ance bef f^ropoiiional to the square of the 

relocity, i8 isequal to A.— , A being constant in the 

>ihar,, { \ ' ^ at * ; , J.. I . 
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case where the density of the medium ij linifonn. W© 
Bh%ll then ha?e 

g — gdi^ ^*5f ' 
and.from substituting the value of~, A(fc=^-^; which 
gives by integration 

a beino- a conttant quantity*, and c tlic number whose 



* The value of a may he found as follows : Let gdt^ he 

d^ z 2h8 

substituted for d^z in the equation —z=^ac ^ then it Is 

dx* fif 2bs dx 

evident that j^- = — .c , but ^ is the velocity qt 

the projectile parallel to the axis of Xy let v represent 
the velocity of projection, and 9 the angle which its di. 

rection makes with that axis, then j—V=:o» cos.* d 
cona^quently sU sznO at the commencement of the motion, we 



» 



bave t)*co8.*d=z:^ and a=: ? , 

therefore ~^=—±-^c . 
dl* ©^cos.^fl 

By supposing dz equal to pdx^ this last equation may b#^ 

dv s *2**' 

changed into the foUowing j-=—±—^.c ; but as ds- 

y/J^S^J^^ddx'/T^f^ by multiplying the &«t member 

of this equation by d^H^ *"^ **^® *^^*^ '^^ * *^ ^*^* 

* Shi . ' ; # 

becom, dV-i4^.=iT^-«'- *• The- integral of 

4)VT+^ if K/VT+^+log-rp+Z l+i»»J>,andthat of 
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« 



hyperbolical logarithm is unity. If we suppose the re- 
•istance of tbe raediura to be nothing, or A=0, we shall 
bave, bj integration, thi eiquation to a parabola 

b and e being constant quantities* 



r' ^' '\kcob.- rar^ therefore i^/T+p 



, cos* 



^»h. 



iog.rp+v^i+P^)=c+i;ircfcd--x ' ^ "^^'"^ ^ '""'*^"* 

quantity, which may be determined by observing, ,thatat the 
commencement of the projection sz=0 aod p— tan g^^, copse* 
quently,C=tang,d/i+tang.»d+log.(tang.e+y^l^tan.*d) 

By substituting in the above integral the 



g 



"l?.*C08.*d.A' 



dp g «ht 

Taluc of c*^* obtained from the equation 'J^=^t ^os.* d'^ > 

we shall have the following 

^P 



dx=7 



-A{p/i+|,»+log.Cp+/ i+pO — C'} ' 
which gives, as dzznpdxj 

^^ 'P^P 

"""^^{p/TTp'+iog.fp+v^ 1+pO — C}' 

By the integration of these equations the values of x and z 
would be given in functions of p. A third equation may. 
be obtained which would give the time In a function^ of the^ 
tame Quantity, by substituting the value of dx derived fron 

di) d X 
the equation dt^z= i ' — in one of the preceding equa^on?} 

S 
and extracting the square root, which will give the following 

dp 

^v^ghipv^i+P^-^io^.CpWi+pV—CH 

ti diese thre« equations coold be integrated so as to have a 
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The diffrmritial equation d Kcjcgdl^ will giie ift^ rr 

^ — .rfz*, from which wc may obtain iz=:zx\/^^^ff . 

If :r, Xy and t are supposed to begio together, we shall 



finite form, the complete foTution of the prohlem wontd be 

•btaiaed. la thb case, the two first, by the elkoination of 

/>, would give the trajectory of the curve. This prublem 

has exercised the skill of many eminent raatliematiri^ns from 

the time of Newton to tbat of L^geodre, bot all their solu. 

tions are rery complicated. The tri^>r|t)ry may be i|f scribr4 

from points by means of the two first equations, and tables 

made for forming it at any inclination. Vide ihe meinotr 

of Moreau, in the eleventh cahier of the Journal de V Ecole 

Poly technique « The descending branch of thBxnfM^ has an^ 

asymtote, as appears from making p indefinitely great, which 

dp dp , t' 

gives ifczTT—^ andrf^zzT— , or by integration, xzrc — t- 

and «=:(/' + - log. />, c' and d' being constant quaatities* 
h 

From these two equations it appears, that if p be indefi. 
niteiy increased, the vaiueof s will become iodeAaitely great, 
although is does not increase ^ fast as p, and that 0/ ^ wMl 
approaimattt to t! as its limit. If, ihf^refor^, on this hoii* 
aootal axis of or, at a diatance equal to c', from the origin of 
tiia co.ovdioatei, apenp^fidtcMlar be let fall, that lin^ will be 
an asymtote to the descending branch of the curve. 

MThen the angle of projection of the body is vtsyBnaU 
with respect to the horizon, and the initial velocity not con. 
siderable, that part of the curve above the horizootal line of 
projection may be rieadily found by appiaximatiou^ ^nd is 
applicable to th sase of ricochet filing. Vjde amemoir of 
Borda ajnofngst those of the Academie dasScieiiaet^ l^m. 
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have e=0 and/'=0 ; consequently tzzzSs \/ ??, and 
«:±r:ar*-f-6arj which give 






These three equations contain the whole theory of 
projectiles in a vacuum ; it results from the above, 
that the velocity is uniform in an horizontal direction, 
and in a vertical one, it is the same as that which would 
be acquired by the body falling down the vertical. 

If the body falls from a state of rest, h will vanish, 

dz 
and we shall have T^=g:* / 2=lg** / the velocity 

therefore increases as the time, and the space increases 
as the square of the time. 

It is easy, by meani of these formulae, to compare 
the centrifugal force to that of gravity. It has been 
shewn by what precedes, that t? being the velocity of a 
body moving in the circumference of a circle, whose 

radius is r, the eentrifu^l force is — . Ij^i h be the 

height from which it ought to fall fo acquire the velo- 
city VI we shall have by what precedes, ^t? — 2gh ; 

from which we may obtain —7—^.—. If fi=:iry the 

centrifugal force becomes equal to the gravity g* y thus 
a heavy body attached to the extremity of a thread 
£isleiied by its other extremity to an borizontial plane, 
will, stretch this thread with the ^me fori5^ as if it we1?e 
suspended vertically, provided,^that it moves^tipon this 
plan4 i#ith the velocity which it would have acquired 
by falling from a height equal to half thetength of the 
thread) 
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Ih h^ i|s fH>ii$i<Ifr the fz^^tion of a I^eavy bodj pn a 
spheiipal stirface. 

Bj naming its radios r^ and fixii^f lie origin vf tbti 
eo-ordinafes x, y, an^ « ,a(i its centre ; we shall have 
r* — ^—J^ — «"=:ff ; tlis equation compared with that 
of arzd)^! g^yf^ yzzif*— o^*— ^ — «• : by sodding there- 
fqre to thp e<}uation. (fX^^ Np. T^ the function lu inul- 
Hplyed l^y the }aflp,^;f^iy^ajie — ^^«ft> we shall h^yp 

an eqwtion in which we tAay e^^l sefjarftfely to no- 
thing, the co-efficieifts of each of the variations J^?, Sj^ 
and 5«, which will give the three following equatiops^ 



^^=^S+2>^**/ 1 



dt 



Q=rf.^+2xx.rff_grff j 

The indeterminate X makes known the pressure which 
tbi^meyjiii^ bpdy eat^rta agattujit the surface* This pres^ 

it is consequently equal \o2xr ; but by No. 8, we have 

c being; a constant, quantity; by adding this eqrntm 
to t]iee«p^ipns (A) divided fcgn*, and multiplied nh 
s^ctivelybyi?^^, aiid«^.tod oJjjBBrviig, lastly, thrt 
f^edi^repU^l aquation <tf tfie suriaoe is Q:=sxdx-^^ 
rl^r«fc, ?fhwh^ by differdntiption^ gives 
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we sliall find 

r 
If we multiply (he first of tibe equations (Jt) Ibj — jr, 
and add it to the second momplied bj x, we ft&all hne 
from integratiog tbehr siii& 

c' being a new d^^stant qti)lflttl/» 

The mdHob of a poW H Ifittd irt^tikMI l# AMi^ differ* 
ential equations of the fitsi <irder 

By fafe{n^ tntOk m&Mti oT Ibfe t#o ttik i^^f {libs to 
the «qu^e^ and iheri Uddin^ tftetH tl)^beir^ life libliH 

if we substitute in the f^lae^ 6J jif-f^ ila Gallic t*— »% 
and in flie place oI^^^±^nk trfucbf 2^»^|^ wc 

shall have, by supposing thai the body dqpaits firom 

the yerticaly 

— r<fc 

The function under the root may be changed to the 
foHowtng form, f*— 3-^«r«-^J-f*Sr«+/J/ *> *|Wi 
f being determined by the equations 
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It is possible thus to substitute for the constant quan- 
tities c and c' the new ones a and b ; the first of which 
is the greatest value of z^ and the second the least. By 
making atterwards 

sin. 9:=a/'Ei 

^ a — b 

the preceding differential equation will become 

Vg-iCa^bJ^-t-r^^b*} >/ 1— y\siD.»a ' 
*? being equal to ~ . 

The angle 6 gives the co-ordinate % bj means of the 
equation 

2=a.cos/^-ft.sin.*0, 
and the co-ordinate % divided by r, gives the co-sine 
of the angle which the radius r makes with the vertical* 
Let 'C5 be the angle which the vertical plane passing 
by the radius r, makes with the vertical plane passing 
by the axis of .ar ; we shall then have * 

ossiV^r*— ^cos.w ; y=.^r^ — ;g*.sin.t(r j 
which give xdy-^ydsczzz^^f^ — t?).da; the equation 
sodt/—t/dxs=zc'dt will also give 

ddt 



♦ For t/r* — «* is the projection of the line r upon (he 
plant of x^, and if from thet ejKtremity of y^r*— a* a perpen- 
dicular be drawn to the axis of x^ we shall have V^r^— x* 
: « : : rad. (1) : cos. t*, therefore arrzV^r* — a*.cos. «. 
in a similar manner we shalihave yzz^^t^^x* * ^i°« ^* 
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by ftnbsfifuf mg for z and dt their preceding values in 9, 
V9 sHmU have the an^Ie tar in a function of 0; thus we 
may know at any time whatever the two angles fl and w; 
which 18 sufficient to determine the position of the mov- 
ing body. 

Naming the time which is employed in passing from 
the highest to the lowest value ofzj the semi-oscillation 
of the body ; let fTrepresent Ihis time. To determine 
it, it is necessary to integrate the preceding value ofdi 
from ft=0 to ft=|» ; fr being the semi-circumference 
of a circle whose radius is unity : we shall thus find 

Supposing the point to be suspended from the extremity 
of a thread without mass, which is fixed at its other ex- 
tremity, if the length of the thread isr the point will move 
exactly as in the interior of a spherical surface, and it will 
form with the thread a pendulum, the co-sine of whose 

i 
greatest distancis from the vertical will be-. If we sup- 
pose that in this state, the velocity of the moving body 
is nothing, it will oscillate ^in a vertical plane, and in 

this case we shall have a==r, 7*=-r — • The fraction 

— — is the square of the sine of half the greatest angle 

which the thread forms with the vertical ; the entire 
duration Tof the oscillation of the pendulum will there- 
fore be 
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«-/f {'+(i)"(?^)+(o)-(^)' 

-Ki:l^):C^)"+-t- 

If the oscillation is very small, — - is a very tenall 
fiaction, y^hich may be neglected, and we •baU.liave 

Hke very sradl oscillations are therefore isoch^KUioug or 
<»f the same duration, whatever may be their extent; 
and we can easily, by means of this duration, and of 
tbe eorresj^ondiiig length of the pendulum, determiim 
the variations of (he intensity of grayity ki different 
parts of the carth^s sur&ce. 

Let » be the height from wliich gravity hi^kcs di 
body fall during the time T, we ^hall have^ by No. 10, 
2&=gT*, and consequently 2=|w*.r/ we shall there'* 
fore have with very great precision by means ojf the 
length of a pendulum that beats seconds, the space 
through which gravity will cause bodies to fall during 
the first second of their descent. From experiments 
very exactly made, it appears, that the length of a peiK 
dttlum vibrating seconds is the same, whatever may be 
the substances which are made to oscillate : from 
which it results that gravity acts equally upon all 
bodies, and that it tends in the same place, to ia^reas 
vpon them the same velocity in the same time, 

IS. The isochninism ofthe oscillations of a pendultim 
being only an approximation, it is interesting to know 
the curve upoh wbitb an heavy body Mght to moVe, 
to arrive at the stmt lime upon the point where its mo- 
tioB ceases, whatever may be the arc which it shaU dt« 
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^G^iUbfi iffmi^^ longest j^inU Bi^t to.^olye thji$i^obl(»R 
in the most general manner, we will suppose, conform* 
ably to what has place in nature, that the point moves 
in a resisting medium. Let s represent the. arc de- 
scribed from the lowest point to the curve, z the verti* 
cal abscissa reckoood from this pMit ; eft the element 
of the time, and g the gravity. The retarding fiwpce 
^long tlie 9.XC «f the curve will be, ftrst, i\w gravijty re* 

dz 
solved along the arc &, which becomes equal to g,— 5 

9^andly, the resistance of the medium, which we shall 

express by ip.l -j- I, y-Tfj being the velocity of tbc 

moving body, ^x)A ^\yz\ ^^^S ^"7 ^PWJtion what- 
ever of this velocity. The differential of this velocity 
will be, by No. 7, equal io—g.-^—(p T— J ; we shaU 
therefore have by making dt constant 

Let us suppose J?.|^ j-J±=^.— + ^.5^,, and «3i:34<«% 

if we denote by %1/ ($*) the dtfftrential of -^ (s*) divided 

by ds[^ and by %|/ (s') that of ^^' (5') divide^ by *% «e 

idial! have 

ds ds' ... ,. 

and the equation (i) vrili becotne 
g.dx t-i . 
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ve shall cause the terra multiplied by — to dtsappetr 
by means of the equation 

this equation gives by integration 

>K*')=log.{ A. (s'^q)i}=s, 
h and q being constant quantities. If we make s' to 

commence with 5, we shall have Ay 1=1, and if, for 
greater simplicity, we make A=il, we shall have 

5'=:C«*— I ; 
c being the number, the hyperbolical logarithm of 
which is unity : the differential equation (/) then be- 
comes • 

Q=-r7r4- »»-:rrh'» g'--r7*(l+* ) 



♦ The integral of 0=xJ/"(#';4-«.[4'Y''-)]'«V he readily 
found, by sabstituting for VX^')^ and -^^ ($') their values ; 

fit g ^igf 

the eqnatien then becomes 0z= — ^— ; -f nds^ that by in* 

ds d r 

tegration gives h.log.J; — h.lmg, ds' -^nszzCj er h, log. -^ 

r=e — nsy from which we may obtain ds' = — . c/#, e being 
the number whose h3rperbolical logarithm is unity ; the inte* 
gral of this equation is *' +?= > which gives h, log«(ff . 

(^+q))=ns^ey orb. log.fn.C*' +5) }»+-=* ; if-=h. 

n n 

h i^> 

^^s-^» *^«n ^yp- lo«- {*C«'+9J'* 5 =*• 
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% fwppdfin^ «' ^'y «toll, wte may detelope ih^ iMt 
icrn^of (biseqttatkmirt M ascetwling setteiy wilb re- 
spect IqAHo fi^vecs cf ^, ivhiub iitill be q( this Ibrtu, 
k^J^ls^-J^&c.^ i being greater than unity ; the last 
equation then b^MtHe^ 

This equation being moitiplicd bjr 

c"i".{cos, yt-\-^ |.sin.7^}, 

and afterwards in<egra<cd, supposing y equal ta 



k-^^^ "^nilk be chtaged tfit» 

4 



mi Cdtf 

C"r.{C0S.y/-|r/ ^X•S^P-'yO• ),^+ 

r|— 7 Yz:rr). «' J=:— /./5'^d^ cT {cos. rt-f 

By campafriug s*ptttatt6fly, th6 rtrf ^nd <W frtifA^rrtVfy 
parts, we shall have ti^ equations, by means of wbicb 

— may be extracted; but here it will be sufficient for 

»* . ■ '..':.'.. 

us^ttfciMsid^f thefollQwing ,.<. . 

mt 

the integrals of the second merabef being supposed t« 
raouKilce wkh t. Nanhif T tbs vabte of | at Hw 

end of the motion^ when— is nothing ; we shall have 
at that instant .■:'^ > - I / : . ' 
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In the case of ^ bein;^ indefinitely small, the tecond 
tnembor of the equation will be reduced to nothing 
iprhen compared with the first, and we shall have 

0=— .sin.yT— y.cos.yT/ 

from which we maj obtain 

m 

and as the time Tis, by the supposition, independeni 
of the arc passed over, this value of the tang.yThat 
place for any arc whatever, which will give for any 
value of *' 

yh=d.fs'\.dt* cT.sin.v^4"&c* 

the integral being taken from /=-cO, to IzzzlT. 

By supposing s' very small, this equation will be^ re- 
duced to its first term, and it can only be satisfied bj( 

making tnO ; for the factor cT'.sin. yt being always 

positive from tzzdO to tz=zT, the preceding integral is 
necessarily positive in this interval. It is not therej 
fore possible to have tautochronism but on the suppo* 
lition of 

t 

W&ich gives for the equation of the tatttoohronous 
curve , . - 

In a vacuum^ and when the resistaiice is proportional 
tB the simple velocity, n is nothing, and thb equatim 
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becomes gdzzssJcsds ; ivhich » the equation to tb« 
cycloid ♦. 

It b remarkable that the co^efficient n of the part of 
the resis(ance proportional to the square of the velocitj, 
does not enter into the expression of the time T ; and 
it IS evident by the preceding analysis, that this ex« 
pression will be the same, if we add to th<r preceding 
law of the resistance, the terms 

If in general, R represents the retarding force idongtb^ 
#arye, we shall have 

f Is a function of the time ^, and of the whole arc passed 



* The cycloid is the only curve iu a plane that is tantoch* 

ronons in a yacuuiB) but this property belongs to au indefi* 

Hite number of curyes of doable curvature, which may be 

formed by applying a cycloid to a rertical cylinder of any 

base, without changing the altitudes of the points of the 

eurie abote the horizontal plane. This is evident from 

eonsidering (he equation v^zzc+^f of No. 8, which by 

ds* 4- 

f roper substitution becomes — :z:c-^ g x and givc«'rf/:=_L 

ds 
*7r=:r==r ; the upp^r sign being taken if /and 9 increase 
Vc— 2gaf 

together, and the lower, if one increases whilst th« other 

decreases. From this last equation it appears, that the 

value of / depends upon the initial velocity and the relation 

between the vertical ordinates and the arcs of the surve If 

therefore (his velocity and this relation be the same, when 

the curve is changed, the above equation will not be alterei 

any more than the law ef metion wkieh it deaotes. 
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mfifiTf ^htsli |i coMeqnentiy a fnaoiioftef laoftcfW 
By differentiating this last function, we shall hawi^ 
aiflbie«tkt eqmtiom of the farm 

K^beiaratec^imftfi^aiHi a^, wbfcfa%7 tb^eM^itiM; 
o(lh£ pf<4pI«ii:Qttgbf k> be tiothiA^^ wlueo / has » itwkm 
which is indeterminate «Kl*iiiAependeBt of Ike urc 
passed over. Suppose for example FzrsS.T, S being 
a function of « alone, and IT a fuaotion of Talone ; wt* 
shia^lMte 

dt* — di* df^ Ui^^Sd$ • dt^'^ dt ' 

ds ' ' 
l^nttheeijuatiori —:;;:;;S T, gives /, aad consequenlljr 

--r^-equallo a function of^-7-; which function we will 
di uMt 



ds* /" d9 \ 
denote by . ^i "xioiF J ' ^^ ^^^^^ therefore haro 






Snfib i» tit^^mpf^wm of the reviatMi^e which aoawNiio. 

d$ -i 

to thp differential ei^ation ——ST/ and it is easy to, 

pefcehpe that it compfises the case of the r esist a n c e* 
progoptipral to the two-, first powers ef tho iPelocib|H 
multiplied respectively by constant co-efBcieots. 
Other diffdff^ttal equatiooft woufd gifodiffsreatknui, 
of lesisto^c^. 
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OJthe tquilibrium of a srj/siem cfbodieu 

IJL Xu% mo$i sipoplccase of the equilibrium of man/' 
biidieS) M that of two inat«rial points ivbich ^ribe ^ad^ 
0lW with-a^M and dureeiMy coBtmfy velockiiieft ; tbete 
miduilkopeneti^bili^j evidently de^mys their ¥«lo»* 
cities, and reduces them to a state of re&t. Let on 
now o^afiider a fiamber m of centiguioms waEterial points 
disf«aed in a rig^t liW, and actuated by the relocilj' 
sc, in lie direction -of this lioe* Let ^z Mtppose^ in Ulitf 
aMNuie^ a. niimber m' of conti^ruous poiois, disposoil 
upon the aaon; liglti line, and actuated by a yeloeiltf 
9/ dirieelly contrary \q u^ so that the two systems shall, 
atrifae «aeh other* > In order that they may be in 4?4fnim 
librio at the moment of the impact,, there ought to be ni 
F^aliOQ between u and $t^ which it is necessary to da^ 
tenmifie. 

For this puipose we akall observe that the system m^ 
aeittatedby Ihe velocity «^ wilt Deduce a single material 
point to a stale of equilibrium, if it be actiat^d by # 
Tolocity mu in a contrary direction ; for oaoh pwU Jili 
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the system will destroy a Telocity equal to u in this last 
point, and consequently its m points M^ill destroy the 
entire velocity tnu i wc may therefore substitute for 
this system a single point actuated by the velocity mu. 

We can, in like manner, substitute for the system m' 
a single point actuated by the velocity m'u'; but the 
two systems being supposed to cause equilibrium, the 
two points which take their places ought in like man« 
ner to do it, this requires that their velocities should be 
equal ; we have therefore for the condition of the equi* 
libriumof the two systems niwzzrmV, 

The mass of a body is the number of its material 
points, and the product of the mass by its velocity is 
called its quantity of motion ; this is what is understood 
by the force of a body in motion. 

For the equilibrium of two bodies or of two systemiT 
of points which strike each other in contrary directions, 
the quantities of motion, or the opposite forces, -ought 
to be equal, and consequently the velocities should bt 
inversely as the masses. 

' The density of bodies depends upon the number of 
material points which are contained in a given volume. 
In order to have their absolute density, it would be ae* 
cessary to compare their masses with that of a body 
without pores ; but as we know no bodies of that de* 
scription, we can only speak of the relative densities of 
bodies ; that is to say, the ratio of their density to that 
of a given substance. -It is evident that the mass is id 
the ratio of the magnitude and the density, by naming 
jif the mass of the body, U its magnitude, and D its 
density, we shall have generally Jlfz=2> 17 .-an equa- 
tion in which it should be observed that the quantitiai 
ilf, D, and U express a certain relation to the vnitaci 
of their species*. 
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What we hare said, is on the supposition that bodies 
are composed of similar material points, and that they 
differ cmly hy the respectire positions of these points. 
But as the nature of bodies is unknown, this hypo* 
thesis is at least precarious ; and it is possible that there 
may be essential differences between their ultimate par- 
ticles. Happily the truth of this hypothesis is of no 
consequence to the science of mechanics, and we may 
make use of it without fearing any error, provided 
that by similar material points, we understand points 
which by striking each other with equal and opposite 
velocities, mutually produce equilibrium whatever may 
be their nature. 

14. Two material points of which the masses are m 
and tn'f cannot act upon each other but along the line 
that joius them* In fact, if the two points are con- 
uected by a thread which passes over a fixed pulley, 
their reciprocal action cannot be directed along this line. 
But the fixed pulley may be considered as having at 
its centre a mass of infinite density, which re-a^ts upon 
the two bodies m and m'y whose action upon each other 
may be coosidered as indirect. 

Let p denote the action which m exercises upon m', 
by the meanls of a straight line inflexible and without 
mass, which is'supposed to unite the two points. Con- 
ceive this line to be actuated by two equal and opposite 
forces j7 and — p, the force — p .will destroy in the body 
m a force equal to p, and the force p of the right line 
will be conanaunicated entirely to the body m\ This 
loss of force in vz^ occasioned by its action npxxn m'f is 
what is called the re-action of m' ; thus in the com m 14- 
Bication of motions, the re-action is always equal and 
•ontrary to the action. From observation it appears 
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^Odi tbit pfiaoipk has plaot in «U the ibtcte (rf na* 
t»re. 

Let us suppose two bmrybodres mand in^aA^aefted 
to the extremtlies of an faoriaontal rigbt Hoe inflrxifafe 
and vritbout mass, whicfa can torn fredjr abotrf ooe of 
ill points. 

To conceire the action of tbe bodies lipon each oA>cr 
ivfaen Ihf J jvodnce the state of eqinhbrium^ tl isneccs^ 
aary to suppose an indefinitely small bend inibe rifht 
line nt its fixed point ; we shall (ben have Uwo ligkL 
Isnes making at this point an angle, wbieh drffrrs fi«m 
two right angles by an indefinitely small quantby «. Let 
/and /"' represent the distances m and m' from this 
fixed point: by rcsol nng the weight of m bito two 
forces, one acting npon the fixed painf, and tbeotb«r 
directed towards m' : this last force i^ill be represented 

hy-^^^^TT'—y g being the force of gravity ♦. The 



♦ Let mCm' (fig, 8 J represent the l*eiref , which is Mrp. 
posed to be bent from the liofizoiHal riglU: line mCn at C, so 
^^i (be angle m'Cif=*^, then mCzi=S^nJC^fy the line m'ii 
perpendicular to the line n»C eontinued zz^i'/' nearly, and 
tlie line mm' joioiag the bodies w and m' zzf'^J' nearly. 
Complete the rectangular parallelogram mnm'o^ and suppose 
mo or its equal nm' to represent the weight of m ; this force 
may be resolved into two others, reprpsented in quantity 
and direction by the lines mm' and ni o ^ we shaW then bav« 
m^^nmf (^J'} t^mm*(f-^f}j as mg f the weight of #r) 

Is to T^'^^f ^ or the force with which m acts upon th'r 

body m\ Xha foi^ with which, W a«ts «pQV m may ly 
found in a similar manner. 
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action of mi! upon m will in like manner be — ^- — ; 

bj equalling these (wo forces, in consequence of their 
equilibrium, we shall have 7??/=:??2'/' ; this chives the 
known law of the equilibrium of the lever, and at the 
same time enables us to conceive the reciprocal action 
of parallel forces. 

Let us now consider the equilibrium of a system of 
points nij m', m'', &c. solicited by any forces whatever, 
and re-acting upon each other. Let /be the distance 
of?7z fromm'; /' the distance of m from m^^i and/^ 
the distince of m' from m"y&c,; again, let p be the 
reciprocal action of m upon iw' ; p' that of m upon m^^ z 
jb^thcit Of m' uponm'' &(i.,tUstly, let mS^m^S'yM^Sf^&cl 
be the forces which solicit w, /n', m", &c. \ and *, s^'^ 
s"y &c. the right lines drawn from their origins unto the 
boilies wi, wi', m"^ &c. 

This being agreed upon, the point m may be con- 
sidered as perfectly free and in equilibrio, in conse- 
quence of the force mS, and (he forces which the bodies 
711 ^m\m."^ &c. communicate to it : but if it were sub- 
jected to move upon a surface or ra tjurvo, iiwotild be 
necessary to add the j-e-act ion of the surface off of ^he* 
ciirve \o these forces. Let Is be the v^natibii bts] ariif 
let f, f denote the variation of f taken by retjanflfiir' ynVas^ 
fixed. Denoting in like nianner^ by ^//'.,' the. v^ri/ili^p- 
of/', j^iaken by regarding m" as fixod> &c. Ii^t /i.^ii^d., 
R' represent the re-actions of two surfiices^ which 
form* by their intersection the curvje , UPfi^/ wUich UlOj 
poiut^ 71^ h farced tafuoypj'^nd Sr,.,Sr/ tl^ vmations oft 
th^ (direqtioQ^ of ih^%^\ l««t iarcefi. .Tfee equation (d^ 
of.iNoJ-3,JwiU giy'a/^ ."- 'u- '->» I •• .i:x--'.''-' "■! .:-••. ^ 
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In like mfinner, m' may be considered as a point 
which is perfertlji free and in equili!)rio, inconsequence 
of <he force w'V, of ihe actions^ of the bodies w, tw% 
&r., and of the re-act Jons of the sorfaces npon v^hich 
it is obIiff<'d to move ; ^hich re-actions we shall denote 
by 7?^ and /?'''. Let 5.v' he th< refore the variation of 
$' \ ^fjfihe variation of*/*, taken by regarding in as 
fixed ; ^,f^ the variation of/", tnken by regarding m^ 
as fixed, &c. Moreover let h" anil V be the varia- 
tions of the directions of /^'^^ and i?/'^; the cquiiibriun^ 
of »i' will give 

If we form similar equations relative to the equiiib- 
tiura of m'', m"\ &c. j by adding thcra together and 
observing that* 



* The nioth diagram will serve to render this more evi» 
dent. Suppose that the line joining the bodies m and m' is 
represented by/y that the point m' being immoveable, the 
point m passes over the indefinitely small space mn* Join 
nm' ; from the point n let fall the pc^rpendicular na upon the 
line mm' , thea ma will represent the projection of the line 
mn upon the line mm* ^ see notes No« 2, and we shall have 

maz:^mm'(J)^^am\ but am'^z^zm'n* — n«*, and as na* is an 
indefinitely small quantity of the second order, it may be 
neglected, therefore am^zznm' nearly, consequently mar:; 
i^m' (f) — nmfzzziff. Again, let m* be supposed to pass 
over the indefinitely short space mV, whilst m remains tm* 
f^veable^ jo|f ot<» then mm'-^ rnvli:^^/. U m and m' be 
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^,2/', &c. being the whole variatibns'of/,/', &c. 
ifre shall have 

an equation in which the variations of the co-ord,{nafes 
df the different bodies of the system are entirely arbi- 
ti-ary. It should here be observed that iu«$tead of 
m.S.is^ it is possible in consequence of the equation 
(a) of No. 2, to substitute the sum of the products of 
all the partial forces by which m is actuated, multiplied 
J)y the variations of their respective directions. It is 
the same with the products m^S'.h'^ m"S''.ls''j &c. 

If the bodies m\ m', wi*, &c. are invariably connected 
with each other, the distances/^', f^, &c. will be con- 
stant, and westiall have for the condition of the connec- 
tion of the parts of the system,J/=:0,5/'=:0,>/^=.4),&c* 
The variations of the co-ordinates in the equation (k) 
being arbitrary, we may subject them to satisfy these 
last equations, and then the forces p, p', p^, &c. which 
depend upon the reciprocal action of the bodies of the 
system, will disappear from this equation ; we can also 
cause the terms i?.5r, /2^5r', &c. to disappear, by sub- 
jecting the variations of the co-ordinates to satisfy the 
equations of the surfaces upon which the bodies are 
forced to move, the eqiiation (k) thus becomes 

OszzS.m.S.J*; (I) 
firbm which it follows, that in the case of eqtiilibriumi 
the sum of the variations of the products of the force9 



stipposed to Tary at the same time, and nove rctpectively to 
ft and It', let n and ft' be joined, then we shall hate mwl-^ 
Mi^i^p^JW^fy by ueglectiDg iadifiaitely smaU q^uantitiei 
•fht^i> ordert thaa the ifst. 
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by the elenuea^s of.tbeir directionB is nothing, ia what- 
ever manner wc make (he position of the system to 
vary, provided that the conditions of the connection of 
^ parts be observed « 

• This theorem which we have obtained on the parti* 
culir supposition of a system of bodies invariably con«> 
oected jtoo:ether, is general, vrhaicver may be the con- 
ditions of the connection of the parts of tho system. To 
denyonstrate thisy. it is sufficient to shew, that by sub- 
jecting the variations of the co-ordinates to these con* 
ditions9>Te shall have in the equation (k) 

but it is evident that 5r, JK, &c. are nothing, ifi con- 
sequence of these conditions; it it therefore only re- 
quired to proye that we have Oz=2.p. J/, by subjecting 
the variations of the co-ordinates to the same conditions. 
Lxii us imagine the system to be acted upon by the sole 
forces p,j p\ p"i &c. and let u^ suppose that the bodies 
are obliged to move upon the curves which they would 
describe in coinsequence of the same conditions* Then 
these forces may be resolved into others, one part 9, 
5', 9'', &c, directed along thelines f^f'jf"^ &c. which 
would mutually destroy each other, without producing 
any action upon* the curves.described; another part T, 
T'j T"i &c. perpendiculars to the curves described, 
l^tly, the remaining part tangents to these curves, in 
consequence of wjiich the system will be moved*. But 



, * l^ Cfig* 10^ where only two bodies m and m^> are. con- 
sidered, mm' is the line joining the bodies, Am B the curve 
y(^n which m \s forced. to repi^iq), mp the force p that acts 
upon m in the direction of ihe^ liije mtfjt' or/, rp qr 5 that 
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it is easy to perceive that thee^ last' forces. ollg1^!tO"he^ 
nothing ; for the system being supposed to ©bey ibem, 
freely, they are r^ot able ^o produce either prepsurft- 
upon the curres described^ or re*action^ of the bodies . 
upon eacji other ;^ they cannot therefore make e^uiUb* 
riuin to the forpes — p, — p'y~p\ &<5« Jj q\ q% &c- 
Ty T'y T"j &c. ; it is coQs^qu^eAtly necessary that 
they should be poshing, and that the system rhotiM be 
in equilibrio by. means of the sole forces — p, — p', 
—p"y &c. q^qW'^ &c. r,TSr^&c. Let^?, 5rf, ^c*; 
represent thei variations of the directions of the;force^' 
T, T', &Ci 5 we shall then have in consequence of the, 
equation (k) » . : ' 

0=z2.(q—p).^fi-2.TM; ' .■:./;■ i . 
but the system being supposed to be in equilibrio by 
means of the sole forces q^ 5', &c. without any action 
resulting upon the curves described ; the equation (h) 
again gives 0=2. q^. 5/, which reduces the above to the 
following 

OzzrS.p.^— 2,r.5^ 
If we subject the variations of the co-ordinates io ^xh 
swer to the equations of ths described curves, we sh^H. 
have ^6=^0, IV-zdSiy &;c. and the above equation be** 
comss '\ '. < ' ' \ 

■ * • 0=::2.p.J5fr- ' ' ;'-^ " '• • 

as tbe curves described are thfcmselves arbitratjr,. hmf 



— ^ —,.-..-,--..., . ^ (r tj 

.... '■ . • * • • J 

'; • •, A \ - 

part of it which is degtrojed by the mutfial actipn. ^f t]^ 
the bod|ea withput producing auy effect upoi^ . the jqi^v^ 
Amfii. mr the r^inainipg force of jp, which is r^^?€d i^tm 
t]be force ^7\ or^ Z*.that acts perpendicularly to the cmvey 
^pd Tr, wJ^lch acta in tbie dir«|:ti«ii of a^tsin^ent toit^ ^ 
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19 isAPtMti'B wnenjilfit9. 

0tAy iiAje<;li'd to tte coi^ifion^offhe eonneef iofi of 
IkirpArte of i\^ tif^i^m^ the pfreceding equation h^i 
pii^e^, provided tkat th^e conditions be rulfilled, and! 
itttn rter e^\m\ttti (k) ^ill be cfiansred info the eq'na- 
ti^ CO* Tbisequafioh is the analytical traduction of 
tfae following princip^, known under tlie name of the 
principle of virtual v^tecfties. 

<< If we make an indefinitely sm^tTl vafri^tilit^ in tb^- 
pbstttonf of a ^y^teta of bbilie??, which irt'e subjected ti^ 
tbe cotiditionis that itf ough"^ \6 fiifiOl : the ^\^ of the 
fbfCes which solicit it, each mhttiplied' by tfie spti)^ 
thut the body ia wfiich it is applied niov^s along its di* 
rection, should be equal to nothing in the* case of tlR^ 
equilibrium of the system." * 



* The following are proois of the troth of the principle of 
tirtuiil'yelocities in the cakes of the lever, tUe iiicIiDed 
pl&ine, and- the wedge. 

FiMt, wkh reftp«*ct to the lever ; let mCnf (Jig. l\.) re. 
present a straight lever io equilibrio upon the fulcrum Cby> 
ineaas of the forces S and S^ aeriog/io the respective direc- 
tions of the lines mSzziij and m'S'zz^ ; if this lever be sup- 
posed^ to be disturbed in an iodefiniteljr small degree, so that 
w and mf describe the arcs mn and mV respectively, and 
perpendiculars na ainl i}'6 be drawn froai^ n and n', upoa 
the directions of the forces S and S'^ we shall have mazz 
«— }#, and m^bzzih'. Let the perpendiculars (Tc and 6Wb« 
ib«Wnr toihe di^ecHohs of th^ forces S and S* from the ful. 
erum'C, then a^the indefinhefy small arcs mn and m'n* may 
be fupptnc^ reetiHn^ar, and the angles Cmn and C'i^V rf^tit 
aM|l^, we shall hate ang. mtoitrratrg. mCc^ and Rn^TdC^ 
=ang, nVtt^^^ aiUt'coti^eqnentt) the rectkttgutat 'tr^^ 
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This equation has poi oply p^ace in the et^ne of cqfi^ 
librium^ but it assures iU existence* Suppose ikaA Iht 



amtty tnCc^ and dCm' y n'm'b respectively simil«r| therafort 
by proportM>i|L 

ma I mn I X Cc I Cm^ 
also 

m'b I m'ri : ; Gd i Cntl^ 

vhich give ma:zZ'-Tt- *Cc. 9^x^ m^t^zz-rr-^.CiL conasflflantw 

ly ^ # =: — 7r-f?c, and ^s* zz-rr—j -C d. Let these va. 

'' Cm ' - 6W 

^ues of h and ^^ he suh^^tituted iq th^ e^i^ion. of TirMis) 
velocities 

observiiq; tha^ 7r-=: 71 — r> ^^^ ^^ ^^*R ^'^^ **^ ^.Cfe 

ff.Cd; which is a wdl.known property of the lever. 

In the case of the inclined pfarte, let the twelfth dkgraM 
be supposed to repre>ent a section forfoed by a plane passing 
through the centres of gravify m and m!^ of two weights in 
eq nil i brio npan two inclined planes AB- and BC^ whidi 
have the common altitude Hl}^ the weights being conneolei 
by a string passing Over tlie pulley P. Let tbe positioQ of 
the weights be changedso thatahtir. centres of gra,vtty M^.tMA4 
m' may pass through the indefinitely small spaces mn.and 
m'n^ respectively ; from m and m' let the lioeiS.miS^z^t, and 
tti'^rrc' be drawn in the directionof gravity, and suppoii 
the weight of the body retiiing upon ABto be repre6^nt€4 
by <S and that of the body re!»ting upotf £?C by S' : fros^.n 
And n' draw the perpendiculars na^ a^d n'd respectively t«^ 
the lines mS ^nd m[S* , or their continua|ionSf Then af, the 
lilies forming thetfiapgle nmaare respej^tiy^ely paralllel tatba 
UMk fo^naing the, triangle ADD^ th? trif pglef . t^p si||Bilar,: 
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^^fion (I) having pkce^ the points ntj m' &c. take 
i\xt iKfocities v, ©', &». in consequence of th« (orces 



for a like reason the triangles m! ri b and BCD are similar: 
we haye therefore 

AB : BD : i mn : ma^ 

BC : BD : t n^n'- : m'*, 

cbnseqtMHitlj Jna=-j^.mn and m' b=-rr--\m' n! . If in the 
equation of Tirtiial velocities . 

as ^$z^ma arid J^zz^ — m'ft, their respective Talues-j-r-. mn 

AB 

BD 

and — — -.mV are sabstitnted, we shall, as mnzizm'n' ^ 



Be 



easily obtain the following equation S.BCz^S' .AB^ which 
shews that the weights have the same ratio to each other as 
the lengths of the^planes upon which they rest have ; this is 
yteii knoirn from other principles. 

'. Lastly V in the case of the wedge, let ABC (Jig, 13^, re- 
preSAot the section of a wedge, and the plane MN upon 
»hich it rests in equilibrio, from the perpendicuUrpressures 
6f the forces S and S* upon its sides AB and AC^ in the di. 
rections mS-^zs and m' S' n:#' respectively. Suppose that in 
consequence of an indefinitely small variation in the situaition 
of the wedge, it takes the position abc^ its f ides'meetiog.the 
directions of the forces or their continuations in n and n' , it 
is evident that the small right lines mn and m' fif will be the 
spaces-passed over by the powers iSand 5'/<id their respec. 
live drrection^. Join ^a^and let CA and ba be prolonged 
littti! they meet at F, and from- the points ^ and « let the 
perpendiculars AH and Ag be drawn 'to the [Prolongations, 
then- we shall evidently have m'w'rr^A, ah4 '^fterjrfitf/ 
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mS^ MSy &c, \^Bich are applied to thein. The sys- 
tem will be in eqdilibvio by means of these forces^ and 
the forces — mv^ — m!xf^ &c. denoting by ^t), St)', &c. 
the variations of the direcliofis of the new forces, we 
shall! have from the principle of virtual velocities 

but we have by the supposition 0-—S>.mS.^s ; ipve shall 
iherefeffe have 0-=-S,.m.'olv. The variations Sr, Si/,' 
&c. ought to be subjected to the conditions of the sys- 
tem, they may therefore be supposed equal to vdt^ v'di^ 
&c. and we shall have 0=2, jwd*, which equation gives 
'K:;=0, -ij'izzO, &c. ; therefore the system is in equilibrio 
in consequence of the sole forces mS, m^S^ &c. 



As (he Unesr^F atrd a A are respectively parallel to the lines 
AB and BC^ the triangles ABC and FaA are similar, eon. 
sequently 

AB : AC : : Pa : PA; 

we have likewise, as the right angled triangles FaG and 
FAHj by having a common angle at F, are similar, 

oG : AH : t Fa t FA^ 
therefore 

AB : AC : : aG : AH. 

This last equation, as Alizz:mnz=z — Is ancf Ga:izn/n'zrSsf ^ 

■AC 
gives 1$ zz'-VjT. — ^sf I If this value of ^*be substituted id 

the equafioc^ of virtual velocities 

\ /:.■'• , ; iS'is-fS'.S^^zrd/'"" 

"Met^irtlid^iff the f6ttDiHigvi8'.^^2S"^J^d, nhtch she*iri 
that when the wedge is in e<|iiililbtf!vKj the powevs^aoting^atpdN 

u 

i 
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89 laplace's mechanics. 

The conditions of the connection of the parts of the 
system, may at all times be reduced to certain equa- 
tions between the co-ordinates of its different bodies. 
Let u=.Oy w'=:0, ti"z=.0^ &c. be these different equa- 
tions, we shall be enabled by No. 3, to add to the 
equation (I) the function x.^i/-j-x'.JM'4"^'''^^''+&^M 
or S.X.^u'i X, X', X'', &c. being indeterminate*functions 
of the co-ordinates of the bodies ; the equation will 
then become 

(fc=::2.m.S.^s-f2.X.J^/ ; 

in this case the variations of all the co-ordinates are 
arbitrary, and we may equal their co-efficients to no- 
thing ; which will give so many equations, by means 
of which we can determine the functions X, X' &c. If 
we lastly compare this equation with the equation (kj 
we shall have 

S.X.SefzzzS.p.^Z+S. R.^r ; 

from which it will be easy to find the reciprocal actions 
of the bodies W2, ^n', Sf'C. and the pressures — Ry — R\ 
^'C. tUat they exercise against the surfaces on which 
they are forced to remain *. 



it are to each other as the sides of the wedge to which they 
are applied, which is a well known property of it. 

The principle of virtual velocities may readily be proved 
in the cases of the wheel and axle, the pulley, the^crew, &c. 
and holds good in every case of machinery in eqnilibrio. 

* The following examples, extracted from the Mechanique 
Analytique of Lagrange, will serve to shew the facility with 
which the principle of virfital; velocities liiay Iiq applied t« 
ihe solution of various priMems.; ' 
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15. If all the bodies of a sjstem are firmly altacNed 
together, its position may be determined by those of 



It may here be premised, that the forces which act upon 
any point or body will be supposed to be reduced to three, 
P, Q, and il, acting rt^spectively in the directions of the 
co-ordinates a?, y^ and 2, and tending to diminish them. 
The quantities belonging to the different bodies will be dis- 
tinguished by one, two,, three &c. marks according to the 
order in which they are considered. Thus the sum of the 
moments of the forces which act upon the bodies will be 

P.^jp + Q.J^+H.Ss+F .Ix' +Q' .§y +/1' ,lz' + F'.5a/'4-&c. 
To this must be added, the differentials of the equations of 
condition, each multiplied by an indeterminate quantity. 

Let us first consider the problem of three bodies firmly at- 
tached to an inextensible thread. In this case, the condi- 
tions of the problem are, that the distances between the first 
and second, and between the second and third bodies, will 
be invariable ; these distances being the lengths of the por- 
tions of the thread intercepted between them. Let /be th« 
first of these distances, and ^ the second, we shall then have 
y=0, and ^^zzO, for the equations of condition, therefore 
^t^=^/and ^vl-=z^gy and the general equation of equilibrium 
will become 

The values of/ and g are 

/=v'{(*'-jcj«+cy-i,;«+(-s'-8;*}, 
g=\^{ r«"-«')*+ry.'-^';' + r«"— 2';*}, 

therefore 

5/ = ; J . 
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three of it$ points which ar^ not in the same right line ; 
the position of each of its points depen^ls upon tbr^« 



^^^ ^ _ 

thpse valaes heiog substituted will giv^ the nine following 
^^utions for t|ie conditions of the equilil)ria^ of tjte ^i^^^^ 

a/— J? 
P—x. =0, 



Jl— X. =0, 

¥ 

* u vl 

jr"— a/ 



e"+x'.^=o, 



|l«+x'.?L-^=e. 



|t no«i^ rt mains to eUntnate tfce Vo indeteFminate <pianti^ 
ties X and x' from these eqwajtions, which majr be done yari. 
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o&*oidiiiates9 this prod«ces iiuie iitdeknninate qmof 
thies; l^t the mutual distances of three pointfi being 



OQS ways, each of which will giye equations, either different^ 
or presented differentiy, fof the eqiitlibriaiQ of.the three 
bodies* 

It is evident that if we add the three first equations to the 
three next, and to the three last, we shall obt&lli the thr^e 
following equations delivered from the unknown quantities 
Xand A*. 

which shew, that the sum d all the forces part^el to eo^ch^y 
itm thr^ a^Qs of ^y iff ^^^ «> $hi(MM be notbiJitt^ 

Th?repaw remaiq^ fpiir more equatiois whi^h^t^iA oe^ 
cessarj to discover ; for ^s .purpose, if the> thrf e i«M41f 
equations axe respectively addied to the three Ust^;tl^ three 
jToHowiing will hQ obtained, which 4oii^t <Hmtai^ ^S 

by the extraction of x, the two following wilt fie'obtained. 
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given and invariable, vre are enabled by their means 
to reduce these indeterminates to six others, which 



z 



Lastly, considerlDg the three final equations, by extracting 
V from them, we shall have the two following, 

z" z' 

These seven equations contain the conditions necessary for 
the eqoilibrinm of three bodies, and when joined to the givien 
equations of condition u and t/ , will be sufficient for deter- 
mining the position of each of them in space. 

If an ioeztensible thread be charged with four bodies, 
acted upon respectively by the forces P, Q, jR ; P , Q', Rf; 
P" ^ Q!* y R"y &c. in the directions of the three axes of x^y^ 
and z ; we shall find by similar proceedings, tbe nine follow- 
ing equations for the equilibrium of these four bodies, 

p+P'+p"+p'"=:0, 
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substituted in the equation (t), will introduce six ar- 
bitrary variations 5 by equalling their co-efficients to 



R"+R"'-^iEi(^"+^"^=°* ■ 



fjii „" 






It would be easy to extend tlis solution to any number 
of bodies, or to the case of the funicular or catenarian 
curve. 

Thd'^solution would have;been in some respects simplified, 
if the inTariability of the distances f g^ &<;• had been direct- 
\y introduced into the calculation. 

Thus, confining ourselves to the case of three bodies, and 
denoting by >]/ and \]/' the angles which the lines/ and g 
^ake with the plane of x and y ; and by 9 and 9' tbe angles 
which the projections of the same Ihies upon the same plane 
piake with the axis of x^ we shall have 

y — criz:/.cos.;p,cos,>|/; y— J^=/.sin.9.cos.^^: z'^-zznf, Bin.'\ti 

i?" — Jr?'rr5•.cos.^^cos.^^'; y'— y^r^.sin.^'.cos.-J/'; s" — s'rr^* 
•io.4^'. ' 

Substituting the talaes of x', y i «'> *", y, and 2" obtained 
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nothing, wd shiill htive 6te eqiiHitions ihkt will contain 
ail the cooditions of the e(](tiilibviani of the s jatem ; left 
us proceed to develope these equations* 



from these equations, iu iM geH^raT foUnula of tte eqnilib. 
rium of three bodies 

and simply causing the quantities^ jt^ 5^^ 2;,^, ^^'i^.y.Vj whose 
variations will refti^ indeteriAinate,' id vai^, an'd equaUiug 
separately to nothing the quantities multiplied by each of 
these variations, we shall have the seven e^ations 

P + P + P'zZOy 

R+R'+R"=0, 

F'cos,(p'.sin.4,'+Q'Vm.9'sin.4/'— jR"cos.4'=zO, 

df which thfe five fi^st coincide with tftos6 fbruud* fedbre W 
tte^ que^ti'oa of three bodies cdntrected ij an inel^ensfhl^ 
ttfe^, iy the eHrtiinattdn of the fnrfeterminate qtia*ttttttes X 
and x'; and the two l^st a^e readily reduced by eliminating 
<2f and 3fV hf ^eiH>» of die fourtb anvl fito e^llatlonV, ^ - 

But if by tbift means we h^ve moi^ readUy obtained the 
final equations, it is because we have employed a prelintinary 
tranformation of the variables which coBtains the equation* 
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For thts^ purpose, if x^ t/y z be the co-ordinates of m ; 
^^y\ ^' tlioseof w'; x", yf^yz" those of m", Sec. we 
shall h^ye 



of condition, instead of immediately employing the equations 
with iudeteFminate co.efficients as before, so thaX the equa* 
tion is reduced to a pure mechanism of calculation. More, 
over, we have by these co-efficients the value of the forces 
which the rods /and g ought to sustain from their resistance 
to extension, as will be shewn hereafter. 

If the first body is supposed to be fixed, the differentials 
^^, ^^, and ^z vanish, and the-terms affected by these differ^ 
entials, will disappear of themselves from the general equa. 
tion of equilibrium. In this case, the three first equations 

P— x.-^^nO, Q=^xK^z=:0, and JR— A.^^zrO, will 

sot hai^e place, therefore the equations, J?+P'+P"+&c. 
=0, Q+Q'+Q!'+&c.z=:0, R+R'+R'+&c.=Oy will not 
have place, but all the others will remain the same. In this 
case, the thread is supposed to be fixed at one of its ex. 
tremities. 

If the two^ ends of the thread be ^xed^ we shaH have not 
only ^x=Oy ^j/zzO, 5^=0, but also ^x"'&c*z=Oy ^y"'^^z=:0^ 
$2'"&C'Zz:0 ; and the terms affected by these six differentials, 
in the general equation of equilibrium, ^ will consequently 
disappear, a^ well 'as the sis particular equations which de. 
pend upon them. 

In general', if the two extremities of a thread are not en. 
tirely free, but attached to points which move after a given 
law ; this law expressed analytically, will give one or more 
equations between the differentials Ix^ ^^, and ^2r, which re. 
late to the first body, and the differentials Ix'"^^'^ ^if"'&c.^ 
lz"'f&c.^ which relate to the last ; and it will be necessary to, 
add thesiB ^^uatious^ each multiplied by a new indetesmiiiatf 

N 
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/=/ r-r^— -rj^+ry— j^/+ r&^-g/ ; : 

&c. 



co-efficient, to the general equation of equilibrium found 
above ; or to substitute in the general equation, the value 
of one or more of these differentials obtained from the above 
equations, and lastly to equal to nothing, the co-efficient of 
each that remains. As this is not attended with any diffi. 
culty, we shall omit it. 

In order to discover the forces which arise from the re- 
action of the thread wpon the different bodies, we will, in 
the present case, consider the equations 

cuzz:oJ — 7 — ' ' ' 

hiziz^gzz— . . 

&c. 

With respect to the first body whose co-ordinates are j?, ^, 



we 



shall therefore have 



/ - • 

Therefore the first body will be acted npon by the other 
bodies with a force x, the direction of which is perpendi. 
cular io the surface represented by the equation "^uzz^JzilO^ 
supposing the quantities ^, y^ and z to vary ; but it is evi* 
dent that this surface is that of a sphere, having / for 
its radius, and ^',y, and ^ for the co-ordinates of its centre, 
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If wc suppose 



eoiisequently the force K will be directed along this same 
radius, that is, along the thread which joins the first and 
second bodies. 

With respect to the second body whose co.ordioates are 
*'j y, z'y we ha?e 

^u x' — X 5 k y — y lu a/ — z 

f^'~^' V"'T~' ^'"""7"' 
therefore 

from which it follows, that the second body will also receive ^ 
41 force X directed perpendicular to the surface whose equa. 
tion is lii-zzlfzzO^ supposing a?', y, and z' alope to vary. 
This surface is that of a sphere, having/ for its radius, the 
co-ordinates a?, y^ and z of the first body corresponding to 
its centre ; consequently the force that acts upon the second 
body, will be also directed along the thread /, which joins 
this body to the first. 
With respect to the second body, we also have 
hi'_ a^^^x! ^u!_ i/"—y' W_ z"^z' 

^^'^ S ' ^S/^ g ' ^^~ g ' 

therefore 

. v/KS)'+(S)'Hl-')'l=- 

The second .body will therefore be acted upon by a force 
equal to ^'y the direction of which will be perpendicular to 
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we shall have S/r=0, 2?/'=:0, if"=zO &c. ; the neces- 
sary conditions will therefore be fulfilled, and in con- 



the surface represented by the equation ^//zrO, by making 
ar',y, and 2' to vary. This surface is spherical, having ^ 
for its radius ; therefore the direction of the force >J will be 
along this radius, that is, along the line which joins the se- 
cond and third bodies. 

Similar conclusions may be drawn with respect to the othei 

bodies. 

It is evident that the force X which acts upon the first 
body, along the direction of the thread which joins it to the 
next, and the equal but directly contrary force X, which actf 
upon the second hody along the direction of the same 
thread, are merely the forces resulting from the re-action of 
this thread upon the two bodies, that is, from the tension of 
that portion of the thread which is included between th« 
first and second bodies ; therefore the co.eflcieut X will ex* 
press tlie force of this tension. In like manner, the co-effi.. . 
cient ^' will express the tension of that part of the thread 
which ia intercepted between the second and third bodiea, 
and so on with the rest. 

It has been supposed in the solution of this problem, that 
each portion of the thread wfw not only inextensible, but 
likewise incompressible, so that it always preserved thesam^l 
length, consequently the forces X, x', &c. only express the 
tensions when they are positive, and their actions incline 
the bodies towards each other ; but if they are negative, and 
tend to make them separate to a greater distance from each 
other, they rather express the resistanqes \ihich the thread 
opposes to the bodies ty meaqs ^f its «ti£fness or incom. 
pressibility. 

To confirm what ha» been demonstrated, and at the wot^ 
time to give a neic application of these methods, w* ^iU rap* 



Digitized by 



Google 



sequence of the equs^tton (I) ike fblktvin^ •msjy be 
obtained 



pose that the thread to which the bodies are attached is elastic, 
and susceptible of extension and contraction, and that F^ Gy 
&c. are the forces of contraction of the portions/, g^ &c. of 
the thread intercepted between the first dUd the second bodies^ 
and between the second and the third &c. 

It is evident from what has preceded, that the forces -P,ff, 
&c. will give the moments F.\f+G.2g+&c. or X.Jm+a'.J«' 

+ &C. 

It is therefore necessary to add these moments to those 
which arise from the action of the forces which are repre. 
sented .by the foTmvil^P.^x+Q.^j/+R.h+P M+Q',^tf'+ 
R\^z'+P".^x"+&c.; and as there are no other particular 
conditions to fulfil relative to the situation of the bodies, 
the general equation of equilibrium will be as follows P.^» 

^w4.X'.W4-&c.=:0. 

By substituting the values of ^, 5^, &c. found above, and 
equalling to nothing the sum of the terms affected by each oC 
the differentials ^jt, ^^, &c. we thall have the foilowiAg equa% 
tions for the equilibrium of the thread in the present ^$6| 
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,t.+gg=l>_gf-'')=,, 

/ i 



a"+^^=.. 



n"+^c^=o. 



These eqaaiions are analogous to those of the case in which 
the thread is inextensible, and give by comparison xzzJF, 
x'=(?, &c. 

It therefore appears that the quantities F^ Gy &c. which 
here express the forces of threads supposed elastic, are the 
same as those which have been found before to express the 
forces of the same threads^ on the supposition that they were 
inextensible. 

Let us resume the case of an iuextensible thread charged 
with three bodies, supposing at Ihe same time that the second 
body is moveable along the thread ; in this case the condi. 
tion of the prbblem will be, that the sum of the distances be." 
tween the first and second bodies, and between the second and 
third is constftoi : denoting.>as before, by / and gy thes« 
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which are three of the six equations that contain the 
conditions of the equilibrium of the system. The se- 



distances, we shall haye/-(-|f equal to a constant quantity , 
and consequently ^-f-J^rzO. 

In this case if+^gzziuy and consequently xf^+^^J or 
7iu must be added to the general equation of equilibrium, 
which will become 

If the values of ^/ and ^g are substituted, and the sum of the 
terms which are multiplied by the differentials ^x^ ly^ Set. 
equalled to nothing, the following equations, which are suf. 
ficient for the equilibrium of the thread, will be obtained, 

_ x' — X ^ 
P-X.— =0, 



s 
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GQP^jj^vpih^T» of tbme equBiiom w^ Uiq^iuqs •f the 
fQTCfmol Uxd^sjr^temre^lyQdp^ralkl to ^ Utur^ axes 



S 



It ii only necessary to extract the indetetniaate^qaantity x 
from these equations. 

lSs<mihet^\3iw9e exataplefidt is easy/to p/eroetrabow wemof 
^end th<&, question to a ^^ater iuimbdr of hodjksy jQf ivhich 
^ e9d ai]i964Day be supposed fixed^^d the others moveable 
aloog tbertbuead; 

Let us now suppose that the three bodies are united by in. 
flexible rods, and obliged always to remain at the same dis. 
tance from each other; in ibis eiise^. if & be supposed to 
denote the distance between the first and third bodies, we 
shall have 2yrzO, ^5^=0, and MziiO ; consequently by having 
three indeterminate co-efficients. the general equation of 
equilibrium will become 

The values of ^/^ and ^g^ or ^u and^«' have been given be. 
fore ; that of ^A, as 

will be 

U= ^ ^ 

By making these substitutions^ and equalling to nothing the 
sum of the terms afieeted by each of the difi#rentials ^Xy ^t/^ 
&c. we shall obtain the nine following particular equations 
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X, 5^, ctnd z t each of >?rh!cli sums sliotild be equal to 
nothing in iht case of equilibrium. 









p//+x'.tl_l +X\^_f=zO, 



G"+x'.^ + x\^=0, 

IT A 

It will be necessary to exitfaot from them Ihe tlii^e vmktiown 
iodeterminate quantities x, X' y atid x", by which means six 
equations will be obtaiaed to deteTmine the ojtnditi^vs of 
equilibrium. 

It is evident £rofll the form of theie ^uations, that by add. 
ing respeclively the tliree first to the three ni^xt, and after, 
wards to the three last, the three following equations will b« 
obtained), wblch are free from the quantities x^ x', and V, 

P+P'+P"=0, 

Is would be t^ry easy to 6nd three other equations by the 

o 
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The equations ^fz=Oy ^f'=Dy ^/^=0, &c. will bo 
also satisfied, if ^c suppose z^ %'f z'^y &c. invariabl* 
quantities, and if we make 



extraction of X, X'^ and >!' ; but this may be done in a much 
readier and more general manner, by deducing these nine 
equations from those given aboye. 



-. — — ^ . -— - 



P'y-Q'^+x.^-^ -V.- y*~"^ =o, 



w I ^ t ^^ — ^^ , ^^" ^'2;^ . 

Pz'S!x'+x. — v. z=0, 

•/ ^ . 

g h 

FV'-JlV'+x'.lf— ^+x". ^1-^=0, 
S A 

These equations are evidently analogous to the primitive 
ones, and give in the same manner, foy additfbn, the three 
following equations, 

Pz--Rx+P si— llV+PV/;--il VzrO, 
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The three first equations shew, that the sum of the forces 
parallel to each of the three axes should be Dothiog, and th« 
three last contain the known principle of moments (under, 
ftanding by that term the product of the power by its dis. 
tance, as in the case of the lever), from which it appears^ 
that the sum of the moments of all the forces to make the 
system turn about each of the three axes, is likewise nothing. 

If the first body be fixed, the differentials ^x, ly^ and ^a 
will vanish, and the three first of the nine equations first 
given will not have place i we shall in this case have only six 
equations, which by the extraction of the three indeter* 
minates X, V, and x", maybe reduced to three. 

In order to obtain these three equations we may proceed 
in a manner analogous to that made use of to discover the 
three last equations of the preceding question; provided 
we take care that the transformed ones do not contain the in- 
determinates X, and x", which enter into the three first, of 
which it is necessary to make abstraction. This will be ob. 
tained by the followinc; combinations, 

C(^_.)-ii'(y'-^)-x'. (>>'-^)(/-yf-(y-..)(.j^-£)^^^ 

■ ■■ f ' 
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hsT being any variation whatever. By sabstituting 
these'valu^s in the equation (l)y we shall have 



0=2 



-»M^fr:)-0^ 



a.(^-.)-R.(^-^).fv<''-'>'»'-^'^-»"''-L)= 

If we add the three first of these eq^tieos to the three last^ 
the three foUowiJig will be obtained, 

Tkese will always have plaqe, whatever may be the state of 
the first body, as they are independent of the equations rela^ 
tive to it. These equations contain the principle of mo^ 
ments, with respect to the axes passing throiigh the first 
body. 

Let us suppose a foartb body attached to the same ia, 
flexible rod, having ^''^y, and J" for its three rectangular 
^o-ordlnates, and P"^ Q"* , and jR"' for the three fprces pa- 
rallel to these co-ordinates. 

It will in this case, be necessary to add the quantity 
P".la/"'^Q!\l^"+B!".l:il" to the sum of the moments of 
the forces. As the distances between all the bodies ought 
to remain constant, we shall have by the conditions of the 
problem, not only y=iO, ^^rrO, ^=6, as in the preceding 
ca^, but also ^krO, Im-z^O^ and 9n=0 ; naming the dis. 
tances of the fourth body from the three others ly m, and «« 
The general equation of eq^uilibrium will in this case be. 
come 



o. 
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It is e^iilettt that we may in tbis eqmtiM change eithei^ 
tbe c(M>FdiBates x^ af^ x"^ &e. or ^%y^%y^y &c. intc^ 



The yalues of ^y ^gy and ^h^ tite the ^font as before, and 
those of ^ Sm, aad 5n, or ^«^'^', ^w**, aa4 ^m*, as 

are 

m 

. . (^"-^)(jr"'_»x'')+(y''_j,*)(V".>>')+(«"'-*')(>s"'->«') 

n 
By making these substitutions, and equalling to nothing the 
sum of the terms of each of the differentials ^^r, ^i/^ Scc^ we 
«haU find twelve particular equations ; the nine first of wl)ich 
which will be the same, as those in the case of three bodies, 
if the following quaatities wejpe respecti?cljf added to their 
first members. 

_,/*f!:=f ^^.^jn-j. _,»,f!:zifi 

xfif^x'' y'"—yff z"f—:i!' 

n ' « ' n ' 

and tbe three last will be 

Pi^/-Lx«'.— r^ 4.xiT.^ — ± 4.x^ .:i — :^=ho, 
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«, z'f z"y &c. which will give two other equations that 
re-united to the preceding, will form the following 
sjstem 



> ; (n) 



iZ'^'+x///.. 



•z , , z 
— |-^|v 



»f . 



m 



4->Cv.^ 



>,f/f 



=0. 



As there are twelve equations in ail, and six iodeter. 
ttinate quantities x, ^' , ^", a"', >^'^, ^''j to eliminate, there 
will only remain six final equations for the conditions of 
equilibrium, as in the case of three bodies ; and we shall find 
by a method similar to one given before, these six equation! 
analogous to those found in that case, 

Py—Qx^py—Q'x'-\'PY—Q"^^+P"y—Q"*^' 

Pz—RX'\-P'z'—Rx'-\'P"z"—R"x"'\^P"'z'"—R'V 

=0, 

Q^— 72y+ Qi^i^RiyiJ^ Q"z«—R"y"^ Q'"z«'—R»y 

=0. 

Instead of the three last, the three following equations 
may be substituted, which can be found by a method given 
before. As they are independent of the equations relative 
to the first body, they possess the advantage of always having 
place, whatever may be the state of this body. 
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the function l^.mS.i/. ( r- jJis by No,, 3, the sum of 
the moments of all the forces patallel to the axis of x^ 



pii'(yfi'—y)—Q"Xx"'—x)=LOy 

pf(zf—z)—W(x''-^x)-\'P"(z"—z)—R"(x"^x)'\' 
P"%z'"'^z)—R"'(x"'—x)=.0, 

Q'(z'—z)-R'(y'—7/)^Q"{z"—%)—R'(y"—y)^ 
Qfi'(z"'—z)—R"'(y"'—y)=:0. 

Let us now consider the case of three bodies joined bj a 
rod which is elastic at the point where the second body is 
situated, the distances between it and the other bodies being 
constant, but the angles which the lines form Tariable. Let 
us suppose that the force of elasticity, which tends to augment 
the angle formed by the lines which join the second body to 
the two others, is represented by £, and the exterior angle, 
formed by one of these sides and the prolongation of the 
other, by e ; then the moment of the force E ought to be re. 
presented by E. Je, or its equal >!'M^ ; therefore the sum of 
the moments of all the forces of the system, as ^/zzO^ ^gzzO^ 
will be 

Q".^y^'{'R".^z''^^^Ju+^'M'\-^fLWz=dO. 

It is now only required to substitute the values of ^u^ ^2/, 
and ^u^^ : those of ^u and ^21' are the same as in tl^ first 
question, 'but with respect to that of W or Ja, it may be 
observed, that in the triangle, of which the three sides are 
/, If, and A, or the distance of the first body from the third, 
180-«e is the angle opposite to the side h ; therefore by 
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i¥hich would cause the system to revolve about (be axis 
of z. In like mauoer^ tbe funciioa 2.mS.x. fj^ j is 



tion gives the value of Jeor Jm'^ : as by the conditions of the 
probkin ?/rt:0, >g:=tO, it^ipilKbe sufficient to make e and h 

vary, we skaH therefore hat^ ^^z^u'^tiz-^-:^':—^ This 

fgsih.e 

value being substituted in the preceding equation, it will 
evidently become of the ^me foraa as the general ^qaafion 
t>f«qullibtinift given iti the case of three bodies jtyHrefl%0* 
|[«ther by Mi inflexible tod ; by Btipposing in it that V'^jt -- 

f — : — -j th^ particular ^qtiations trill flfecess^ily bfe the 

Mine in the tw« Cases, trith this sole diiei^noe^ that in the 
case above mentivned) the quantity ^" is inde^ecmitaafte^ and 
consequently «figkt to be eliminated ; bat in the present 
case U i* kaoWn, and the^^ are only two qaantititefl a. and A' 
toeliflsinate, conseqaently there will be seven final equations 
instead of six. But whether the quantity ^" is known or 
not, it may be eliminated along with the two others, ^ and 
^' 5 we fehatt therefore have, in the present trase, the same 
equations as lirere found in the case of thr^e bodies at^i 
tached to each other by an inflexible rod : to find the 
seventh e^imioil it ifjXi efnly l>e necessary to eliminate ^ 
firOto the three firsts or ^' from the three last of the nine par* 
tieu1»r equHtlott^ tX the above case, and to substitute for 

Vh 

A^ltvalae^r^"— » 
Jg sm. e 

If 9/ and ^g had not been supposed to vanish in the value 
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the sum of tbe moments of all the forces parallel to the 
axis of j^^ which would cause the system to turn about 
the axis of z, but in a different direction to the first 
forces ; the first of the equations (n) consequently in- 
dicates, that the sum of the moments of the forces^s 



of 5^, it would have been of this form Je zz — r 7 — i^ + 

A.^f-i-B.^gy A and B being functions of/, g^ A, and sin. e ; 
in this case, the three terms x.hi+\' .^u''\-\'^,^u' of the ge. 
neral equation, would become (EA+k)*^U'\-' (EB+^^) 

Eh 

. J m' — t — : .^A ; but ^ aud V being two indeterminate 

Jg sin. e 

quantities, it is evident that x— E^ and x' — EB may be 
substituted for them, by which means the quantity treated 

Eh 

upon will become ^.Jm+a'.Jz^' — - — : .J A, the same as 

fg sm.e 

when/ and ^ did not vary in the expression of ^e. 

If manj bodies be supposed to be joined together by elastic 
rods, we shall iind, in the same manner, the proper equa- 
tions for the equilibrium of these bodies. The above me- 
thods will always give with the same facility, the conditions 
of the equilibrium of a system of bodies connected together in 
any manner, and acted upon by any exterior forces whatever. 
The proceedings are always similar, \ihich ought to be re- 
garded as one of the principal advantages of this method. 

The follovring question, and several others, are likewise 
solved in the Mechaniqne Analytique of Lagrange. To 
find the equilibrium of a thread, all the points of which 
are acted upon by any forces whatever, and which is sup. 
posed perfectly flexible or inflexible, extensible or inextea- 
sible, elastic or inelastic. 

9 
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nothing with respect to the axis of 2;*. The second a«I 
the third of these equations indicate in a similar man- 



* If the system be at Hhertj to tarn in anj direction about 
a point taken for the origin of the co-ordinates, the instan. 
taneoas rotations about the three ases, may be considered 
in the following manner ; which will give three equations of 
rotation with respect to these axes^ aimilar to those of 
Laplace. 

Let /> represent the projection of a line drawn from the 
origia of the co-ordinates to the body m, / that drawn with 
respect to the body m\ &c., also ^ the angle which the 
line f makes with the axi^ of x^ ^' that which / makes with 
the same axis, &c. we shall have the following equations 
aarzf. coi*(p3,j/;=:f-sin. 9, a/=z^'.cos. q/y^'zzzfl. sin. p\ 4c. 
which by ciMf^^i^'tiatioa and substitution^ \i f^ f',/'&c, be 
supposed constant, will give 

l^'^ Iqfl^ kc, being each of them supposed equal to 9^, as the 
bodies m, m', m'^^ &c. are imagined to be tuvarlab^y con. 
neeted. 

These Tariations of x^ ^, ^, y , kc. are owing Co the ele«. 
nentary rotation ^9 about the axis of e. 

In a similar manner, if 4/9 4^' 9 4^9 ^* rq>re«ent the aiiw 
gles which the projections upon the plane yz of lines dt awn 
from the centre of the co*ordinates to the bodies nv, m\ mf% 
kc. respectiyely make with the axis^, the variations of ^^ ty. 
y , s', &c. arising Uoja the elementary rotation ^%|/ about the 
axH of X may be obtained, whioh will give the following 
equati4Mis, 

^^=r— S.J4/, |tf=:^.l>l<, V== — «''^t'9 ^«^=y.J>^, &c. 

Likewise if a>, »', J\ &c, represent the angles which the 
projections upon the [dane xz of lines drawn from the centre 
of the co-ordinates to the bodies m^ m', nf^^ kc. make 
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^^^ ihtt the turn of the nlomentt of th« forees is no- 
thing, either with respect to the axis of y, or to the axis 



with the aiis z^ the variatioQs of Xy z^ x'^ z'j &c., arising 
from the elementary rotation ^a; about the axis of ^, will 
give 

If the three rotations take place at the same time, the whole 
Tariations of the co-ordinates x, y^ Zy x'j y'y z'y &c. will bo 
equal to the sums of (he partial variatioat belonging to each 
of these rotations, consequently we shall have the following 
equations, 

^xzuz.^u — ^.5p, J^zirx.J^ — s.^4/, ^zz:zy^'\', — xitiy 

If these values be substituted in the general formula of equi« 
librium ^.S.lszzf^^ we shall obtain the terms belonging to 
the rotations S^, $«,;, and }%]/ about the the three axes of sr, 
ify and X ; which ought io be separately equ£tl to nothing, 
when the system has liberty to tu tn in any direction about a 
point placed at the origin of the co-ordinates. The equation 
2.>S.J*z=0, by substitution, gives the following 

in which 

'i^.„S.|^.(^)-..(^-i)J. 

y=^,.8.|,.(?i)^,.(*i)^. 

The co.efficients of the instantaneous rotations $>)/, luy and 
df , art the moments relaOve to the axes of these rotations, 
and are respectively equal to nothing in the case of equilib. 
Hum, when the system has liberty to turn about the origia 
of tbeco.ordinates* 
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of X. Bj uniting these three conditions to those Ai 



If at any point of the system the co-ordinates jp, ^, and z 
be respectively proportional to ^>l', So;, aod J9, we shall 
have there 

2.5ft;=r:^.J(p, a?.J<pzi:s.^4^, ^.Jx^hza'.^o;, 
and consequently ^xirO, SiyzrO, and JzrzO. 
This point and all others which have the same property, will 
consequently be immoveable during the instant that the 
system describes the three angles $>]/, 9^, an'd ^(p, by turning 
at the same time about the three axes of Xj y and z. It 
may be easily proved that all the points which have this 
property are in a right line passing through the origin of the 
co-ordinates. The co.sines of the angles x, fi, and t which 
it makes with the axes of x^ y and s, are 

^ y , « ' 

- ' ■ ~ j "" 7 % ana ,^ , 

that by substitntioa will respectively become 

?4/ ^ ^ . 



This right line is the instuntaneous axis of the composed 
rotation. 

If we suppose 5d=i:V'C^4'*+5<w*+^?*) ^® shall have 
^Nl/zrSd.cos.X, Jft/nrSd.cos.^, S(p=rJd.cos.», 
which, by substitution in the general expressions of \x^ ^y^ 
and $z, will give 

5:r=r(s.cos.^— 3/.cos.f)S0, 

5y=:(ic.cos.y — s.cos.x)5d, 

j2;=r(^.cos.x— x.cos.fx)W. 

These values being substituted in the expression ^^^-f 3[^*+ 

S$^^ which is the square of the indefinitely short space passeil 
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Whichithe- sum of the forces parallel to tkeie axis are 



orer by any point \?hllevei', it wiH be changed into th« 
following 

{(2cos.^— ^co5.i)*-f-(jircos.y — ;:cos.x)*4-Cycos.x — jtcos./x)*} 
.5d«ii:{a?*+^*+t»— f^cos.x-|-^cos./x+2;cos.02p6» 
as cos.*A.+cos.V+cos.*vrr:l. 

It may readily be proved that arcos.A+j^cos.fA-j-zcos.vrrO, is 
the equation to a plane passsing through the origin of the 
co-ordinates. In a direction perpendicular to the right line 
which makes the angles x, ^^ and v, with the axes of a?, y, 
and 5, consequently the short space described by any point 
of this plane will be ^Q\^ x^ +^*+2f. As the axis of rota- 
tion is perpendicular to this plane, 5d will represent the an- 
gle of rotation about it composed of the three partial yelo. 
cities ^\I/,V,aad ^^, about the three axes of the co-ordinates* 
It therefore follows, that any instantaneous rotations ^4^, 
}*;, and ^9 about three axes which cut each other at right 
angles at the same point, may be composed into one ^dz± 
l/j-4/*+^*'*-t"^^* about an axis passing through the same 
point of intersection, and making with them the angles x, 
/x, and y. so that • 

^°^'^^Sl' COS^^—j^, C0S.ir=:^. 

Inversely, any rotation 19 aboiH a given axis may be resolveil 
into three partial rotations, denoted by cos.x.^d, cos./x.^d, 
and cos.y.^d, about three axes, which cut each other per. 
pendicularly in a point of the given axis, and make with it 
the angles X, V? and y. The above enable ns in a very easy 
manner to compose and to resolve the instantaneous move, 
ments or velocities of rotation. 

Let three other rectangular axes be taken which make with 
the axis of rotation ^4/ the angles x',^''. and x'i'^, with the axif 
of rotation If the angles k/U^t**" ^ifl" * and with the axis of rota- 
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nothing nith retpect to tach of thetD ; we shall but^ 



tiOB ip the angles /, i^, and v'" ; the rotation S>|/ may be 
resolved Into three rotations cos. a'. ^4^, cos.a".^4'* and cos» 
X''' .^^I^ about these new axes, the rotation ^tf may likewise 
be resolved into three rotations cos.fA^^A^, cos^fb^,)*', and 
cos.fjj^ .^A^, and the rotation ^p Into three rotations cos»f'»^^, 
ees./.^^} and cosy .9^ about the same axes. By adding 
together the rotations about the same axis^ if we name 90% 
M^, and W" the complete rotations aboat the three new 
axes we shall have 

Jd'ncos»x'.$4'+co'»i^' .Jw+cos./.Jf , 

Z&" =C08. A". J4/ -f cos V.S« + C0S.»*'. J^, 
Jd'" =ZCOS. V'^H+COS.fx'".^ft> + COS.^ .5^. 

The rotations ^-^^ itt^ and ip^ are by this means red«6ed to 
. three rotations W^ W, and W» about three other rectana 
giilar ales, which should consequently gite the same rola. 
tlon ^d that results from the rotations 9t)/, ^«#, and ^^ wi 
diall therefore have 

as this equation is identic, by substituting for iff ^^ ^^% 
M"* their values given above , the followli^ conditional 
equations w iU be obtained, 

cos.*x'+cos.*x" + cos.*X^'rt:l , 

C08.*^'4-COS.V'''+COS.V''=l> 

cos.V+cos.V'4.cos.*j'''''ii:l ; 
cos.x'.cos.^A +cos.x''cos./a'^+cos.x"^cos.;a'^2u::0, 

COS.X'.COS.y +C0S.x''^COS./'+C0S \"' ,COS.J"z±dy 
€09,1^ .C0i,t'+C08.fjJ'.C0S^v"-\-C0S.(A.f'' .COS./^ZZO. 

The three first are the respective co-efficients of S>]/, ^6Jj 
and ^pj which must each of them be equal to unity, and the 
. three last the respective co-efficients of W.$>)/, ^d^^^ 
and ^6^', if, aiid consequently should each of them vanish 
that the ^aation may be identic* 
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the six oMditions of the eqnilibriuA of a syrtem of 
bodies invariably connected together. 



By means of these relations, the valaes of ^4'9 'a^, and tf 

'may be obtained, in terms of W, W, and W\ by adding 

together the yalnes of $d^, W, and W^^ multiplied succes. 

siyely bj cos.x', cosA^, cos.x"', cos.^x', cos./a", &c., which 

wiH give 

^4.=rcos.x'.Jd'+cos.X''Jfl''+cos.x'W, 

^<y=C0S.^'.Jfl'+COS.fx'^Jd" + COS./'.W^, 

^(p=rcos./.Jd'+cos.»''.^"+cos.A5d*. 
If the angles wliich tbe composed rotation ^9 makes wiffa the 
axes of the three partial rotations W^ ^d", and W^ are de- 
noted by ir, V, and ^, we shall have 

i9^=cos.w''.'S9^ 59''=rcos.-^/.M, and S^^zrcos.v** .M, 
and if in the before given values of Wj Jd^, and W', there 
are substituted for ^4/, ^u, and 9^, their values cos.x.^, 
cos.fA.^d, and cos.y.^d ; the comparison of these different ex- 
pressions of 59', JQ", and W will give, when divided by M, 
the following new conditional equations, which may be geo- 
metrically demonstrated. Vide No. 29 Notes. 

C0S.^ZZC0S.X.C0S.^'4"COS./x.COS./x'+C0S.».C0S.>', 
COS.flr''^Z=cbS.X.COS.X'' + COS./x.COS./A'^+COS.y.COS./', 

cos.'jT'"=rcos.X.cos.x'^+cos./A.cos./x'"4-co8.y.cos./^. 
The above proof shews that the compositions and the resolv. 
tions of the movements of rotation are analogous to those of 
rectilinear motions. For, if upon the three axes of the ro. 
tations of 9>^, 5a;, and 5^, from their point of intersection, 
three lines be taken respectively proportional to 5^/, 5v, 
and 5^, and a rectangular parallelepiped be constructed 
upon them, it is evident that the diagonal of this parallele. 
piped will be the axis of the composed rotation 5d, and will 
be at the same time proportional to this rotation. 

From this, and from the consideration that the rotations 
about the same axis may be added to or subtracted from each 
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other, according as they are made in the same or id oppo. 
site directions, It may be concluded in general, that the 
composition and the resoHition of tlie movements of rotation 
follow similar laws to those of the compositi^u and the reso4 
lution of rectilinear motions, by sabstitutio]^ for the rnoye- 
ments of rotation, rectilinear motions along the directions pf 
the axes of rotation. Vide the Mechanique Analytique of' 
Lagrange, from which the greater part of the abpve has been 
extracted. 

Let ^S', Wy W'j &c, represent any indefinite number of^ 
rotations about their respective axes, these may be com- 
posed into one ^9, about an instantaneous axis of rotation ; 
for if from the point where all the axes cut each other, three 
rectangular axes be taken, each of the rotations may be 
resolved into three about these axes, and by adding or sub- 
tracting, as the rotations are in the same or in contrary 
directions, there will be three resulting rotations which 
may be composed into one about an instantaneous axis of 
rotation. Thus if ^^^^'^u'^ and dp represent the three partial 
rotations about three rectangular co-ordinates, into which 
the rotation W has been resolved, 5+^-', I'J'y and ^^", those 
about the same axis into which the rotation ^6'"^ has been re-- 
solved, &c. the following equation may be obtained, 

+(¥+¥'+¥" +&c.)^}. 

If in the formula L.Jv^+M.^w+iV.^?*, which contains the 
terms due to the rotations $\|/, ^a>,^and dp in the general for- 
mula 5.^5 -f S'.^*'+S''.V'+&c., ^the values of J^^, dc^, and 
Ip found above be substituted, it will be changed into th^ 
following, 

(L.cos.V-f 3f cos fA' + i\r.cos.v')^Q' 
4 (L.cos.x" '^M.cos.iJi.'^+Nxos.yf)W 
+(L.cos.V"+M.cos.pt'"+JV.cos.;")80'". 
The co-efficients of the elementary angles W, J8", and W" 
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iiiyariablj^ to the system, it will destroy the forces pa- 



express the sums of the moments relative to the axes of the 
rotations W, W, and W. Fram the above it appears that 
moments equal to £, itf, and N, relative to three rectau. 
f Dlar axes will give the moments 

i.cos.X'-{-il!f.cos./M,'-{-iV.cos.v', 
Z.cos.X'''-j-iltf.cos./u,'^-[-JV'.cos./, 
X.cosA'^'+^*cos.At'/^-[-iNr.cos.v'^, 
relative to three other rectangular axes, which respectively 
make with these the angles x', fjjy J ; x\ ^", p'^ ; a% ^'/', f»'. 

A geometrical demonstration of this theorem is given bv 
Euler in the seventh vol. of the Nova acta of the Academy 
of Petersburg. 

If the rotations ^4., ^c, and dp are supposed to be pro. 
portional to Z, M, and iV, and we make 

the folldwing equations will have place 

i-^.cos.A,Mrr/f.cos.^, iV=ff.6os„, 
and the three moments will be reduced to this simple forin 
^.cosV, H.CQS.tr^ //.cos.-jr^'. 
But ^', < and ^w are the angles which the axes of the ro 
i^i\ons-o(^\Wr and ^5'// form with the axis of the composed 
rotatfbn §5,' if therefore we make the axis of rotation W' 
coincide; ifith the ^xis of rotation 53, then. rj^:z::Oy and ^i and 
V" are each eq.ial to a right angle, consequently tlTe moment 
about this axis will be H, and those about the two other 
^xes perpendicfilar to if willbe nothing. We may there 
fore conclude that moments respectively equal to X M 
ind.JV^, arid refative to three rectangular axes x, ^^ ind'^ 
^ay.hejcorapoledinto one, //, equal to V{0+M^^Nt) 
rp^l^tive 16 an axis which makes with them the an^rfes x ,/ 
^nU y. 30 tfiat . ° .J. W'J 

^ cos.A=z-^ cos.^zz-1, cos. f-^. .r . , 

%^aft«f.*f«noments relative. to this axis i(i^^^^^^ ^ 
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rallel td the tfaree axet ; ditd the oottdittohA oMbe «qiri« 



the taogent of the angle ttiat it makes with the plane « ^ ie 

N 
'^ ~, and th6 tangent of the angle which the projec. 

tion of the axis upon that plaae nakes with the axit of «| ii 

equal to -y-. 

It is eyident fr am the ^Mre titat the cofopoiitlon of ino. 
me^tl fellows the ^azne laws as that of rftctilliieBr m^iont. 
It^metf |9e ftni^eyiateljr deduced fiofli the oompoiltioti of Ui# 
i tamt aa eo ni roiiatioesy by tuitstituting the moments for the 
totatioBi which they produce^ in the saa^e naanttt at fonwl 
can be substituted for right lined motions. Vide the Me* 
chai^que 4>ntlj|^tlque of L^axi^e. 

Those who are desirous of further iofonaatipn resfnecttof^ 
the composition and the reaolution of mofnents, may consult 
the writings of Euler, Pronj, Potsaon, &c. also a memoir 
by Poinsoty in the 13th Cahier of the Journal de I'Ecole 
Polytechnique* 

If the moments of the forces which act upon a system be 
taken directly with respect to a point at the oirlgin of tiie 
co.ordinateS| they will follow the same laws with rasped ta 
different planes, as the projections of areas upon them, thuf 

fi>r instance, ^S^- { r- )— /S^J r- ) »»y No. 9 be cem. 

posed into a single moment with re8|>ect to the origin of the 
co-ordinates. This moment will evidently be the product 
of the projection of the force S upon that plane multiplied 
by the perpendicular drawn from the orJigin of the co»ordi« 
lisktes to its direction, and may therefore be represented by 
aaa area equal to twice the &rea oT a triangle, haying the pro* 
jectioti of a line representing in quantity and direction the 
force S for its base, and the oijgin of the co-ordinatei for 
its summit. / 

It therefore foltows, that the ptoperties of momenta wMk 
tetlpecit t6 a ikki point are sh&aar to those (it pSaote AitKu^ 
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I sfiafi mention a feir circtimstances concerning them, re. 
ferring the reader to No. 91, and the notes accompanying 
it, which may be read independent of the other parts of the 
work, from which the following properties may be deduced. 
Suppose a nomber of areas represented by Jf, ^, A\ he. 
•ve in a plane passing through the origin of ^ co-ordinates, 
lei ^, y^ b'^y kc. represent these areas projected upon three 
rectangular planes passing through the origin of the co-or- 
dinates, and c, c', and c" represent the projections of the 
areas upon three other rectangular planes passing through 
the same point, then by No. 21 

d* +^* + ^"*=c» + c/»+c*^, 
e^BfiJ^ttently 

&=/(c* + d »+c^»— 5'*— 6«';. 
When V and M vanish, the ralae of b is eyidently a maxi. 
mum^, and the Hue which is perpendicular to it at the origin 
of the co-ordinates may be found from the following equA* 
ttons, in which », /?, ahd y represent the respective angletf 
that it mafkes with the rectangular co-ordinates x, y, and 
t6t tbe planes containing the areas Cy d^ and c^* 

^^••*=/(c+c'* + c"*)' 

aHie alMdlate poiitioa df the plane of the greatest turn of^the 
pn>j«Maiisicir the areas Is indetemolioate in space, as tib 
|Mr6je<stloa8 areihe same upon aAi tbe planesthat are paraUfri 
to each other. 

Hie sum ctf Aij prdjeetions of tlie ar^eas are the same for 
^ery (tlaae #hi<$b 10 eqnMly ineliaed to tiiat of the greatest 
pr6j^ttof,for if /dendte thean^e Wiiidi any pkme hafii^^ 
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to the following, that the sura of the moments of the 



the sum of the projectioD^ upon it represented hy,<i ipakes 
li^ith that of the greatest projection, we shall have 

rt— v/(c* + c'^-fc"^).cos./, 
therefore if/ be Invariable ii is also. 

If D represent the sum of the areas upon any plane, «, «', 
and 6^ the angles which a perpendicular to it at the origin of 
the co-ordinates makes vFith the axes 2;, y^ and x respectively, 
and A^ B^ and C the sums of the projections of the areas 
upon the three planes xy^ xz^ and yz of the co-ordinates, 
then the following equation may be easily demonstrated, 

Dm-^^.cos.c + jB.cos.c'+C.cos.g''. 
If the areas A^ A'y A"^ &c, are supposed to be respectively 
double the triangles which have lines representing in direc. 
tion and magnitude, the forces 5, ^S*', iS", &c. for their bases, 
and the origin of the co-ordinates of their points of appli- 
cation for their common vertex, then if ^denote the mo. 
ments of .the forces projected upon the plane xy^ it will re* 
present also the sum of the projectH)ns of the areas A^ A^ 
A'ff &c. upon the same plane. lu like manner, if 4^ and Xr 
represent the moments of the forces projected upon the 
planes xz and^;:;, they will alco represent the projections of 
the areas A^ A'^ ^'', &c, upon these planes. It is therefore 
evident that the three quaBtitlesZ/^ M] and iV, and analogous 
quantities relative to the same system of forces, and to other 
planes, will have the same properties as the sums of the pro. 
jections upon those planes. 

In the above the origin of the co-ordinates, or the centre 
of moments, is supposed to be invariable, and the forces 5, 
S^, S"y &c. to be resolved in directions parallel to the re- 
spective planes, and to be moved parallel to themselves to 
these planes, and to act along them. 

It therefore follows, that if the sums of the ^moments of 
the forces 5, S' , 5'/, &c. resolved along the three planes of 
the co-ordinates be known, the sum of the moments of the 
lame forces resolved along any other plane passing through 



Digitized by 



Google 



liAPLACE's MECHANICS. 117 

fbrc^f which would make it turn about the three axes, 
be nothing relative to each of them *. 



the centre of moments will be known from the following 
equation 

D=zN.cos,t+M.cos.s'+L,cosJ\ 
in which D represents the sum sought, and e, g', and s'' the 
angles which a perpendicular to any plane from the centre of 
the co-ordinates respectively makes with the axes of the co. 
ordinates z^ y^ and x. 

The sum of the moments with respect to the plane of the 
greatest sum of the moments is represented byv^/^i-j-i^ja _^ "^x 
and that of any plane making the ange / with it is equal to 
|/ii*-|-M» + iV*^cos./, if the angle / be a right angle then 
cos./zzO, and the sum of the moments relative tQ this plane 
vanishes. 

If «, jS, and y represent the angles which the perpendicular 
to the plane of the greatest sum of the moments makes with 
the axes of the co-ordinates a?, y^ and z^ its position will b« 
ibtermined by the following equations 
L_ 

P08.^_^-^^-p^^^^^, 

N 

If lines be taken upon the perpendiculars to each plane 
from the centre of moments proportional to the sums of the 
moments upon these planes, the line representing the great- 
est sum will be the diagonal of a parallelepiped constructed 
upon the lines representing the the three'sums X, M and iV, 

The composition of moments, therefore follows the sanie 
laws as that of forces, the greatest sum and the perpendi- 
cular to its plane having place instead of the resultant and 
its direction, 

* If the forces are all supposed parallel to each other and 
their directions to make the angles «, /3, and 7 with the 
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Let it to supposed that the bodies t»« m^ m^p &c. are 
only acted upon bjr the force of gravity : as its action 



co-erdinates x, j/ and z respectiveljr; the equations (n) may 
<be changed into the following 

Ozzcos.a.'L,mSz — Cos.y.^.mSx^ 

4m thtffd of ^ich is a consequence of the two first ; bat as 
by trigonometry cos.*«+cos.*/3+cos.*y==:l, we may deter- 
mine from these equations the angles », /S, and y. By sup. 
posing, for ^ridgment, 

l.mSx=mSx+m'S'af +m^5V+ &€.—£, 
Z.mSifzzmSjf+m'Sy +m»S»y' +&c.=M^ 
2.mSz=mSz + m'S sf + m'^S^zf' + Scc.:r:Ny 
the following equations will readily be found, 

L M 



N 



The position of the bodfan being gt^ren with respect to 
the three axes, it is necessary Jn order that all motion of 
rotation may be destroyed, that the system should be 
placed relative to the direction of the forces, in such a 
position as to cause the direction to mstke with the three 
axes the angles determined abore. 

If the quantities £, M^ and]JV^ vanish, theangles a, /3, and 
y will remain indeterminate, and the systein will be iti 
eqailibrio in aqy position. Therefore, if the Yum of ttfe 
prodocts of parallel forces by their distances from three planes 
perpendicular to each other be niothing with respect to each 
of these planes, the effect of the forces to tarn the body 
aboatthexommpii poilit of intersection of these planes iHll 
lenotbiiif. 
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is the same upon all the bodies, and as f be dtreetlMs of 
gnrlty maj be eonceired to be the same in all the eA» 
tent of the system, vre shall have 

the three eqi^ations (n) will be satisfied, whote^^majr 
be the direction of ^9 or of gravitj, by means of the 
three following 

0=zZ.mx; (t=2,i»y/ 0=zS*ms« (p) 
The origin of the co-ordinates being supposed fixed, 
it will destroy parallel to the three axes, the forces 

S.(fi).2.m; S.(l^).2.»,,andS.(^-;).2.m «. 

spectirely ; by composing these three forces, we rimil 
have a resultant eqtKd to S.^.m ; that it, equal to the 
weight of the system. 

This origin of the co-ordinates, about which we here 
suppose the system to be in equilibrio, is a very re« 
markable point in it, on this account, that being sns* 
tained, if the system is supposed to be only acted upon 
by the force of gravity, it will remain in equilibrio, 
whatever situation we may give it about this point | 
which is called the centre of gravity of the system. Jti 
pwtie« is determined fay the oonditioB, that if wemako 
any plane whatever pass by this point, the mxm of tbf 
products of each body by its distance from the plawe M 
nothing ; for the distance fe ft Uneair funetioB o< 4te e#» 
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ordinates x^ y and % of the bodj* ; if it be therefore 
jBuUipUed by the mass of tbn body, the mm of these 
products \¥ill be nothing in consequence of the equa- 
tions (o) . 

In order to fix the position of the centre of gravity, 
let X, F, and Zh^ its three co-ordinates relative to a 
given point ; let ^, y and z be the co-ordinates of m 
relative to the same point, ^ y , and s' those of m', and 
so on ; the equations (o) will then give 

but we have 2.mX=:X.2.n2, 2.m being the entire 
mass of the system ; we shall have therefore 

Ji ^-;^ • 

We shall have in like manner 

but as the co-ordinates X, F^ and ^determine only one 
point, it is evident that the centre of gravity of a body 
is only one point. 

The three preceeding equations give 



* Let A!xf +B^' + Cy zzO be the equation to a plane pass- 
ing through the centre of gravity, which is supposed to be 
the origin of the co-ordinates ; then if j?, ^, and z are the 
co-ordinates of the body, its distance from that plane will 

Ax -f- By -f Cs 
be " y^ J. , ».. I / v;? which is a linear function of the co- 

ordinates cr, 1/ and z of the body v 
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which equation may bs altered to this form* 

thf finite integral S.wam'.fCa:'— x^-j-cy— j^;*4-(x'— 
t)*} expresses the sum of all the products, similar to 
that \¥hich is' contained under the characteri^ic 2, 



♦ In order to render this evident it will be sufficient to 
jive an example^ in which only three bodies m,m',and m^ar« 
oonsidered with respect to the co-ordinates of x. In this cast 

■ IS equal to ^ , , , ,, and 

(T^;-^ — *"" 

9n^mffaJf»^ ^m'm»a/fa/+m'm^x^* 

• , if both the numerator and 

denominator of the first quantity are multiplied by 2.m m 
m+m*+m^^ it i* ill become 

x*^m'fHffx'*+fn»*x»* 

"^ 9 

which, by subtracting the last quantity, gives 

^ - fs:srF — ~ =* 

(2.mx)* . 

M 
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•which we me aWe to forfti, from considfring by two 
and two all the bodies of the system. We shall thus 
ha?e the distance of the centre of gl-avify fronj any fixed 
point whatever, by means of the distances of the bodies 
of the sysf^lffi f?om thesatKe fl^ed point, artd their mu- 
tual distances. By determining in this manner, the 
difitancesf of the ccfntre of gravity from any three fixed 
points whatevrri we shall have its position in space^^ 
wKicfai y a new method of determining it*. 

We have extended the denomination of centre of 
gravity to a point of any system whatever of bodies, 
either havtirg or not having weight, determined by the 
three co-ordinates, Xy F, and Zf. 



M*- *^ ' 



♦ As the last tefffl olHllfe Second member of the equation 
is independent of the gil^&n poinf^ if the values of (he first 
term be determined with resjyect to three given points not 
in th« ^fMM '^tiiN|lH^ line tftken eitbei^ witbi^ o^ wKhetit ^ii« 
system, we sTiall ft?e the HIsfances of its centre of gravity 
from these points, and consequent! j^ ilb pbsitibii w}^ re*- 
spedttomeifi. ^if'^lf^ bddl^s were Fn the same plane two 
podnis. 80^44 ll»t&b^ii sufficient^ and if in the sMne Hne^ 
one. If the given points be taken in the bodi<^s df t^ tys^i . 
tevj^f ,^p^sit|t^ of its-centte of ijravity >Till be glv«i^ solely 
b^ttae masssoB andtii^r r^sppctlve distances, Ttityw^Tlidfl 
of finding the centre of gravity is independent of the consl^ 
deration of three planes. 

+ It is evident ^from the^ principle of virtual yel^orities, 
that the centre of gravity of a system of bodies connected 

est possible when the systenl j^'ii^ ^qnilibrio. 

let tn. m', m^,* &c. be the centres of gravity of a^bftffib^ 
of bodies connected together, vihose weights are dentttMt)i>^ 
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.1)6. Jt is easy to ^pply the prccediiig je5V^lt8rto,t||e 



the (powers Sy'S\ S'^ &c. acting rcspectivoljnpoo these; o?P> 
tresj^aod let s^ft'^ s'{^&c, represent lioes respe^Mvcljidr^ff^ 
{io({n them to any horizjontai plane. If the position pft^e 
system be disturbed in an indeBniielj small degree, we shapi 
have, ia the ca^e of equilibrium, the equation of Yirtnal 
Telocities S.^s + S'.^s' +5/^*''+&c.=:0 ; 

the quantity Ss-^'S's^'\-^^h"-^kc, is therefore ei^r a max. 
imum or a minimum. .If the $um pf.the weights S, y, 5"*, 
tftc« be. represt^tated by. 6r, and th« tdista^n^ of i/^ c^f^\re^f^( 
grai^ity < of ; t^e systf m ftom the ^orj^q^t^l^pja^ J^y^g, ,t^ 
.^aliihave the, faUuviii)g equ<^^ion 

S.s+S',s'+S",s" + &c,=:G,g. 
As the 6rst member of this equation is either a maximuni or 
a minimum, the second is also, cousequently the distance 
of the centre of gravity from the horizontal plane is either a 
maximum or a minimum when the system is in a state of 
equiUbriuiD. 

When the distance of the centre of gravity from an hori. 
zontal plane is a maximum, the equilibrium of the system of 
heavy J^odies is unstable, . and if pooved in an indefinitely 
.jsmalMegi^^^ WQuld not return to its former state; on th^ 
contrary,, when .the distance of the centre of gravity is a 
mitiimum the system if moved from the state of equiiibrium', 
mo^ld, ^BUQKSQiUiktitig somejtJD^je, r£Ltufn.(o^^t. 

"Ihis may be e,:|emplified in the case oi a cylinder with an 
elliptical base, which, when placed opon an horizontal plaiie 
evtth<ibe.ftdges0f capiat in.|^aJiiie.,p^>ipg|atoijrf an '«lftr^- 
mity of the major axis, will have the dbtaAce or4t8 Jentte 
oofff rftyityir<|m giq^plania a jnftf vmm^Dd^ ifs^pqs|\ion^(ist^ 
ble, and^he contrary when placed with the edge of do^^pt 
in a line passing through ao extremity of the minor vtfKjg^ 
The above are the only positions in which there can be ao 
eqailibrium. 
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equilibrinrn of a solid body having^ any figure ^I)at« 
ever, by supposing it formed of an indefinite number of 
points invariably connected with each other. Let dvi 
represent one of these points, or nn indefinitely small 
molecule of the body, and let x^y^ and z be the rectan- 
gular co-ordinates of this molecule ; again, let P, Q^ 
and 72 be the forces by \vhich it is actuated parallel to 
the axes of x, y, and z ; the equations (m) and (n) of 
the preceding No. will be changed into the following; 
0=fP.dm; 0=zfQ.dm\ C=fR.dm; 
0=zf(Py—Qx)dm ; 0=:f(Pz—Ilx)dm ; 
0=f(Rs/—Qz)dm ; 
the integral sign/ is relative to the molecule dm^ and 
ought to be extended to the whole mass of the solid*. 

If the body could only turn about the origin of the 
co-ordinates, the three last equations would be suffici- 
ent for its equilibrium. 



# It is easy to perceiye that in the case of a solid body, 
^wtich may bcf supposed to be composed of an indefinitely 
* great number of points invariably connected together, 

the quantityS.mSrp I becomes JP.dm I ^^^ ^\T^) *• 
equiyaleut to P, and f dm to S.m ; in like manner ^*mS 

Tji |.^ m is equivalent iofPy.dm^ and S.^fr- j.« m tm 

JQx.dm. 
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CHAP. ly. 



Of the equilibrium of Jluids. 

n% 1 o have the laws of the ieqnilibriani and of the 
motion of each of the fluid molecules, it is necessary <o 
know their figure, which is impossible ; but we have 
no occasion to determine these laws except for the fluids 
considered in a mass, and then the knowledge of the 
forms of their molecules becomes useless. Whatever 
may be these figures and the dispositions which result 
in the integral molecules ; all the fluids taken in the 
mass ought to bflcr the same phenomena in thoirequi- 
librium, and in their motions, so that the observation of 
these phenomena does not enable us to learn any thing 
respecting the configuration of the fluid molecules. 
These general phenomena are founded upon the per- 
fect mobility of the molecules, which are thus able to 
give way to the slightest efibrt. This mobility is the 
characteristic property of fluids : it distinguishes tliem 
from solid bodies, and serves to define them. From 
hence it results, that for the equilibrium of a fluid 
Siasf, each molecule ought to be in equtKbrio^ in co^ki- 
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sequence of the forces which solicit if, and the pressure 

M'hich it sustains from the surrounding molecules. Let 

us develope the equations which result from this pro- 
perty. 

In ord(T to accomplish it, we will consider a system 
of fluid molecules forming an indefinitely small rectan- 
gular parallelepiped. Let a*, y^ and z be the three 
rectanglar co-ordinates:of the a)no:le of this .parallele- 
piped the nearest to the origin of the co-ordinates. Let 
dvj dy^ and dz be the three dimensions of this parallel- 
epiprd ; let p rc*present the mean of all the pressures 
which the different points of the side di/^ dz of the par- 
allelepiped that is nearest the origin of the co-ordinates 
experiences; and 'p'ilie same quantity relative to the 
opposite side. The parallelepiped, in consequence of 
^h^pr^ssure which:aclsuponit, will be solicited parallel 
4a>tbe axis of jc by a force equal to {/p — p'').dj/^dz\ p'-^p 
rjs t-he differential of p taken l?y making,a: alone .to vary; 
-.ibrahhoifgh' the .pressure of ;p' acts in a different direc- 
-tion toXbat of p, nevertheless the pressure which sl point 
7of tlveifUrid experiences being the same in.all directions; 
j^-rp 'tn^ybe considered as the difference of two. forces 
<>Hld«$nMeIy near -and actmg in the same direction.; we 

"sWill thwefdrc have p'---p==:r^ Vdlt? ; and fp-^U 



'^An(iflg. 14) ^ftct u^JT^ ^y, andpo^S jejprrejspnt the 
ms^s of J7| j^,'a&d:S r^spectiffly, and ah ^,,mplecjJe oif tie 
-MW^-f n.the^PffUL^ a reqt^^gylar paraHe^pi^i)';^ J^^^^® .^* 
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Let P, Qf and R he tfireeacceieratijig ^rces which^ 
illaaactopon the fliiid molec;ule, parallel lothe rcapec- 
tive a;(j!ft)of 4^y.y, and 2; : if ibe d^t^nsidj of the paralleU 
epiped is named />, its mass will bo f^.dr.dy^dzy an4th^ 
product erf tlie force P* by th/aiwai«s^ wi|l be ^hp en- 
tire resalfing ferce which moves it j. this mass wilV con- 
sequently be solicited parallel (otbea^ is of ^, by the 

force ? pP — (J-f ? *dx,dj/.dz. It will in like man- . 

ner*hie Adicited parallel to tho^awa of y and ^y by the 

forces ^ ^(? - (|) ^ .d:r.rf^.d2,and [ ^R-(^) ] 

.dx.dj/.dz ; we shall therefore have, in consequence 
of the equation (b) of No. 3, 



ces bhj agj and ad are respectively parallel to the platies 
YJJ[^ SSAXj and VA^. Sappose that Ihe eo^ordina^es of 
the angular points of the molecule ate «^ y, and z^ and 
that bgzizdXy bd^zdy^ and ba:=zdz ; aUo, let mo re|prefl<»ti^ 
the quantity and direction of the mean of all the forces aot# 
ing upon the face (/y, dz of the paraflelogramv or the force 
p, ajidn^Jiie Q)eaa of oil the forces i|ct ing /upon the opjpd^ 
site face /g* of the molecule, or HieT^Jrcep'. *,/ 

^ lb this icafi« p IS supposed to t)e n functron pf the r^dfdU 
nat^s ^, y, and z, consequently ft^r the opj^o^ib skja-^ll the 
pafalhell^pipefl tf> that formed iiy i^ aad «fd, as ^ })e<v>me9 

J+i^> the pressure p is changed ioto^*^^ Jwjft \^^ 
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or ip=:p.{P.ix+Q.^t/-^R.U}*. 

The second member of this equatioti ought to be aa 
exact variation like the first; Which gii^s the followioj^ 
equations of partial differentials, 

fd.pP\rd.pQ\^ fd.pP\ /d.pR\^ 

*flrom)which we may obtain 



for that side must necessarily act ia an opposite direction to 

p. It therefore follows that \';f')dx^ the difibrence of 

the two pressares, when multiplied by d^ and dz^ gives the 
whole force arising from pressure that acts upon the paral. 
lelepiped in the direction of the co-ordinates, which should 
6e taken negatively, as it tends to diminish them, and, in 
the case of equilibriem, must be equal to the moving force 
. f P.etr.J^.db.that acts in an opposite direction. 
* The equation 

by transposition, becomes 

(i)''+(«>+(*)'='f''-*'+*"+*-'"' • 

>«+r^)>i/+r^)>2 or Ji>, page 45, therefore ip^f 
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+ The proof that if (.{P.Sx+Q%+jR.Js} is aa exact 
differential, the equations 

\ dy J—\ dx r \ dz )~\ dx ) 
rd.rQ\_/d.,R\ 

K'dr)-\^ihrr 

have place, may be given as follows. Suppose uz=f(x^)y 
then duz:zpdx-\^qdy is aQ exact differential, ifpzzi -7- 1 

and 9=zl -r-}]: ^7 differentiating y alone in the first, and 
^ alone in the second of the two last equations, we shall have 

\dy)—\dxdy) \dxj—\dydxj> 

In like manner, if u^zf(Xfi/yz)y by differentiation duziz 
fdx+qdi^'\-'rdz^ in which equation pzzy-^ I, ^zzj — | 

and r=:( x^ ) ; l«t 2 be supposed constant, then duzizpdx 

+qdyy which givesi ~ )=( 3^ ) > *'s^ *^ V *^^ ^ *''® sup- 
posed alternately constant, the resulting equations will re. 

apectively give (|)=0*»«l(|)=(|)- I» th. 
above pP may be substituted for|7, fQ for q^ and p/l for r. 

By differentiating the equations r-^\=rr^!^V 

(¥)=(^). (¥)=(#)■-" 

multiplying the first by A, the second by — Q, and the third 
by P; they will give by adding together, as f? disappears, thf 
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This equation expresses the relgtion wbicb sboiild 
exist amongst the forces P, Q and i?, that the cijulli- 
brium may be possible*. 



foito.1., .,..iio. o=f.(f)-e.(f)+K.(^) 

* Suppose an incompressible fiuid not acted upon by th^ 
force (^gravity to be contained in a vessel that bas a numbe* 
of cyliaders attached to the sides of it^ to which a number of 
moveable pistons are adapted. Let the area^ or bases of 
the cylinders or pistons be repreiented by Af u#, A^^y &c. 
also suppose S^ S'y S"^ &c. to denote the powers applied 
to the pistons having the bases A, J!, A^y &c. respectively, 
and that these powers, Mrhich acfe upon eacH other by the 
intervention of the fluid, are in equilibrio. Le4 p repre. 
sent, in this case, the pressure upon the area denoted by 
unity of the surface of the vessel or the base of the pistons, 
iheu pAy pA y pA" y &c. will denote the respective pressures 
of the fluid upon the bases of the pistons, but these pressures^ 
are equal to the forces which act upon the pistons, therefore 
SrzpA, S^zpA'y Sz=:pA"y &c. Let a part of th# piston* 
be pushed downwards, then it is evident that the other part 
of the pistons must be elevated by an equ^ quantity of water 
to that depressed, so that if ^^, ^f', ls''y &c« represent (ho^ 
depressions or the elevations of the respective pistons whose 
toses are Ay Ay A'^y &c, we shall have the equation 

A.^s+AM'+AiM''\-Scc.:=^y 
regarding the spaces through which the pistons were depressed 
as positive, add the spaces through which they were eletated 
as negative. Let this equation be multiplied by p^ then 

pA.ls'\'p.A.'^s'+pAKl^f+8io.z=:0y 
or by substitution 

whieh 18 the equation of virtual velocities. 
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If ike flaid be free at its surface, or in certain parts 



Snppose that T, T\ 7^, &c. represeot the different pow. 
«rs which act upon a molecule whose co-ordinates are x^ y^ 
and »; these powers being directed to certain fixed centres, 
the distance of which from the molecule solicited are re. 
spectively t^ V^ t", Sec. 

Let the co-ordinates of these fixed centres referred to the 
origffl of the co-ordinates «?, ^, and z, and respectively 
paralldtothembe«, 5, c; a', b', d, &c. we shall then have 
T T T' 

As the equilibrium is possible, when the ftuid molecules ar0 
solicited by forces directed towards fixed centres, which are 
functions of the distances of the points of application from 
these centres ; we may substitute the above values of P, C, • 
and ii, in the equation 

which then becomes 
T 
+ 7 { (x—oP)lx + Cy— ^^J2[y + C«— c"J5«} 

+&C. 

and is equivalent to 
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of its surface^ the value of p will be nothing in those 
parts ; we shall therefore have S|p=0*, provided that 
we subject the variations ix, iyy and, ^z to appertain 



The snm 2 (^p) taken throughout the whole extent of anj 
indefinitely narrow canal, which either re-enters into 
itself, or is terminated at two. points of the exterior surface 
of the fluid mass, is always nothing ; on the supposition that 
the resistance of the sides, if the fluid be contained in a vessel 
is regarded, and that the canal is imagined in this case, to 
have one of its extremities terminated at a point of its side. 
It may therefore be concluded, that for aU the cases of the 
equilibrium of a fluid, the following eqi^ation has place 
throughout the whole extent of the mass. 

In this equation the products of pT^ pT\ &c» are proper, 
tional to the moving forces with \%hicheach power acts upon 
the molecule. Let 5, S'. 5", &c. represent the moving 
forces which are the resultants of the powers which re- 
spectively act upon each fluid molecule, and s^ s'^ s"y kc. 
the lines drawn respectively in the directions of the forces 
S^ S'j S^\ &c« from each fluid molecule; then the above 
equation is equivalent to the following 

S.h + S'.h'+S",h"+&c.=0. 
This equation is similar to those deduced from the principal 
of virtual velocities for the equilibrium of a point or a 
system, 

* This will be the case not only when/)zrO, but likewise 
when ;? is a constant quantity, which also gives ^/7=0* For 
instance when the atmosphere presses equally upon the sur- 
face of the fluid* 
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to this surface: by fulfilling these conditions we shftll 
consequently have 



* Suppose for example, a fluid mass to be acted upon by 
a force jS* tending to the centre of the co-ordinates, and let 
one of its molecules be placed at the distance r from that 
centre, haying x, y^ and Zy for its rectangular co-ordinates, 
then rzz^x^+if^+z* : the force S resolved parallel to these 

Sx Sp , Sz 
co-ordinates gives — » — 'and — for the forces in their re- 

spective directions. These forces, taken negatively as they 
tend to diminish the co-ordinates, should be substituted for 
their respective values P, Q, and U, in thf? preceding 
equations. When they are substituted in the equation 0=r 
P.5a?4-Q-5^+^»J^ <1*®7 ^*^' S*^®> by the suppression of th« 

common factor , 

which is an exact differential, therefore the equilibrium Is 
possible. This equation when integrated becomes a?* 4-^* + 
ft*=c^, which is the equation to a sphere, consequently, the 
fluid will assume a spherical form. If r is very great the 
surface of the fluid may be regarded as a plane, as is th« 
case with the surface of a fluid in equilibrio in a vessel when 
only acted upon by the force of gravity. 

Let the force S be supposed to vary as the nth power of 
its distance from the centre of the co-ordinates, and to be 
represented by Jfr", also, let p represent the pressure upon 
an area of the surface denoted by unity, then the cqualion 
p=:^{P.^x+Q.^t/ + R.^z} M^iWy by a proper substitution, 
be changed into the following 

p=A^frn-^(x^x+y^if+zh)y 
but x^x+y^p+z^zzizriry therefore 
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tball have P.^x-j-C.5^+A^s=x.5«/, % b^'mg * lunc- 
tion o(x,i/y and p; itWh I9^ich ji$ k)i9W»ihy No« 3, that 



"■rir 



Vblt 93 the ^raloe iif tlie pceesore referred to wAiy of (he sur. 
iMe ividcb acts npoa tkenolftoiile (IhU h^s jt, ^, a«d ? fa# i%s 
^9pordiD^ti^9. 

The equation of equilibrJMP^ majr be pised to find the form 
'Vlrhieh a fltiid relahis when it has an uniform rotatory motion 
tOfini a fi»fid axis, by adding the /centrUqgal]/prce io thp 
^Iven accelerating fppces which act ypon the i]»oIecules« 
Le^ the axis of z be that of rotation, n the angular velocUjr 
:coipmov to aU the points pf the fluid mass, av4 r:m^x^+^ 
Ibe distance of any point of it from the atus of rotation i 
then, as the centrifugal force of the poiot is equal to the 
square of its velocity divided by its distance from the axis of 
«, it will be represented by «*rj, which when multiplied by 
Di^ variation ot its direction gives ^^r^r=n*xS;r+n^j^. 
If this value be added to the formula P>^X'^Q.2i/-\'R,Sz^ It 
^Ul not prevent it from being an exact difierentlal, for th^ 
•centrifngal forc^ of a point may be considered as a fonce ^f 
repulsion, the intensity of which is a function of the disttqQ^ 
of the point from the axis pf rotation : we shall the^efoi^f 
liave the equation 

for the differential equation of the surface of the laminae and 
-of the free surface of the fluid. That the velocity n ipay 
ihe uniform it is requisite that the forces P^ Qj and A should 
arise from the mutual attraction of the molecules, or from 
attractions in the directions of lines joining the n^olec^lef 
-and the axis of rotation, or from forces acting towards 
points which have the same motion fte.the fluid in^^* 
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the teinhttfti df the tdictfA Py Q, mtd M^ wghti&lm 
petpttidiciSLlat to Ibose pa^ti df iht siii^bod Mrbend tb^ 
fifrid is free. 

Let us strppbstf tlittf the Vafiartioft' l^.Jjf-f ^•^iH^-'^'**' 
is exact; \rhich circumstance haw (rface by No. $, wbetil 
the forces P, Q, and R ate the results of attractive 
fdrcesr. 

Naming this yartation S^, tte shaH hate Jp=^.^^ ; 
p therefore shcrtild be a function of p and of $, and m 
by integrating fliis differerftial eqUif Jori, ^e haft <^ tit 
function of p/ we shall hate pa functiM of /^. The 



By way of example, let ns find the form of the surface of 
a quantity of water contained in a cylindrical vessel open at, 
the topy haying a rotatory motion round its axis which is 
vertical . As water is an incompressible and homogeneous 
fluid, the above eqoation will be sufficient, let therefore tjie 
origin of the co-ordinates be at the centre of the base of the 
vessel having z for the vertical axis of rotation y and ]et g. 
represient the force of gravity, -then we shalF ]kave PiizO^ 
Qs^ind Aitr— ^^, consequently the e^aatioo of the Airfacv^ 
of the fluid becomes by substitution 

which by integration gives . 

^(^+^>— ?»— ««W»t' 

In this case it is evident from^the equation that the upper 
p«rt of the Qtdd will form- Ilie surlkoe of a parabdoidJ of 
which the solid content is given, as it will be equal to one 
half that of the water contained in the vessel* The equatioil^ 

of the geneitating parabola iaj^*^-^* fts appears frooi 
making x to vanish. 
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pressure p is therefore (be same for all the molecules of 
wihich the density is the same ; therefore ^p is nothing 
relative to the surfaces of the laminas of the fluid mass 
in which the density is constant ; and we shall have by 
rela,tion to these surfaces 

It therefore follows, that the resultant of the forces 
which act upon each fluid molecule, is in the state of 
equilibrium .perpendicular to the surfaces of these 
laminae; which have been named on that account 
(CQUches de niveau^ laminas of level. This condition 
is always fulfilled if the fluid is homogeneous and in« 
compressible ; because in this case the laminae to which 
this resultant is perpendicular are all of the same 
density*. 



* In the case of the equilibrium of an elastic fluid, iht 

pressure is found by experiment to vary as the density, 

consequently p may be supposed equal to a§. If pzzag then 

p 
^rz-, let this value of § be substituted in the equation e(p~ 

fd^ and it will give adpzizpd^j consequently rf.log.jp=z-.c?^. 

If the fluid be homogeneal and of the same temperature, a 
is constant and the equation possible. By integration we 

shall have log.pzz^+log.c, orpzzc.e , c being a constant 

quantity, and e the base of the system of logarithms ivhich 

has unity for its modulus. As this value of p and conse. 

p 
quently that of ^=~ are functions of the sole variable ^, the 



Digitized by 



Google 



liAPLAcVs MECHANICS. 137 

For the equilibriuin of an homogeneous fluid mass, 
the exterior surface of which is free, and covers a solid 
mass fixed and of any figure whatever; it is therefore 



pressure and the density will be the same for all the extent 
of each lamina, of level as in the case of heterogeneal jQaids ; 
the densities pf the diflferent laminae are determined by the 
equation 

* « a 
If in an homogeneal fluid the temperature be not the same 
throughout the mass, the quantity a will not be con- 
stant ; let t denote the temperature, then a will be a function 
of tj but a, if variable, must be a function of 9, conse. 
quently t must be a function of 9 ; it is therefore necessary 
in the case of equilibrium that the temperature be uniform 
throughout each lamina of level, as well as the pressure and 
the density, which are likewise functions of 9. The tem- 
perature may vary according to any law in passing from one 
lamina to another, but this law being given the laws of the 
pressure and the density will be determined by the following 
equations, 

f'^ c -^^ 

p-zzce , "* a ' 

•.being a constant quantity. 

In the case of the equilibrium of the atmospheric air, let 
it be supposed that a small vertical cylindrical column of it 
is continued from the surface of the earth to au indefinite 
height, which must he supposed in equilibrio independent 
of the surrounding air that may be conceived to become im- 
moveable. The force of gravity can without sensible error 
be supposed to act in the direction of the cylinder along its 
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necesskry Uhd it w siifficleht, firit, tliat tlite flitteirferftial 
jP.Ja:4-0.5i(^+^*^^ be exact; secondly, ihtd thfe te- 
stlltaiit df the forceiS at the fexterior stirface he directed 
perpendicularly to this surface. 



whole extent, and in the case of equilibi'ium, the density, 
the pressure, and the temperature may be consid^ted as !ii. 
variable throughout the whole mass of an indefinftfely ^Mh 
horizontal lamina. Let z represent the distance of any 
lamina whatever from the isurface of the earth, ^ its density^ 
r the radios of the earth, g the force of gravity at its surface^ 

"^—7-^^ the tottt of gravity at that altitude, ^ndpih 

'(r^-zy o ^ jr 

elastic force, ^, ^ and p being functions otz, dz the breadth 
of the lamina and a the area of its base. Then if p be the 
pressure upon a portion of the surface represented by uoity^ 
that upon the higher part of the lamina will be Ap and that 
upon the lower A(p-\'dp)'y t)ut the excess Adp of the first 
pressure above the second is equal to the weight of the lamina 
or A^gdzj therefore ^zz: — f^'^^« This equation may l>e 
obt^ned by prcqper substitution from the general equation 

^p=s(P.^x+Q.^y + R.^z), 
in which P and Q will vanish and R be equal to ^-g^iz. 
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CHAP. V. 



trtneral principles of motion o/ a st/stem ofbodie*. 

18. We have Iq No, 7 reduced the laws of the motion 
of a point to those of its equilibrium, by resolving the 
instantaneous motion into two others, of wliich one 
remains, and the other is destroyed by the forces which 
splioit the point : the equilibrium between these forces 
4nd the motipn Iqst by the body, has given us the dif- 
fer^utis^l equations of its motion. We now proceed to 
make use (^the same method to determine the motion 
of a system of bodies m, m', 9n^, &c. Let therefore 
mRj mQy and fwiJ, be the forces which solicit m paral- 
lel to the axes of its respective rectangular co-ordinates 
Xy y, and z; let »i'P', fn'Q^j and yn^iS' be the forces 
whiqh solicit m^ parallel to the same axes, and in a 
similar manner with the rest ; and let the time berepre- 

jiented by f^. Tie ptyrtis^l forces »w*-^> ^*^> ^^^ 

i7t.-~.of the body m at apy instant whatever will become 
.*f ^^ T-^ 
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in the following 
' \ djc , J die jdx , yj . 

dt^ dt dt^ 

m.-p-\-m.d.^ m.d.-yA-mQ.dt ; 

at dt dt 

dz . jdz ydz , „ - 

dt dt dt 

and as the sole forces 

da: , ydx dy , jdy d% . , d% 

dt^ dt' dt-^ dt dt^ dt * 

remain ; the forces 

— m,d.—'\-mP.dt; -'•'m.d.J^-{'mQ.dt ; 

ut ut 



— m,d.—-{'mR.dt ; 



arc destroyed*. 



* The forces which are destroyed during the motion of the 

system at any instanty'will evidently form an equation of 

equilibrium for it at that instant* If in this equation of 

equilibrium the bodies undergo an indefinitely small change 

in their position, the moments of the forces according to the 

principle of virtual velocities will be equal to nothing ; the 

the forces destroyed are mP, wiQ, mR^ m'P^ &c, — m. 

d^x dhj d^z id's} ^ 

— , — '^•-—i — m.-r-* -^m.-i — ^, &c. whose monents 

dt^^ dt^^ dt^^ dt"-^ 

d^x d^i/ 

are mPJxy mQ.^^ mR.h^ &c. — f».— .^a?, 'Z^''l£'^2fy 

d^z 
— m.-— ^2r. &c. the general formula of equilibrium is there. 

fore, when multiplied by — 1, as follows 

-(l-:-'')"+"-(2-«)'*+"(S-*)"+ 
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By distinguishiag in these two expressions, <he let- 
ters m, Xj y, Zy P, Q, and R successively by one, two, 
&c. marks, we shall have the forces destroyed in the 
bodies m', m", &c. This being premised ; if we mul- 
tiply these forces respectively by the variations Jx, Jy, 
^s, ^x';^ &c. of their directions; the principle of virtual 
velocities explained in No. 14, will give, by supposing 
dt constant, the following equation ; 

&C*. 



In the equation of equilibrium of the forces destroyed, in 
order that they may be equal to nothing, either the forces 

»». — , w-^i &c. or the forces mP^ mQ, &c. must be 

taken negatively, although in the motion of the system they 
may tend to increase the co-ordinates. 

* The expression d^x.^x+d't/.^i^+d^z.^z is independent 
of the position of the axes of the co-ordinates *, ^, and z • 
as may be proved in the following manner. 

Let the rectangular co-ordinates a?,, ^„ and 2, be^substi, 
tnted for those above mentioned, having (he same origin 
but referred to other axes ; then it may easily be demon, 
itrated that 
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We can extnicir from this equation by means of ^c 
partiouiar x)Ooditions of the system^ as npiyiy of the 



Ifae co-efficients «, 0, y, of, &c. being constant quantities, 
and only dependent upon the respective positions of the two 
systems of cv^ordinaJtes., The cOmO^d^Siies jr, ^, and z arf 
relative ti^ the same poii^s as the co-ordinates a?^, i/j^ and z^^ 
consequently, ^*+3^+«*=^y*+^/*+,V ; this jBxpression 
giv^s^tl^ six^following cqnditional equations, 

from whioji it appears, that three of the uine co-e^cients 
are indeterminate quantities. 

If the expressions of a?, ^y and z are twice differ entiated, 
they will become 

d^scz=»d*Xj-{-pd^i/i+yd^z^y 

d^S/=ct'd^a!^-{^ffd%^^'d^z,, 

d^zzz»''d%+e"d% + '/^d^Zfy 
the following variations may ]ijl^^wise-be^|aifi<ed 

'fiyv^W}}8*'*t'*^*W *^^^ valiiei and regarding the equations |>f 
condition between «, /3, y, «', &c. we shall find that 
d^aix+d^^^j/+d^z^z=:d%^Xfi-d^i/!8i/j-{-d*z,lZf. 
If the same substitutions are made in the expressions for the 
.right lined distances between the different bodies of the 
^atem represented by/, /, //, &c. the quantities «, /S, y, 
«', &c. will equally disappear, and the transformed ex. 
pressioBS will retain the same form. Thus or, j^, and z being 
theco-ordinates of the body m, and x' , y, and z' those of 
the body m', their distance/ will be equal toy/T^^Z^JIIj: 

Cy— i^>)* + r«'— «J** I^. the^s^xes. are changed, the first co- 
ordinates will become J7^ y^ agd z^^ a^d the second «/, ^;, 
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ling se{Mtrately to nothing ihii t^tattmiog cb^^effieienls ^ 



and ziy also 

By isubstitution and haviug regard to tlie befot^ tti^ti(floJI6ft 
equations of condition^ we shall have fz±^ r^ ' ai)*+ 

fyl^-^,)^+iz/ — Zj)* ; a similar proof may be given for the 
quantities /^/", &c. 

It follows from the above, that if the system is only acto^ 
by forces which are {xroportional to some fanctions of ith^ 
distances/, f'^ f"^ (&c. between the bodies ; and Ae equa- 
"ifons df condition of the &ystem solely depend upon tho 
mbtual situation of tiie .bodies or the lines./, /*, f"^ &c» 
the general formula of dyaamic will be the same for tfco 
transformed co-ordinates x^^ ^^ and z,y as for the original 
ones 07, y^ and 2;. If, therefore^ the different values oix^^ 
^ and z for each body are found with respect to the time 
by intention of the different equations ^deduced from this 
formula, and those values are taken x^^ j^^, and z^y we shall 
iMve these more general values for a:, y^ and z» 
x=ax,+ey,-hyzi, 

zz=:»%'{-0%+'/%j 
ih which t!)te nike eo.efficl6^s ^, g, y, a' , &ev Contain tfarv^ 
indeterminate quantities, as there are only six conditional 
equations amongst them*. 

If'tbe valoes of x^y ^^, and z^ contain all th^ ^onsfatft^liali. 
titles necessary to complete the different integrals ; the (ht^ 
indeterminate quantities will be mixed with some of ttA 
other six constant quantities, they will also make op tbo^ tbmt 
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the variations, y^e shnW have all the necessary equation* 
for determining the motions of the different bodies of 
the system*. 

19. The equation (PJ contains many general prin- 
ciples of motion, which we shall proceed to develope. 
The variations S^, ^j/y ^s, Jo;', &c. will be evidently 



are wanting, without which the solution would be incom. 
piete. Thus by means of these three new constant quantities 
which may be introduced after the calculation, it will be pos. 
sible to suppose the same number of the other constant 
quantities equal to nothing, or to some determinate quan* 
titles; which will often much facilitate and simplify thecalcu. 
lation. Vide the Mechanique Analytique of Lagrange. 

♦ Although the effects of the forces of impulsion or percus* 
sion may be calculated in the same manner as those of 
accelerating forces, yet when the whole impressed velocity 
only is required, its successive increments can be neglected, 
and the forces of impulsion considered in what follows ai 
equivalent to <he impressed motions. 

Let therefore S, S' , 5", &c. represent the forces of im- 
pulsion applied to any body m of the system in the directions 
of the lines s, s\ s"^ Sec, and suppose that the velocity given 
to this body may be resolved into three velocities, represented 
by a?, 3/, and z in the direction of the co-ordinates a?, ^, 
and Zy we shall have by changing the accelerating forces 

d^x d^u d^z • • * 

T—) -rf, and -— into the velocities or, ^, and s, the 

general equation 
7^.m(xlv+iidj/+z^z)-^X(S.^s+S\W+S".^s") + &C.ZZO. 
This equation will give as many particular ones, as we shall 
have independent variations, after they have been reduced 
to the smallest number possible by means of the conditional 
equations belonging to the system. 
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subjected to all the conditions of the connection of the 
parts of the system, if they are supposed equal to the 
differentials dVy dy^ d%^ cte', &c*. This supposition is 



If the system Is continuoas and of an inyatiable figure 
as a solid body, or variable as flexible bodies and fluids ; by 
denoting its whole mass by ^ and any one of its molecules 
by dm^ it may be considered as an assemblage or system of 
an indefinitely ^reat number of molecules ; each represented 
by dm and acted upon by the accelerating forces S^ S\ S''j 
Sec. ; and it will be sufficient in the general equation to sub. 
stitute dm for m, and for the sign 2, S or the sign of inte. 
gration relative to the whole extent of the body, that is, to 
the instantaneous position of all its molecules, but indepen- 
dent of the successive positions of each molecule. For a 
fuller detail respecting solid bodies, I refer the reader to 
the seventh chapter pf this work. 

* It is necessary in this case that the equations of condi« 
tion should not contain the time /, which sometimes happens, 
as for instance, if one of the bodies be forced to move upon 
a surface which is itself moving according to some given law, 
there will then be an equation of condition of the co- 
ordinates and the time t^ for the equation of the surface at 
any instant, which may be represented as follows, 
F(ty X, ^, 2, a/, y , 2', &c Jz:^. 

In the equation of equilibrium of a system formed by those 
forces which are supposed equal to nothing when it is in 
motion, it is necessary, in order that the indefinitely small 
change in its position according to the principle of virtual 
velocities may be proper, that the co-ordinates of the bodies 
in the new position of the system when substituted should 
satisfy that equation. These co-ordinates are o^-f^'^) J^+^^9 
and z+lz for the body m, V-f-^V', y+V, and s^+iss! for 
the body m'^ &c, which should satisfy the above conditional 
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tfaevefore permiUed, eonsequently the cr^atiM (P) 
'wiA give bj integration 

dz); (Q) 

c being a constant quantify introduced by the integra* 

tion. 

If the forces Py Q, and R are the results of attractkig 
forces ^ii'ccted U waurds fijied pointsi aad of aittmcting 



cq«aticin when rdsptCtiveiy suhstftoted for a?, jfy «, «^yyj ^f 
Sfc. ; the differential of the fnnctitm F, 

irUl ih<** be equal te aotWifg^ t fewlttg regaried a» cmstMA^ 
and the Tariations of the co.ordniate» «, jr, z; »'fgff «'; &c^ 
deitoied by the dmracteristk ^. But ais the co*ordiiiat«s o( 
the iMcKttl ate fbnctiofts of the tlme^ Ae cemplete different^.* 
tim ef F with resipeot t* 1^ *, 3^^ 2^ «'y Ac. bew^f regard* 
as liMlcttoiis of ^ itiU Jbe cqaal to ttotbing. We shatt ther«- 
fonr h«re the fofkywiog eqaattoo, 

T.(ff being the deferential of J? taken with respect t6 Ae 
titte wlich ie con^aitied explicitly in thw luiicttoii«. K T,dt 
be! eqaal to nothing it is evident liiat the former eqitatio^ 
wi4l coincide with thifs, by taking lx=dx^ ^r=^r *^- 

From the abow it appear*^ that y9^M» 1*© tiaie is^ wot e«* 
pUcidy contained in any of the equations of cowditfont^ 
the virtiial velocities of the moving bodies' along the axe» ei 
their co-ordinates may be supposed equal to the dHi^enlial» 
of these co-ordinates^ or the spaces passed Over by theiii 
projections upon these axes during the time dt^ 
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forces of the bodies one towards another^ fhe ftmction 
i.fm.CP.da^-\-Q.dy-^R.d%) is an exact integraL In 
f«et, the parts of this ftinetion relatiTe to attracting 
fbrcei directed towards fixed points, are by No. 8, 
exact integrals. .This is equally frue with respect to 
(he pafts wbteh depend upon the mutual attractions of 
the bodies of the system ; for if the distance between 
m and m' is called f, and the attraction of mf for ni^ 
m/F^ the part e(m.(P.dx-\-Q.di/'\-R.dz) relative to 
tlie attraction of aw' for »i, wlH be, by the above cited 
Ko. equal to ---'mmf.Fdfy the differential ^(fbeing taken 
by only making the co-ordinates x^ y, and % to vary*. 



!« '■> -■ ■ UH I E1 I H g lW 



* 4a m'F is the accelerfttinj fpi-^^ pf m mmg from t># 
attraction of m' which acts aloo^ the line f^ it^ compppentis 

Ui ih(^ cUr^ejtiaAS ^ *he a^^ei of », jf, $a4 $ gre m'F^'^^^ 

tn! F.^^^^j and mfF.——y we shall therefore have the 
following equation with respect to this force alone 
P.dx+Q.dj/+R.dz='^(oc/^x)dx+(s/^Sf)dy+ 

In a ftiQiilar QistOQer, P'^ ff, and W denote the aoHfonents 
of the accelerating forces which act upon tn' paraVel to the 
same axes, we shall have relathnp io Ap ipccf i|iJP the 
eqpatioi^ 

Pd^+Q!dy'+RW=^.{Cx-^Ji^)dxi^CSf-y) 

dy'+Cz^z!)d^}. 
lU ^^ tofiOiE |iiMl%li#d th^ ftrrt of tbo^e <eqimUiHif iym 
and the second by m'^ we add them together, they VVJV MU 
troduce into the expression 2m(Pdx+Qdif+Rdz) the term 
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But the re-actioa being equal and conifary to the 
action, the part of m^.(PJdx'+Q'.ds/'+R'.dz'} rela- 
tive to the attraction of w iom^y is equal to — mm'.Fdfj 
if the co-ordinates x'^ y , and %' alone vary in f\ the 
part of the function ^.m( Pdx-\'Qdy'\'Rdz) relative to 
the reciprocal attraction of m and of m/^ is therefore 
'^mm'^Fdf; the whole being supposed \o vary inf. This 
quantity is an exact differential .when / is a function of 
jF, or when the attraction varies as a function of the 
distance, which we shall always suppose; the function 
^.m.( PdX'\-Qdt/^Rdz) is therefore an exact differ, 
ential, whenever the forces which act upon the bodies 
of the system, are the result of their mutual attraction 
or of attracting forces directed towards certain fixed 
points. Let d^ represent this differential and n) the 
velocity of iti, xf that of m^, &c. ; we shall then have 

2.mi?"=:c+2(p. (R) 
This equation is analogous to the equation (g) of No. 8; 
it is the analytical traduction of the principle of the 
preservation of the living forces. The product of the 
mass of a body by the square of its velocity, is called 



'!^.{(:^'-xXdx^dJ)+(^^yXdy^^^^^^ 

+(^^z)(d^^di)}. 

If the equation f^z=:(x^x')^+(y^if)^+(Z'--i/)* he 
completely differentiated it will give 

Sdf=(x—!ii/){dx^dx')+(y'-^)(dy'^di/) + (z^:i) 

(dz^ds/) ; 
the preceding term by sabititation therefore' becomes — 
mmTdf. 
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its living force. The principle upon which we are treat- 
ing consists in this, that the sum of the living forces, 
or the whole living force of the system is constant, if 
the system be not solicited by any forces ; and if the 
bodies be solicited by any forces whatever, the sum of 
the increments of the whole living force is the same, 
whatever may be the curves described by each of the 
bodies, provided, that their points of departure and 
arrival are the same. 

This principle has place only in the cases in which' 
the motions of the bodies change by insensible grada- 
tions. If these motions experience sudden changes, the 
living force is diminished by a quantity which we shall 
determine in the following manner* The analysis 
which has condueted us to the equation (P) of the 
preceding number, gives in this case instead of that 
equation, the following*, 



♦ Tht equation 2.m. ^ (^ -P).^^+(^-Q)*>i^ 
+ y^^ — -R j. J« > ofl^o. 19 is equivalent to ^.m/-^. 

which equation if the differences A.:j7, a.-~, andA.~ar# 

ai' di dt ^' 

fubsiituted for the differentials d.—, d.% and d.—, U 

dt di dt 

changed into the following, 
^ • /^* dx ,^y du 5« dz\ 

Q.il/+R.iz). 
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A.^, A. J^, and A.^ being the diflerentiaU of J, ^ 

^« 
ai)d 37 from one instaat (o another ; which differen- 

tinb U^fiome finite wbf n tbi^ i09ticti>8 pf thp ho^m 
receive finite alterations in an instfiat* We tpiaj ^np* 

Imsc^u^ (he values pf ifr, c/y^an!^^ ar^ ^Jmogod i« ^ 

A^ffe, thoie va}iia9 pjf da^^ ij/y and <& s^tjfify ^ 
eoBclMUons of ihe coiiiie$i(iQi» of the pftnt^ lof th^ 9yfti» i 

This equaiio/i should be telegrated as an equation of 
fintle difibreppe^ relative tp the tjni6 1% #f which ^b^ 
variations are indefinitely small, as well as the raria- 
iSf^ f)^ x^ jr, r, 4P^.5 &p. litt ys dei^ote by ^*he fiidte 
integrals resulting froip this iqtegrAtion^ \o distinguish 
thfi^>|F^« tlie ]urecedfi\j; finHfP intieigvals, reltti^Q iaall 
the bodies of the system. The integral of l»/*/»jfiltr+ 
^*dsc)y is eviAently the same as fmP.dx; we shall 
thcT^ote have* 



* TW ^Dtegrrf of mP,(*?+A*4aO i^ M^PS^t % *H^ 
A«<te=:S^, but/m.jP.5a?i» equivalent to y)M.P.<b| therefore 
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if 7?, z/, D^, &c. denote the velocities of m, m', m^, &€♦ 
wesball have 

Tbe quantity contained under the sign 2, being neces« 
sarily positive, we may perceive that the living force 
of the system is diminished by the mutual action of tho^ 
bodies') whenever during the motiofi some of the varia^ 

lions A.—, A.^, &c. are finite. The preceding 

equatioft moreover offers a simple means fbr deten g iniu g' 
this diminution. 

At each sudden variation in the motion of^the system, 
it is possible to suppose the velocity of m resolved into 



J^/mP^ds-^-Adx) is equivalent iofmP.dx. In this eqnatioi^ 

dx dx . 1 dx* 

thie integral ^yi'^*^ isr sapposed to he^.— . 

Those who wish to obtaiiv information r^^cting; finite 
dlfier«cices.and thieir rategraU^ may find it m the two work» 
of S. F. Laeroix^ H)^ofi the Calcal Differe&tkl an>d CA^tvAf 
Integral, ia the Traite De Calcnl Difierentiel et Caknifr 
Integral, par Jr A. J. Coasin,^ and in the i9ih Le9oa el 
the iiCf^ons sur Le Galeal Des FoactM&Sy par J. Lir 
tia§nuige) &c. &c» 
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two others, one of which t) remains during (he following 
instant; the other of which V it destroyed by the action 
of the other bodies; but the velocity of m being 

iU before this resolution, and changing 

afterwards into V^f (d^^^.dxyMdy'^^.dyy^ridzJ^ 

dt 

— ■ ' it is easy to perceive that we have 

^•=(^-S)-+(^-|)'+(^vt)-= 

the preceding equation ought therefore to be put into 

this form 

S.m^= const. — 2,.S.m r4-22./.iw.rP.d:aJ+0-rfy 



* The equation X.mv^=rc-|-^, when differentiated with 

do dp dv f , drf 

respect io t^ becomes ^•»*^-37=j7> ^^ ^'^^'di'^^'^^'di 

+TOr^'+&c.=S.^ + S'.^ + 5". — +&C. which eqaa. 

tion has place for a system of bodies connected with each 
other in any manner whatever, which reciprocally attract or 
repel each other, or are attracted towards or repelled from 
fixed centres hy any forces 5, S', <S^, &c, ; naming the mu. 
toal distances of the bodies which attract or repel each other, 
or their distances from fixed centres of attraction or repnlsion 
1, ff', *^, &c.; taking the quantities 5, S', iS", &c. which 
represent the forces, positively or negatively, according as 
these forces are repulsive or attractive ; as the first tend to 
increase and the second to decrease the distances ^ , «', s^, 
Sec. This principle also has place in the movement of in. 
elastic fluids so long as they form a continuous mass and 
(here is no impact amongst their moleciiles. 
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90. If in the equation (P) of No. 18, we suppose 



If the forces 5, S', S*', &c, are respectively functions of 

the distances 5, «', s^^ &c, along which they act, which may 

always be supposed when these forces are independent of 

each other ; or in general if the quantities 5, jS", S^*^ &:c. 

ds 
are such functions of «, s*j y, &c« that the quantity S.-rr-i- 

ds' ds^ 

jf^V+S^.--^4-&c• is the differential of a function of Sy 
dt dl 

j', *^, &c. which can be denoted by F(Sf y, «", &cO, the 

integral of the above equation will be 

«©*+mV*+»iV*+&c.zz:c+2FC#, #', s% Sec), 

e being a constant quantity. In this case the forces S^ S'j 

S^y &c, which act along the lines #, s\ s''^ &c. will be re* 

presented by ^^j-^ ^, dP ^'^''• 

respectively. 

Let a, i/, a^, &c. be the respective values of «, 5', *", &c, 
and f^^V 9 y^y &c, the respective velocities of m, m', m^, 
&c« at a given instant; the preceding equation referred to 
this same, instant will give 

,iwP + i»'r*+m^r"*+&c.=c+2F('a, a', tf^ &c J ; 
^^insjftqueutly c=«F* + m'r»+m"F^'*4.&c.— ^Ffa, a', 1/', 
&CO9 therefore, by substitution^ we have the following 
general equation, 

,«p»+mV*+mV* + &c.=mV*+mT'*+mffF«^+ &c. + 
%F(S9 s'^ *^, &cO— 2Ffa, a', a", &c J. 
. This is the general equation of the preservation of ii^^ 
living forces, from which it is evident, that the whole living 
force of the system depends upon the active forces, such as 
thfi forces of attraction or repulsion, or springs, &c, ; and 
upon the pcHition of the bodies relative to the centre of 
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V^=J;c+Vi yz=^^3f+%'; ^z«zzz^z^lHs/ ; 



these forces j therefore if at two instants the bodios are at 
the same distances from these centres, the sum of their 
living forces iviil be the same. 

If the bodies should strike each other, or meet with ob« 
staclcs which cause a sudden alteration in their motions, the 
abov« formula may be a{iplied to the bodies during ike$e 
alterations, however short they may be ; thus denoting bj 
Vj F', V^j &e. their velocities at the commencement of Ae 
sudden change, and by o, ©', o''', &c. their velocities it jts 
termination, also by a, of, d*j &e. the values df the distances 
*, *', *^, &c. at the beginning, and by A^ A'y JT^ &c. their 
Talues at tiie end of the same action, the following equation 
will haye place, 

wi P»+m' V*+mffF"^ + &c.— wc* — fwV* — m^V* — &€• ^ 
2F(ay (/, a^, &cO— 2F^J(, J.'^ J!'^ &cj.' Which shews 
that the difference of the living forces at the commencement, 
and at the end of the action will be SFCa, tf', a', &cO^ 
^F(A^ jf , A"y &cO« This expression may bare any tinite 
value -whatever, however small the difference between the 
respective qnantities a, </, a^, &:c. and Jf, A'^ Al'^^ &c. 

When perfectly elastic bodies strike each otSier^ either ^ 
directly or by the intervention ot levers or any ■ mddliipet 
ivhatever, the compression and the restitution oi iheisliapc^ 
of the bodies follow the same law, and the action is^ppc^ 
to continue until the bodies are restored unto the same te. 
ipecttve positions in nvhicfa tbey Av'ere w hen the compressiMi 
commenced. In this case m shaU have az^A^ c^czAi^ 
a^z=:A"y &c. and consequently. Fif «, o*, «'', &c.)zjdFj(A^ 
A', A", kc.)i therefore the living lotce will be- the samfc 
•aftei? as before the sltock. 

The followibg.pitoof in the «as6^of'tw^ Mastic bodies im*. 
pinging -upon each other, is derived from tie law« of t|it 
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hf mi)^iMmg ticse variafioas in H&e eTpftessiemB ot 
lh«i tariatiMs ify Ify ^f% &€. of t&e rnotml i^tmees 



motiott of erastfc bodfes. Lef FsLXid V^ Be the velocities of 
two efastfe bodies m afod m' before tire shoci:, v and v^ their 
Tefoeities after, also let u represent their common velocity at 
tike time of contact ; then as may be seen in the elementary 
^eattt^es m^tx Mechanics 

vz:a,u — F, ©'i=2ii— F'. uzz— — J — 7—, and the a«ftatMjr 
mv^-^mfv^* by substftation becomes fn(^U'-^F)^+m'(^u 

tn the ffhock of in.ehstfc bodies^ the action is only sup. 
posed to continue, until the bodies have acquired the 
Velocities which hinder their acting upon each other any 
longer. As therefore the efVbct of these velocities upon the 
mutual action of the bodfes fs nothing, If we had impressed 
these same velocities before the action it would hav€ been 
the same, fn consequence of the velocities composed of these, 
and of the velocities properly 'belonging to the bodies. 

Again therefore, it would be the same if the velocities 
impressed were equal and directly contrary to those al)ov« 
mentioned ; for the action will not be varied by supposing 
that these impressed velocities were destroyed by the opposite 
velocities. It consequently follows, that in the shock of 
hard bodies the velocities r, v'^ t)^'. Sec. after the shock, 
ought to be such, that if we give these same velocities 
to the bodies m, in', m''^, &c. in a contrary direction, 
the equation. »ir* + m'r'*4- &c.— mr*— mV»— mV*— &c. 
=2P(a, o',a^ &c.) — 2F(^, A\ A\ &c.) given above 
will equally have place. But the terms which compose 
the second member, as they depend upon the mutual 
action of the bodies, will necessarily remain the same; 
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of the bodies of the system, of which we have girw 
the values in No. 15 ; we shallfind that the yariatioai 



therefore the ralne of f»r«+m'r'*+iii^r^»+&c. — mo* — 

vi%i^^m^v^^ — &c« will not be changed by compoBing the 

Telocities F, V\ F'^^ &c. and the Telocities ©, ©', t/', &c. 

with the Telocities — v, — »', — v^^ — &c, respectively. If 

therefore the Telocity composed of F and — v is represented 

by Af, the Telocity composed of F' and — r' hy itf ', &c. the 

following equation will haTe place, 

171 F^+m'F'^ + m'^r"*4:&c.— !»©*— m V»-.m V»— ftcr^m 

itf*+m'itf'»+m'/ilf'/»+&c. 

as the velocities v — o, i/ — u', ©^ — ©^, &c. Tanish. 

Because Fy P, V^j 8^c. are the Telocities before the 
shock, and Vj v', v"j &c. the Telocities after the same, it is 
evident that 3f, ili^, M"y kc. will be the velocities lost by 
the shock; therefore ifiJf*+»i'M'*+m'^jJf"*+&c. will be 
the living force which results from these Telocities, conse. 
qnently this conclusion may be obtained. That in the shock 
of hard bodies, there is a loss of living forces equal to the 
living force which the same bodies would haTe had, if each 
of them should haTe been actuated by the Telocity which it 
lost by the shock. Vide the Principes Fondamentaux de 
L'Equilibre et du MoTement, par L. M. N. Carnot; and 
the Theorie desFonctions Analytiques, par J. L. Lagrange. 

It is eTident from what has been said, that when the bodies 
of a system movo in a resisting medium, or are subjectec^ to 
friction from fixed obstacles, the living forces are constantly 
diminished and would at length entirely cesse if the bodies 
should not be kept iu motion by other forces. The formula 
Z.fm(P.€hc+Q,di/+R.dz) in these cases would not be an 
exact integral. 

In the equation given in the notes at page 144, we mdj 
suppose that the variations Sr, ^jf, and Iz are proportional 
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tr, ^jfy and 1% will disappear from these expressions.* 
If the system be free, that is if it have no one of its 
parts connected with foreign bodies ; the conditions 
relative to the mutual connection of the bodies depend* 
ingonljr upon their mutual distances, the variations 
Ix^ Jy, and ^2 will be independent of these conditions j 
from which it follows, that by substituting for >r', Jy', 
Ss', ix^'y &c. their preceding values in the equation 
(P)y we ought to equal separately to nothing the co- 



• • • 

to the velocities j?, y^ and z which the bodies have received 

by impulsion. We shall then have the equation 

X,{iii(i«+]rS-»*)— (P^*+ Oi/+ B*0 ]=0, 
in which 2m(a?*4"^*+^*) represents the whole liviog forc« 
' •! the system. 

♦ At No. i5,/=/{fx'^^;»+cy-3^;*+(3'-0*}. 

&c. &c. 

•onsequently by differentiation 

/{ (0?'— ^)*+(y-i^)* + (2/~ zy 

&c. &c. 

If >x+^a?/ be substituted forSx', ?y+^^/ forS^, and Js+Ja?/ 
for ^2r, in the preceding value of Ify it will become 

^V{i^-xy'\r{y'-yy+(z'^zy ^ ""^''^ ^^'" "^* 

contain either ^^^ ^yj or $2. In like manner by making the 
proper subii^titutions, the same quantities will disappear from 
the values of V, JA &c. 
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Iiet«lM^>po8iBilNit^, F, aid B«re tbe tfane cv* 
oiJi—tM of the oemtitf of gVafMjr ai Kbs s^kt^is^ W« 
•Wlkaveb^Nov IS, 

consequently the following equations maj be obtained, 



U^ eentr^ of grayilj of tb# system tbercfore moto in 
the same manner, as if, all tbe bodies m, m', &e* w«n$ 
iwited at (bis centre^ alid all tbe forces trbicliL solicit 
tbe tjstem supplied to it. 
If the system be only submitted to tbe mutual action 



fc 111 ri< I li 



-^j-^P I, theBS.i».^2rX.ifiJ*, but 

y d*x 

:^.mx d'X ^''^'dF ^ , d^A 

Jr=^^, consequently ^— "2;^—, therefore -^ 

=:-= — ; in like idanner it may be ptoved thai -^ =^ 

Digitized by VjOOQIC 



r9fthebQ(Ve;is wl^ioh ooiapose it> and ;to.tbeir reeipxap^ 
attractions, we shall haye 

0=:X^P; 0:=f:S,MQ; ^9;^l.mR; 
for, from ex^esstng ^y p ^^ rcdprooa! action of m 
and m' whatever may be its nature, and denotiog hyf 
the mutuij distance af those two bodies, .we shall have 
ip coQsequence of th J3 sole action 

^p^PA^jfO*; ^Q^P^yZ^l, mR^J^f^; 
rrf^^P^; ^,Q,^H^; m'Wj^^\ 

J J f 

from which we may obtain 

-fczrmP+m'P't; ^«:»»a+»'0'^- p=r=jn*+m'7e' ; 
and it is evident that thqse equations hav-e j)liK^e;rfso 
in the case je which the bodies exercise i^ppn aach 
other a finite action in ap instant Their r^qipyiocal 
action wiU therefore make the integrals 2mPy £«m^ 
and S.TWifi disappear, consequently they aip nothing 



* If from one extremity of the line /a line be drawn pa« 
rail el to the axis of a?, and from the other extremity another 
j^rpendieulur to it, we shall hare by Jfo. 1. notes,/ : a?— a/ 

p(x — x') 
J : p : -^ — y ■ ; , .orthe resoljred forceactioginadiiMtidii 

papullelto theaxisoftr, therefoie mPzz^^^^^; in lil^p 

._.^ :■:,,.;;, .:.. f. ./• . / ;... 
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"ifrben the system is not solicited by forces unconnected 
with it. In this case We have 

^="5F«' ^^^IF' "=di»' 
and by integrating 

a, 6, «', 6', a'S 6'^ being constant quantities. By C3t« 
tracting the time f, we shall have an equation of the 
first order either between X and F, or between X and 
JS ; from which it follows, that the motion of the centre 
of gravity is rectilinear. Moreover as its velocity is 

•'"•"V(?>+(f)-+(f)-. »"»^f'-+ 

b^-\'b'^)^ it is constant, and the motion is uniform. 

It is evident from the preceding analysis, that ibis 
inalterability of the motion of the centre of gravity of a 
system of bodies, whatever may be their mntual actions, 
subsists also in the case in which some of the bodies 
lose during an instant by this action, a finite quantity 
of motion*. 



♦ If tne equations ^=r • z=r — ^, and Z^z 

are differentiated with respect to the time they will give thf 

followiag 

dX dx dY dif dZ ^ dz 

dt dt dt dt di di 

As the simultaneous impact of a part of the bodies wlft 

change in general the velocities of all the bodies on account 

bf their mutual connection, let a, 6, and c represent th# 

Velocities of the body m in the respective directions of ths 

dx dw dz 

^^•ordinates, or the values of -r-f -^^ and -r- iffl^iediately 

ai di dt 
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91. If we make 

Sar'=^+Sa:/; Jar^^zzz^+So:/ ; &c. 

tbe Yarmtion Ix will again disappear from the expres* 



before the impact a', 6', and d those of m' &c. and A^ J?, 
and Cthe valaes of these velocities immediately after for the 
body m, j<', ^^ and O the yalties for the body vi^ &c. in 
this case before the impact we shall have 

zm.-^:zzZmai zm.-r-zz^mo. zw.---zz2.mc, 
de ^ d£ ^ de ^ 

and after 

2m.-T:=2mAy 2w.-— zz2mB, 2wi.--—zrS»>C 
rf^ ^ dt cf^ 

The quantities of motion lost by all the bodies at the in. 

stant of impact should be such as would cause an equilibrium 

in the system ; these forces in the respective directions of the 

co-ordinates a?, y^ and z are ma — mA^ mb — mS, and mc — 

mCy which for all the points of the system are S.ma-r-S.m^, 

S.mfi— S.wB, &c.^ These quantities, as the system is not 

supposed to contain any fixed point, are respectively equal 

to nothing-, consequently ^.mazzSi^rnAy X,mbzz^.mBy 

■ ' dX dV 

flkc* therefore tht v^itea <rf^* "jTr &c» we tiie «ame aftet 

as before the impact, and the velocity of the centre of gravity 
of t\ke system is the same in quantity and direction. 
. The following is a proof of its truth in the simple c^ of 
the impact of 4wa' non^astic bocUes- obtained 'in. a rery 
different manner* 
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sions if J ify If J &c. ; by supposing therefore the 
system free, as the conditions relative to the connection 



fake upon the right line which the bodies describe anj 
point whatever for the origin of the spaces described, let x and 
j/ represent the distances of two non.elastic bodies m and m' 
respectively from that point at the end of the time ty and Xthat 
of their centre of gravity, then by the known laws of the 
motion of non.elastic bodies given in elementary treatises 

upon Mechanics Xz: ; — t- ; if «> and o' be the respective 

velocities of the bodies m and m' before, and F their common 
velocity or the velocity of their centre of gravity after the 

shock then Fn r-» as is well known ; bnt the velo- 

m+m' ' 

dX 
city of their centre of gravity before the shock is — =r 

dt^ dt y therefore as — = o, and — z=i/, the ve- 

locity of their centre of gravity is the same before as after 
the shock. 

Let the bodies which compose a free system be supposed 
to be acted upon only by impulses, and in the equation given 
in the notes page 144, let Jx+Sx/, Jy+2iy/> &c. be substituted 
for My Jy, &c, and the forces Sj S* , S^y &c. be reduced 
to the rectangular forces P, Q, H, P', &c. then the follow- 
ing equations may easily be proved from what has preceded, 

0=2.(»wc— P), 0=S.(iii^G), 0=2.(m2-.JR). 
If the co-ordinates ap, ^, and «.are referred to the centre of 
gravity of the system we shall have 

X2.m=2.mx^ F2.m=2.jnj(, Zl.m=l.mzj 
which being differentiated relative to #, by making dX— 
Xdty dYznYdiy dZzzZdi; ixz=^M^ d^yd$^ dz^dt^ 
ix^zizJdty &c. we shall have 
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^the parts of the sjstem, only influence the yariations 
df, If'y &c. the variation Ix is independent and arbi- 
trary ; therefore if we substitute in the equation (P) 
of No. 18, in the places oilx'^ ^x"^ &c. ; ^^, ^y, 3S^^, 
&c. their preceding values ; Tve ought to equal sepa- 
rately to nothing the co-efficient of ^j:, which gives 

from which we shall obtain by integrating with respect 
to the time tj 

c being a constant quantity. 

We may in this integral <shange the co-ordinates^, y, 
Sec. into z^ z', &c. provided that we substitute instead 
of the forces Q^ Q'y &c. parallel to the axis of y, the 
forces JB, R^ See. parallel to the axis of 2 ; which gives 

dz=z2,.m. — -^ — \'^.f.m.(Pz—Rx).dti 

d being a new constant quantity. We shall have in 
like manner 

c^^ being a third constant quantity. 



Xzmz::z2xm^ FSmzzS^m, ZSmr^Ssm^ 
and consequently 

iSm— 2P=0, rSw— 20=0, Zlm^2R=0. 
These eqaations shew that the velocities given to t^e centre 
of gravity are the same as would be given if all the bodies 
of the system were united at it and received at the same time 
the impulses 2P, 2Q, and 2R^ 
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Let us suppose that the bodies of the system are only 
submitted to their mutual action, and to a force di- 
rected towards the origin of the co-ordinates. If -we 
name, as above, p the reciprocal action of m and of m^, 
vre shall have in consequence of this sole action 
0=:m.CPy—Qx)+m'.(Py—Q'x') «; 
thus the mutual actions of the bodies will disappear 
from the finite integral 2.m(Py — Qx). Let S be the 
force which attracts m towards the origin of the co- 
ordinates; we shall have in consequence of this sole 
force, 

—S.x ~S.i/ . 

+ ; C=; 



the force S will therefore disappear from the expression 
Pjf^^Qx; consequently in the case in which the 



♦ The notes given to the preceding number, render it 
unnecessary to say any thing respecting the equations given 
in the first part of this, as they may he proved in a similar 
manner. The equations j:.fn(Pi/ — Qx)^zOj &c. are evi- 
dently true, as S.otP^tO, J:*mQz=Of and 5:,mil:z:0. See 
the last number. 

+ If a radius vector is drawn from the body tn to the 
origin of the co-ordinates, it will be equal to y^Ca?*+^*+ 
z*) ; by drawing a perpendicular from m to the axis of x 
we shall have from resolving the force 5*, which must be 
taken negatively as it tends to diminish the co-ordinates, 
into two others one acting in the direction of the axis and 
the other perpendicular to it, the following proportion, 
\/(^^+y+^*) : ^ : : — -iS : P, therefore 
— S,x 



P = 



t/c^*+^H3*;' 
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different bodies of the system are only solicited by theit 
action, and their mutual attract ion, and by forces 
directed towards the origin of the co-ordinates ire 
shall have 

-c=:2.m. j^ — ; c'==2.i», — ^ — ; 

c^=Z.m.^^^~^ . . . (Z) . 

, If we project the body m upon the plane of x and jf, 

the differential ^ ^Z^ ^ will be the area, which the 

radius vector drawn from the origin of the co-ordinates 
to the projection of m traces during the time ift*/ 



* Suppose that A {fig. 15,^ represents the origin of the 
co-ordinates x and y which are measured along the rectan. 
gular lines AX and AY^ and N the place of a body ov its 
projection, which is supposed to move along the curve 
ACNy haying APz^t/ and PNzzAX^zx for its co-ordinates ; 
then the area ACN described by the radius vector AP drawu 
from the centre A to the point iV, is equal to the area AC 
NP minus the area ANP^ but the area ACNPin/xdy+Cf 

and the area ANPzu-^y therefore the area ACNzi:fxd;^+c 

xy xu 

— — and conieqnently its differential zr «ify— d.—^zrdy 
* 46 



^dy ydx xd^^^dx 

If «=:$.co8.« and^rz^.sin.tff, see page 21 ; by substitution 
and neglecting indefinitely small quantities of the second. 

xdy—ydx f^dm 
order, ^~^> ^'"^^ " ^^® *'•* ^^ ** sector 

described by AN during tin time di. 
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the sura of these areas multiplied respectively by the 
masses of the bodies, is therefore proportional to the 
dement of the time; from which it follows, that in a 
finite time it is proportional to the time. It is this 
which constitutes the principle of the preservation of 
areas*. 

The fixed plane of x and y being arbitrary, this 
principle has place for any plane whatever; and if the 
force S is nothing, that is to say, if the bodies are only 
subjected to their action and mutual attraction, the 
origin of the co-ordinates is arbitrary, and we are able 
to place that fixed point at will. Lastly, it is easy to 
perceive by what precedes, that this principle holds 
good in the case in which by the mutual action of the 
bodies of the system, sudden changes take place in 
their motionst. 



* The product of the mass of abodj by the area described 
by the projection of its radius vector during an interval of 
time denoted by unity, is equal to the projection of the 
entire force of this body multiplied by the perpendicular let 
fall from the fixed point upon the direction of the force thus 
projected. This last product is the moment of the force 
which wonld make the system turn about an axis passing 
through the fixed point in a perpendicular direction to the 
plane of projection. The principle of the preservation of 
areas may therefore be reduced to this ; the sum of the mo- 
ments of the fipite forces that would make the system turn 
about any axis whatever, which is nothing in the case of 
equilibrium, is constant in that of motion. In this point of 
view the principle answers to all the possible laws between 
the force and the velocity. 

It appears from what has been said, that the law of the 
motion of the centre of gravity and that of the areas described 
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There is a plane v/iih respect to T^hioh c' and c" are 
nothing ^hich, for this reason, it is interesting to 
know ; for it is evident that the equality of c^ and c* 
to nothing, ought to introduce the greatest simplicity 
into the research of the motion of a system of bodies. 
In order to determine this plane, it is necessary to refer 
the co-ordinates ^,y, and z to three other axes, having 
the same origin as the preceding. Let therefore d re- 
present the inclination of the plane sought that is formed 
by two of these new axes, to the plane of a> and ^; and 
4^ the angle which the axis of <r forms with the intersec- 

tion of these two planes; so that- — ©may be the in- 
clination of the third new a^is io the plane of a: and^^ 
and -r — 4^ may be the angle 'wfaich its projection up<ni 

the same plane makes with the axis of ;r, v being tbe 
semiocircumference*. 



being proportfonal to the times, (which last will again be 
noticed in this namber) are independent of the mutual action 
of the bodies of the system ; these two laws have therefore 
a more universal application than the law of the preservation 
of living forces, which is only independent of those passivt 
resisting forces such as the pressures of the bodies, the ten. 
sions of the threads or rods connecting them, &c, which 
hinder the conditions of the system from beinc disturbed, or 
in general all those forces w]p^l^>^n be expressed by eqj^a. 
tions between the different co-ordinates of a body, which 
are independent of the time. ^ ^ 

♦ In (jfig. 16^) let the lines Jxj Ay^ and Az represent 
tlieaxes of the three rectangular co-ordinates a?, ^,,aad %^ 



Digitized by 



Google 



]6ft LAPLACE^t MEOHAinCS* 

la order to fix our ideas, let us tuppoie that the 
origin of the oo-ordinates is at the eentre of the earth ; 
that the plane of x andt/ it that of the ecliptic, and 
that the axis of s is a line drawn from the centre of the 
earth to the north pole of the ecliptic ; let us also sup« 
pose that the plane sought is that of the equator, and 
that the third new axis is that of the rotation of the 
earth directed towards the north pole ; d will then be 
the obliquity of the ecliptic, and \t/ the longitude of 
the fixed axis of x relative to the moreable equinox of 
spring. The two first new axes will be in the plane of 
the equator ; and hy naming (p the angular distance of 
flie first of these axes from this equinox, (p will repre- 
sent the rotation^ of the earth reckoned from the same 

equinox, and "^-{-^ will be the angular distance of the 



the line Ae the common section of the planes x y and x* %/^ 
and let another plane be supposed to pass through the point 
j^ perpendicular to Ae the common intersection of the planes^ 
cutting the plane ai y' in the line ^c/and the plane soi^ in the 
line aAb ; then as every line drawn from the point A per- 
pendicular to the common section Ae must be in the perpen. 
dicular plane, the axes Az and -^2/ of the ordinates z and J 
are in it, consequently as the angle dAb or 6 is the inclina* 
tion of the two planes and the angle dAz^ is ^ right angle, 
the angle JAa formed by the ordinate z' and the plane ^j^ is 

repuesented by ^— d. AUcJiiAe' angle xAe formed by the 

intersection of the planes xy and a?'y and the ordinate x is 
represented by 4/, and the angle xAa^ as the angle dAc is a 

right angle by r— 4^. 
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second of these axes from the same equinox : let these 
three axes be named principal axes. This being agreed 
upon, suppose Oy, ^/, and Zf to be the co-ordinates of 
m relative, first, to the line drawn from the origin of 
the co-ordinates to the equinox of spring ; Xf being 
taken positive on the side of this equinox ; secondly, 
to the projection of the third principal axis upon the 
plane of or and yi and thirdly, to the axis of 2; ire 
shall then have* 

j::=ur,.C0S.>^-|-^;.sin.4/ ; 

.y=y,•cos;^^— ar;,sin.>|/ ; 



* In (Jig. 17,) let A be the centre of the co-ordinates, 
the perpendicular lines AX^ and AY^ the axes of the co« 
ordinates x, and ^^, and the perpendicular lines ^Xand AY 
the axes of the co-ordinates x and ^ making with the former 
lines the angle >}/, also suppose the line AM to represent 
the projection of the line drawn from the origin of the co- 
or ditts t es to tiie ^ body m upon the plane of the x^s and y*$j 
from the point M draw the lines Mx^ and My , perpendicular 
..to the lines AX^ and AYf^ and the lines Mx and My perpen* 
dicular to the lines ^JTand AY^ then we shall have Mx^zziy^^ 
My^i^Ax—Xff Mx^ny and MyzizAxzzx^ also the angl^ 
XjAXzZ'i^f and the angle Aax, formed by the intersection 
of tber lines AX and l£r^0O— >(/. In the right angled tri. 
angle aAx^ by trigenometry cos. 4/ : rad. (1) : : Ax^(Xf) i 

iifuzr — ^-4 also rad.(l) : sin.4' : : Aai — i-r l'ax=zx.. 

sin.4' ' ,, w \l sirt.N}/ - , 

; then as Mxzrzy,^ Mazzy.--x.. -. In the right 

C0S.>|/' ' ^'' ^' 'CO8.4, ® 

angled triangle aMx^ as the angle Maxz2^ng.Aa»fZ:z90^4^y 
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, Let a^^ t/^y an4. Zfi be co-ordinates referrf^id^ first, to 
the line of the equinox of spring; secondly, to the per- 
pendicular to this Jine in the plane of the etquator ; and 
thirdly^ to the third principal axis^ then ;iire shall have 

/ • Sj 'T- . T f^ *■»'*;.■ 

. , ,yy^y^.cos.d+2^.ain,0; .,, 
. . ; «i:pp[^©s.S— ^^.sin^d. 
Lastly, let ^ffj9^t/^i/p and % be the co*ordinates of wi 
referred to the first, to the second, and to the ihitd 
principal axis respectiyelv ; tli^n 

a:^p=r;^.cos.(p-^y,y^.sin.^ ; 
y,y=z=y//,.cos.<H-^/y/.8in.<p ; 

From which it is easy to conclude, that 
:c=.r^,.{cos.d.sin.4^,8in.<p-|-cos.\J/.cos.^} 

4-^//y{cos.fl.sin.4'.cos.(p— cos.^J'sin.^j-^-af^/.sin, 

O.sin.N}/; 
y=iy;;.{cos.0.cos.4/,sin.^ — sjn.4/.cos.(p} 

-f;y,//.{cos.6.cos.4'.co^.9-f-sin.>l'.sin.(p}-|-2yyy.sin. 

s=;2///»cos.d— ^^y^sin.O.cos,^— a:,y,.sin.O*sin.(p* 



the angle aAfrrr^/, and hy trigonometry rad.(l) t sin. 4r 

r siD.4.\ . s*"-*^'' • 

: : aM[ji/,^x,.-^;) : i«=;yy.sia.4'^a:,. ^— therefore 

:i, . , 8iii.*4/ z,J \ ' 

sin.\t/. * '' 

Again in the triangle aMx, by- trigonometry rad. (1) : 

(sin, 4^^ 
^'""*'*cSm;J • -'*'*=y=y/-cos.>i^— % 

sin. 4/. # 

In a similar manner the co-ordinatey relatire to the othet 
axes may be found. 
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By multiplying these values of^ir,' j/, and '2 respect- 
ively by the co-efficients .of o:^, in these values^ve -shall 
have from aifding them together ' 

^,y,z=^r.{cos.d.sin.>I/.sin.(p-|-cos^%I/COs.$} ' ' * 

4-3^.{cos.S.cos.;4/.sin.(p— sin.^'-.ops.f] — ^.sin.d.sin.^. 
. By multiplying ' in like iftdliner the values of Xy y^ 
and 2 respectively by the co-efficients ofy,;; lii these 
values and afterwards Jby the coHefficieqls of %^^^y we 
shall have 
. ^//,=::r.{cos.6.sin.>J/.co^.J)— d6sl4/.sirf.^} . 

-f-^.{cos.0.cos.4'.c6s.$+sin.4/.iin.(p}— 2,sin,Q.co8.^. 
»,/;=:=u:.»in.Q.sin.4/-|-^;^in.d^C;os.>J/4-i5;COs.6. ' 

These different transformatioms of the co-ordinates 
■will be very useful to us as we proceed. If we place 
one, two, &c. marks above the co-ordinates x^ y^ %^ 
x^iy y„fy and %, we shall have the co«ordinates cor- 
responding to the bodies m'^ m"j &c. 

From the above it is easy to conclude by substituting 

xt^f^^ydx xdz 

e, c', and d' in the places of S.m. — —7: — , S.w. — 

-T- , and Z/.m." — ^- — -, that 

di 
sin.^J' ; 

2m. ^'"^'r^^'^^f' =:c.sifi.9,cos.H-g'. {sin.^^.sin.M- 

e06.6vC08.v|/*CO8.f} 

'\-c^,{cm.'\^%in.^ — cos.6.sin.>]/cos.^}; 

dt . -. . 
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If w^ detemine 4^ and so that we may kave liaJ. 

we shall bare 

a* 
^•»» ^-5^^ =0 ; 



S.^^J{^A^v6!i.^. 



* Let «, 0, amd y represent the angles which a perpendi. 
eaUur to the ioTariable plane respectiyely makes urith the 
axes dp, ^, and fne shall then have the following eqnieitllons, 

cos.jBzr sin.0.8tn.>)/, 

cos./3z=8in.d.co8*4'9 

COS.ySZCOS.d. 

In ojder to proTe that cot.«=8in.d.sin.4., let VCfig 1$) l^r 
supposed the centre of the co-ordinates, CX the axis of x^ 
CF the line of intersection of the planes dp^.and 'gf^fffl CA 
the axis of Zjj, which is perpendicular to the line. CF ; |roat 
any point Jl of the line CA let fall the pecpeodicalar AB 
upon the plane x^y join CB^ then CB wilt be Ae-prbjeotion 
of the linet CA uppn Ahatplane.; let, the angle of the inclina- 
tion of the planes xy and «^^y^^ be represented by d, then 

its com{^Aieik*ih6 aoigle ACS will hfe ~— d, ff being the 

•emi.circumference of a circle the radnis of W^icftf is unity. 
From 4 draw,^D.per]^ij4i^Q]ar to CJtjtnd join JBD, let 
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Oe TaloM (^i^aiid^ are tbei^fbf^iiothinj^wifli respect 
to the plane of Xg/ and y,^ determined in this manner. 
There is. only one plane ^rhioh possesses this propertji 
for supposing it is that of x and y, Vfe shaH hiive 



the angle FCX be denoted by >^| then its complement the 

angle XCB will be 4"* I^ -^C is supposed to repre. 

sent the radios equal to unity of a circle, then BCzzrsin.^. 
and, as the triangle BDC is right angled, by trigonometry 
we hare 

rad.(l) : 8in.>)/ : : BC (sln.O) : CDrzsin.d.sin.^^ ; 
but CD is the cosine of the angle ACD of incliaation of the 
axes z^f and j?, therefore co8.«z=sin.d.8in.>^. 

From the centre C7of the co-ordinates draw theJlne C!F. 
perpendicular to CX or the axis of x, then CV wftt repre- 
sent thc^ axis of ^, from A let fall the perpendlculai^^^K 
npbn CYj join BY. In the right angled triangle PYCje 
have 

rad.(l) r co8.>|^ : : C£(8in.9) : CFzrsin.S.cos.^^'; 
bat CFis the cosine of the angle ACY or /S, therefore cos. 
^.r:3in.^.cos.4'« 

The angle formed by the axes z and z„, is equal to that 
formed by the planes «^ and T^f/g^/f contoquently cos.y=zco8.f • 

We have tiierefere the following equations, 

co8.dcrsiQ.9.8iQ.>|/ = y , — ^- > 



cos.i3:z:sin.D.cos.i|/ ±: 



V^+c'»+c*»* 
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' Bj^.^M}iing iUese two ftotitions to tMbingf #e isTi^H 

ineidef mih that of ^ and j^; The yatiie of E.^.' 
^///^J^///-^/yM// j^j„g ^q^^i j^^_^_-*^ whatever 

may be the ^lane of or andy ; it results that the quan- 
tity c*-{-c^-J-c?* is the saine^>hateveftMs, plane may 
be, and that the plane of x^f, and 'y,^ determined by 
•what precedes, is the plane relative to which the 

function S.ffi.^^'^^?^- isihe greatest* ; ih^me 



^y . 



COS.y±:C50S.^.2Z" 



from which the position of, the plane may be readfly found. 
Itappears preferable to take c'izrS.m. — ■ instead of 

Siwi. ■ " > iTi in wBkh dise cos. ^ would be affiriilativie. 

A^^^the quantities ^, </, and c'^ are constant the ppsit^u of 
the plana is invarial^jl^, • , . , 

* As the quantity c'+i/^+c"* is invariable whatever may 
be the.j^ai^e (rff and j^, let^c', y, apc^ st represent the co- 
ordinates j^f any other system of rectangular, axes about the 
same point, as those of x^ y^ and s, then if li,. d , and ^ 
have the same relation to th^ planes formed by these co- 
ordinates as c, dy and d' haVe ,to those formed by the 
co-ordinates «, y, and «, we shall have <i*+«'*+«^*=c*+ 
c'»+c^S therefore ii=:\/c*+</»+</'*— a'»— o^ ; conse. 
quently, when d and c^' vanish a Is a roaninum and equal 
toVc^+c/^+c^S . 

We may at any instant find, the portion of the invariable 
plane relative'td aqy determinate point in space, if we know 
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-^e ftm tMatipg ftbont iUemfoirirv ^e^s <Iiaidnreiitok- 
^file pf opcttielB, firsty tiiMdheatamfxifi^ibeJiMaitraced 
bj the projections of the radii vectores of thft bodies 
and multiplied respectively by their masses, is the 
greatest possible ; secondly, that the same sum relative 
to any plane whatever which is perpendicular to it is 
nothing^ beqause the angle (p remains indeterminate. 
W« shad be ^ble l^y me^fjs.pjf^ t)|e,se prop^^tie^, to find 
thi3 pl^ne at ia,Qy instant jy^svl^^l^^jp may, have be^n the 
i^riatioQ)i induced by/ tbcs auitj^l aclifinrx^f^ihetbodies 
in^ theicireipeeti^e position$,K 4hei«amd as'^^WQ^ arc' able 
easily tiy«od aft ^HHmes the pb^MbW bf 'iHfe cefitrfe ixf 
gravity of the system 3 ahd'fojr'ihisVdason lit ts is'rtatu- 

'I ^ )j';q'ffi ':!) /il ' ->' ■ •* "^ • ^ '•' "' - ;i) /in .. ,- ffvLut 

~ ,t^^ ' :lM.- - i'.— CU — v - M j, . . '• 

,u-r:' •-^. . --^, ...... - 

at this iQs(;aqt tjl^e .ve]nc|tiej9^{^ia.ibf^co..ordiiiates of 4II tJi^ 
moviDg iJodJ^jj oj.the.sjrs^fp^^a^ %;pos^tion;j)jf thvs.pl^^e 
with respect to th^. ceiKtre of^ Uu^ co.pcdioiites depends upon 
the three quantities c, </, aod<^..which are re»pectivelj eqaal 

-;-— 2.-^T. These quaathi^ af^ fevWedtly^ioinpos^d^df 

the co.ordioate^l^Qf the mayimg,ho4i!9$ ^nd the c^ojoapenents 
of the velooii^e« parfiU^I to their, axes. , 
, It appears irpm ihe,;»bove ^tl^t c is equivalent to tl\e sum 
of the nmoMAts .t^c^n with jpeferenqe to. the ceptr« of the co« 
ordiiMtes^a^ projeoted uppp, the,pla,nexy of the quantities 
of ipoiionrMf the bpdies m, m',^ Sec. ^apy instant ; cf and c^ 
are the soms of tbe moments of these forces taken with je« 
spect to the same, point and projectec^ ypqn the planes of xz 
and^, consequently the invariable plane coincides withtho 
principal plane of these ;noments ; seje page 114. 
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taiiotehi fhe x^n aad ^s to tUis plane, as to refer the 
originjof Ae coHOffdinirtes tothe centre of gratify of tto 

system*.' . 



* If two or more bodies of the system strike each othef , 
'the position of the invariable plane will not be altered either 
with respect to a fixed point, if the system tarns about it, 
or with respect to any point whatever, if the system moves 
freely in space, . In order to proi^e Ais, it will be necessaary 
to shew that the values of c, c/, and cf are the s^biv^. alter <im 
before the impact, for which purpose the deaomioatioos 
given page IGO notes, will be made use of. Thrs proof 
follows from the quantities of motion lost by the impact pro* 
ducing equilibrium, which will give the following equation's, 

X.i».{«f c— C>— «f a— ^^ }=rO, / 

2.i».{j^('c— Q— «f 6— B^ }=:0, 
which dre part of the' six general equations of equilibrium 
No. 15, and are equivalent to the three following 

SmCopft— ;ya>rr2f»C^B— ^-<*^, 

2,m(xc — za)zr2m(xCr~'zA)y 

^n(s^c^zb)='2m(sfC-^zBJ. 
It is evident that the first members of these equations are 
the values .^ c, c/, ftnd d{ immediately before the impact and 
the second members their velocities immediately after, there- 
fore these values are the same after as before the impact. 

It therefore appears that the sums of the areas denoted by 
e^, dty aud dU are not altered by the mutual impact of the 
bodies of the system ; these areas will consequently always 
be proportional to the time employed to describe them, 
although in the interval. of that time sudden chatiges may 
have been produced in the^ velocities of the bodies from thei| - 
mutual impact. The impact of a body not belonging to the 
system will in general change the values of these areas an4 
consequently the direction of the invariable plane. 
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f2. Tbe principles of the preservation of living 
fMTces and of areas have place also, ^rhen the origin of 



When a system, at liberty to turn in any direction about 
a fixed poiiit, receives a number of impulses, after they have 
been reduced to three P, Qy and R in the directions of the 

axes Xf y^ and », the accelerating forces ■— > -~, and — 

nay be changed into the velocities x^ ^, and z and we shall 
have by substitution (see i!tL<^ beginning of this number) the 
following equations, 

2.mfar^—3^i;+2.f Py-.ex;=0 ^ 

2,otC4p»— 2i^4.2.fP2— bj?^=o >r«^ 

for the first instant of the motion produced by the impulses* 

If the system is entirely free, the point may be taken any 

where in space and the above equations will hold true. This 

will also be the case if there is no fixed point and the system 

turns about its centre of grayity* 

If there are no accelerating forces, the efiect of the im* 

pulses will be continued, the terms which depend upon the 

impulses P, Q, and K being regarded as constant. For, as 
• • • 

Xy y^ and z are the velocities in directions respectively paral« 

lei to the axes of a?, y^ and 2, we have dxzzixdiy dyznydty 

dzzuzdty Sec. and the above equations will be changed into 
the following, 

^.m(xy'^yx)zmCy 

2. m(xz — zx)zz<f J 

1.m(yz'-zy)z=:c!^ I 



^oDseqnently 



c=Z.(Qx^Py), 

dzzL.(Rx—Pz), 

d'zzl.(Ry—Qz). 
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the co-ordfaiaieg is supposed to have a rectiliiiear atid 
uniform motion in space* To demonstrate it^ let X^ 
Yy and Z be named the co-ordinates of this origin, 
supposed in motion, referred to a fixed point, and let 

^'=X+<; y=F+3^/; z'=Z+z,^; 

&c. &c. &c. 

•^o y»9 ^t> -^/j *'^' ''^^^l be the co-ordinates of iw, iw', 
&c. relative to the moving origin. We shall have by 
the hypothesis 

(PX=0; (fKteO; <PZ=:da; 
but we have by the nature of the centra of gravity wfaeft 
the system is free 

Ob=2.»i.{rf* r+dV,}— S.M.^.rf/* ; 

the equation (P) of No. 18, will also become by sub- 
stituting SX+J^,, ^Y+^3/i9 &c. instead of Sx, Jy, &c. ; 

an equiation which is exactly of the same form as the 
equation fPJ, if the forces P, Qy and iZ only depend 
upon the co-ordinates j:„ y,, ^„ a:,' &c. By applying 



The values of the constant quantities c, c', and c^ may 
therefore be expressed by the initial itnpulses given to each 
bodj, and it has been shewn that these values are thd siAskf 
of the moments of these impulses with respect to the axes of 
Xy 1/y and z. 
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, to it the preceding analysis, we shall bbtain the prin- 
eiptesof the presewatioii . of liying forces and of areas 
-with respect to the moving origin of the co-ordinates. 
If the system be not acted upon by any forces uncon« 
nected with it, its centre of gravity will have a right 
lined and uniform motion in space, as we have seen at 
No. 20; by fixing therefore the origin of the co- 
onlinates a:, y^ and z at this centre, these principles 
will always have place, JT, y, and Z being in this 
case the co-ordinates of the centre of gravity, we shall 
have by the nature of this point, 

which equations give 

dt dt * dt ' 

_. «to»+^»-Kfa» dX*+dr *+d*Z _ , _ 
• ' W ~ 5r» .2.OT+2.IB. 

— W* * 



* If J+«„ Y+lfa Z+tt, &c. be substituted for x, y, 
s, &c. in the equations 

Ql^rX.w. ^j +i,m.(Pz—Rx}, 

and regard be had to the equations 
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Thus tbe quantities resulting from the precedinf 
principles are composed, firsts of quantities ifhicb. 



0=-— .2.W— 2 «Q. 
we shall hare tbe followiog transformatiooSi 

which are similar to the original equations. If the qaanti. 
ties P^t — Qsj^ &c. disappear, we shall bj integration have 
the foUowiog equations, 

c^=2-m. j^ 

These equations are similar to those given in the last number 
and the same consequences may be deduced from them« 
In like manner the equation 

may by similar substitutions be changed into the following, 
which only diflfers from it in haviDg the co.ordinate8 referred ' 
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wcmld have place if all the bodies of tbe system were 

united at tbeir cominoii centre of gravity ; secondly, of 

quantities relative to tbe centre of gravity supposed 

immoveable; and as the first of these quantities are 

constant, we may see the reason why the preceding 

principles have place with respect to the centre of 

gravity. By fixing therefore at this point the origin of 

the co-ordinates Xj y^ %^ x'j &c. of the equations (Z) 

of the preceding No. they will always have place, from 

which it results, that the plane passing constantly 

through this centre and relative to which the function 

xdu'^vdx 
S.m. ^ — is a maximum, remains always parallel 

to itself during the motion of the system, and that the 
same function relative to every other plane which is 
perpendicular to it is nothing. 

The principles of the preservation of areas and of 
living . forces, may be reduced to certain relations 
amongst the co-ordinates of the mutual distances of the 
bodies of the system. In fact the origin of the jr's, of 
the y's, and of the z^s being always supposed at the 



to the centre of gravity instead of a fixed point. By inte- 
gration, if the quantity 2.m,(Pdx^+Qdjf^+Rdz^) be in. 
tegrable and supposed eqnal to cf^, we shall have the following 
equation for the preservation of living forces with respect to 
the centre of gravity, 

ir.m. 2j3p— — =:c+2? ; 

s being a constant quantity. 
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centre of grarity, the equations (Z) of the preceding 
No^ m9y be cbanged into the following finrms, 

It maj be obs^Ted that the second members of these 
equations multiplied by di^ express the sum of the pro- 
jectipnaof tbe elementary areas traced by each right 
line that j<mi8 two bodies of the system, of "fvhich one 
i» supposed \o maye about the other that is considered 
as inunov^eable^ each area being multiplied by the pro- 
daot of th^ two masses which the right line joins* 

If we apply the analysis of No. 21, to the preceding 
equations^ we shall perceive that the plane which passes 
' ibroogh any ^one of the bodies xif the system, 



and lehtive to which the function 2mm^ 5 (ccf — x) 

- " '' "^ ' ' " ' ' ' ' '\ ^^ ^ maximum, re- 
mains' always parallel to itself in the motion of the 
system; and that this plane is parallel to the plane 
passing tfarongh the centre of gravity relative to which 

the function 2.m. -r: — is a maximum. We shall 

perceive also, that the second members of the preceding 

Digitized by VjOOQIC 



IiAFI^AOB's MEO&ANICi. 189' 

eqaaiiodf mxe nothing relaiive to evety plane tthkh 
passes through the sMie body, tiud is perpendicular to 
the plantf of which we have^ treated*. 



* The posf tfoods of the invariable platies of the same ^^tem 
telatiye to two dtfiTerent points in space may be compared iu» 
f(^low8 ; let dy fii and y represent the co-ordinates of a new 
poiBt in spatie, and C^ C\ and C" the values of C) dj and d' 
when the origin of the co-ordinates is placed at this point | 
we shall then havei for instance. 






If the sum of the masses of all the bodies be denoted by M 
and the co-ordinates of the centre of gravity of the ^stem by 
Xj Y^ and Z, then 



dy ,, dY dx ,^ dX^ 



therefore 



„ r dv dx\ d» dx 

/■ dX dr\ 

_, , „/ dX dZ\ 



dX dV 
In like manner 



7'=:c"+Mr 



dY „ dZ\ 

dt dtj 



It i»eVid«iitfrofti the abOT«) <hat if the values df «, ^, and 
y he ntch as t»^ render the three 4aantiti«s 

dX dY dX dZ dY . dH 

^■IF-^'-di' '^'-M-^~M' "'lii-'^'le' 

respectivelr eqnal to notMog, we shall have Czrc, Ot^^^ 
and C"tiic% consequently the invariable planes relative to 
1ii% two centres of co-ordinates wiH be parallel to each o^r. 
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The equation Q of No. 19 may be put into the form 

—22.m.2.fmm'.Fdf; 

an equation relative solelj to the co-ordinates of the 
mutual distances of the bodies, in ivhich the first 
member expresses the sum of the squares of the relative 
velocities of the bodies of the sjstem about each other, 
considering them two and two and supposing one of • 
the two immoveable, each square being multiplied bj 
the product of the two masses which we have con- 
sidered. 

23. By resuming the equation (R) of No. 19, and 
differentiating it with respect to the characteristic ), we 
shall have 



As in this case the centre of gravity of the sjstem moves 

dX dV 
uniformly in a right line, its relative velocities -^tj '^*''d 

dZ 

^*are constant, therefore the three above mentioned quUn* 

tities will be eqnal to nothing when the line joining the two 
centres is parallel io that described by the centre of gravity 
of the system. The invariable planes relative to all the 
points of any line parallel to that described by the centre of 
gravity of the system are therefore parallel to each other ;^ 
and the direction of the invariable plane does not change 
but when it is passing from one parallel to another. It is 
also evident that the invariable plane relative to the centre 
of gravity of the system always remains parallel to itself 
during the motion of that centre. 
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Ihc eqaation (P) of No. 18, then becomes 

liCt df be the element of the curve described by m / 
ds^ the element of that described by m'y &o. ; ^e shall 
bare 

9dk=zds; xfdhrzds' ; &c. 

ife==V^dlr*+c/^»+(/«» ; &c. 
ftom which we majr obtain by following the analysis 
of No. 8, 

dt 
By integrating this equation with respect to (he differ- 
ential characteristic dj and extending the integrals to 
the entire carves described by the bodies niy ml^ &€• 
we shall have 

S. J./mr(fe=:const.+2.»2, ii^ — ^ 

the variations ^x^ Ij/y ^z^ &c. being thus but the constant 
quantity of the second member of this equation, relative 
to the extreme points of the curves described by m^ 
mf^ Sec. 

It follows from the above, that if these points are 
supposed invariable, we shall have 
0=2.^.fmvds ; 
which shews that the function 2.fmvds is a minimum*. 



* As dsr±vdij the fanction T.fmvds which is a maxim on 
or a minimum rxmy be made to assume the form X.mfv^dt of 
fdt.Z,mv*^ in which T,mc^ denotes the Hving force of the 
whole of the system at any instant what«f er« Therefore th* 

Sa 
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It is in this tbut tbe pti»c;i|ilei ^(W Hat adieA oi tiie 

motion of asystemof bodi^consists^ a ) ripoipl^ which, 
as we have seev, is only m matbemalk^i reisialt from the 



principle treated apon maf lim properljc v^diiced to this, that 
dM muk ^ Ihe laMmtoeMis UyIi^ forcf 9 of all th# liottai 
from the time that they depart from 1 ertaia giyen pvNQtf 
until th^f arriye^t. otlier §lven points, is either a maximum 
or a mmtmnm. liagrange therefore^ ^epofle» t& eall it the 
principle of the greatest or the least living force) aj9 co«^ 
sidered in this manner it has the advajtage of being geueral 
as well for the state of motion as for that of equilibrium ; for 
it maj he proved, that the Uvhig tov>ce of a sjstem is alwajf 
the greatest or the least in the state of eqnilibrliua, fteoi At 
equatiisin 

la, this e§i»itiQa U S-nu^ m ^ M^s^rmm ec a minimam Ae 
fuActm ^ i&i gaoerallj flip^aktog^ amaumum ctf^ anuoio^iua^ 
consei}uent]}r 

This is the equation of the equilibrium of a system when the 
forces P, Qj and R are respectively functions of the linet 
X, y^ and zy ^ gives the following principle, first made 
known by M. de CoarliTroo* The situation in which a 
sjwAem W tiie gtseatest: or the least lifiog force h that i» 
which, if it were placed, it would remain in equilibrio. 

The equilibrium would be stable if the sum of the living 
forcea shoalA he a m a ximnm and an s t a ble if a minimum ; for 
the bodies of the system when moved from the situation <A 
equilibrium would tend to return to it if the equilibrium 
wiere stable, iheit velocldes would therefore dkdmrii aathey 
r»eeded focn^it, 4;e«ieq«eolly the Uivmg^ foroa woaULbe % 
aaximom in 4w» position ; bol it woutd las amiaimttmif the 
e^atlibfiiiia werauiHMrie, as tiM hodiea in seoiiing kom 
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^timHito IiiWft t>f the eqmKbriain und tif tlM fMti<ni of 
i*blter. We hiayt seeti lit ifae ftiiae tkne, tfait tMs 
principle combined if ith that of living forces> ^mts 



their posithm T«iatlve «• tliii l«»te wnitd ^ni to t^ede 
Ifom it «tiU iarther Jb^ retSMl iti the lacrettie of liretr yele*. 
cUieSi* 

In a syttem of bodies kl g* denote 'Qse fbroe of gnrity, M 
the snm of the masses of the hodies, and z the co-ordinate 
of the centre of gravity of the system, the axis of z being 
supposed vertical and in the direction of gravity, the equa* 
tion d living fortes relative to this system vitt be as follows, 

which shews that S.mo^ will be a maximam or a minimum ;^ 
at the eame time as ar. f 

VThtn the moving bodien are not acted upon by any 
«€oel*rating forces^ the entn of the living ft)rees at eoeh in. 
stant is constant, consequently the MUa of the living forces 
for any time whatever is proportional to that time, from 
which it follows, that the system passes from one position to 
another in the least time possible. 

In the case of perfectly hard or of perfectly elastic bodies, 
the snm (rf the products of each mass by the square of the 
difference between its velocities before and after the impact 
is a miBiffluHi* This answers to the frrindf^e of the least 
actioBk 

The three equations (u)^ page 177, combined with that 
of living forces 

^see page 157) give a property de maximts et mioiniis relative 
to a line about which the system tarns in the first imtant 
when it has received any impulse whatever, which line nay 
be called the axis of spontaneous rotation. 



Digitized by 



Google 



188 XiAPLACK'S MBCHANIOS. 

the eqaation (P) of No. 18, which contains all that ii 
necessary for the determination of the motions of the 
system. 



Let Oj b^ and c represent the parts of the yelocities x^ y^ 

and z which depend upon the change of pot^itian of tha 

bodies of the sysfem with respect to each other ; when thej 

are added to the velocities resaltiog from the rotations pago 

• • • 

107, the complete values of x^ ^y and z will be eipressed 

as follows 

x=zu^yp+ay ^=iJ^— a^'+^j ^=i^>^— «ft*+c. 
If these equations are differentiated, 4", ^) and f being re« 
garded as variable, we shall have 

The three equations (a) being multiplied respectively by 
ify )«f , and {^I" and added together, making the variations 
2^, ^ej^ and ^4/, which are the same for all the bodies, pass 
nnder the sign 2, will give by the substitution of the pre. 
ceding values 

?. { m(j:^x+if^y + zhi)—(Pir + Qi]f + Riz) }=::0. 
The above equation of living forces, being differentiated 
with respect to ^, gives 

By the comparison of these equatipns it is evident that 

:i:.m(u.^x+^l^+zh)zzOf 
consequently 

This equation shews that the living force which the system 
acquires by impulsion, is always either a maximum or amin* 
imum with respect to the rotations relative to three axes ; 
and as these rotations may be composed into one abont the 
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Lastly we have seen at No. S9, that this principle 
has place also, 'when the origin of the co-ordinates is 
in motion ; provided that its motion be right lined and 
uniform and that the system be free. 



axis of spontaneous rotation it follows, that this axis is in 
such a position as to have the living force of all the sjstem 
the greatest or the least with respect to it. 

This property of the axis of rotation with respect to solid 
bodies of any form was discovered by Euler, and extended 
by Lagrange to any system of bodies either invariably con. 
nected together or not^ when these bodies receive' any 
impabes whatever. 
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CHAP. VI. . 



Of the torn of iht motion of a ^ptefn of hodUs in aft 
the possible mathematical relations between ' 
the force Mnd the velocity* 

24. iVe have before observed at No, 5, that there 
are an infinite number of Tvays of expressing the force 
by the velocity, which do not imply a contradiction. 
The simplest of them is that of the force being proper- 
lional to the velocity, which as we have seen, is the 
law of nature. It is according to this law, that we 
have explained in the preceding chapter the differential 
equations of the motion of a system of bodies ; but it is 
easy to extend the analysis of which we have made use^ 
to all the mathematical laws possible between the velo- 
city and the force, and thus to present under a new 
point of view, the general principles of motion. For 
this purpose, let us suppose that jP being the force and 
V the velocity, we have Fz=z(p(v) ; (p(v) being any 
function whatever of v : let us denote by (p'(v) the 
differential of ^(v) divided by dv. The denominations 
of the preceding numbers always remaining, the body 
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m iWU beactfd tt^njptMrallel to <^€ axkoT^ bj tht force 

da? ' ' 

f f ©^.— • In the folIo'wiDg instant this force irill be- 

come ?.rt.;.|-K.(?r«j>.^) or ?.r^;.^+rf. (^. 

— I, because ~ =zrr. Moreover P, Q, and JR being 

the forces which act vpon the body m parallel ta tie 
axes of th© co-ord wfttea ; the sjfstem wfli be by No. 18, 
Uib eqmliLbcio in consexjuence of these ibcces and of tb^ 

tak^B vkh a contravy siga r ve shall have therefore 
iaiteadof the equation (P-J ^ the same number tAia 
Mton^ing; 

which oaljf differ&iatW* respect, that ^, ^'^ *^ JI. 

are multiplied by the fuhctioa ^ — ; wbieh nay be 

BQppest^ eq^uai to Hnity^ in the case of thei Ibice beiai^ 
proportional to the velocity. But this difference ren- 
ders iiiM soluticMi €»f Mie pvoblems of mt cbaoica verjp ' 
difficult. Notwithstanding we can obtain from the 
equation (S), certain priacipies analogous to those* of 
the preserration o£ living ibsces, of areas, and ef the 
Cisniieofgraiity. 

if we dwnge ix into d^^ ^tiia i^, umdiHht^i^ 
9bo* we shall ha¥e 
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and consequently 

2.fmvdv.(p'Cv)z=xion8t'^2.fm.(P.da!+Q.dy+R.dzh 
By supposing ^.m.CPdx^Qdy-^Iidz) an exact 
differential equal to cfX, "we shall have 

2.fmv€h.(p'Cv)=:const'\-\ ; (T) 
an equation analogous to the equation (R) of No. Id^ 
and which changes into it in the case of nature where 
(p'C'o)—!. 

The principle of thepresenration of living forces has 
place therefore, in all the mathematical laws possible 
between the force and the velocity, provided, that we 
understand by the living force of a body, the product 
df its mass by double the integral of its velocity multi- 
plied by the differentia of the function of the velocity 
which denotes the force. 

If we suppose in the equation (S)y >j/=:^-|->ar/ ; 
jy=Jy+2ty/; Wzsziz'ir^z/i ^^=J;r+^x/; &c.; we 
shall have by equalling separately to nothing the co- 
efficients of to, li/j and Izj 

These three equations are analogous to those of No. 
SN), from which we have deduced the preservation of 
the motion of the centre of gravity in the case of nature, 
wh^e the system is only subjected to the action and 
mutual attraction of the bodies of the system. In this 
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case 2.mPy S.mQ, and 2.mR are nothing; and we 
kave 

const.=2.m.— ,?^^ — ; const. — S.m,-~4— — -; 
dt V dt V 

const.=:2.m.^--,-^ — : 

dt V 

in.— .^^ is equal to fn(p(v).--r'j and this last quantity 

is the finite force of a body resolved parallel to the axis 
of x; the force of a body being the product of its mass 
by the function of the velocity which expresses the force. 
Therefore the sum of the finite forces of a system 
resolved parallel to any axis whatevery is in this case 
constant whatever may be the relation of the force to 
the velocity; and what distinguishes the state of motion 
from that of rest is, that in the last state this same sum 
is nothing. These results are common to all the 
mathematical laws possible between the force and the 
velocity ; but it is only in the law of nature that the 
centre of gravity moves with an uniform and rectilinear 
motion. 
Again, let us suppose in the equation (S)y 

ix'=J^^^ix/; ix''=^—+ixr> &c. 

Jy=-— +Sy,; Jy=-— +Sy/| &c. ^ 

the variation ix will disappear from the variations of 
the mutual distances /, f'^ &c. of the bodies of the 
system and of the forces which depend upon these 
quantities. If the system is free from obstacles inde- 
pendent of it, we shall have by equalling to nothing 
the co-efficient of ^.r, 

2b 
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from wbiclt we may obfain by intc^itatibn 
We shall in like manner have 

e, tfj and c^ being constant quantifies. 

If the system is only subjected to the mutual action 
of its parts, we hare by No. 21, 2.m.(Py — Qx):=Si % 
2.m. f/^— jRjfJ =0 ; ^.m.(Q%—Uy)=i^\ also, 

a:.^-*-jffcT-j j.-^ — is the minncnt o£ tbe finite 

force by ivhicb the body is actuated, resolved parallel 
to the plane o(x and y, to make the system turn about 

the axis of z; the finite integral l.m S'''^^Z^'^ ^~ 

at X) 

18 therefore the sum of the moments of all the finite 
forces of the bodies of the system, which are 'exerted 
to make it turn about the same axis ; this sum is there- 
fore constant. It is nothing in the state of equilibrium ; 
we have here therefore, the sanie difierence between 
these Ui9o states, but relatively with respect to the sun^ 
df the forces parallel to any axis whatever. In the laW* 
of nature this property indicates, that tbe sum of the 
areas described about a fixed point by tlie projections 
of the radii vectores of the bodies, is always the sume 
in equal times; but the areas described axe oouatant,. 
only in the law of nature. 
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« lf( we differentiate^ vfUh re^ct to t|e c)ilMr;^t€l^istip 
J,, the funetbn S./wi.^r-pJ.&y wefiliallb^ve 

but i?^e baye . ^ ^ 

,'. _■ ffa, , .; • , ; V idt ■ , } at "f 

+'^-^:>4 5 ■'■ ■'■■' '.•"" • .'■, • ,, ' ■'' 

iffcei9ba4i 4b€nr#f^e ibare^lhim Mejgve^^ b j 'jMAtv, 

If the extreme points of tbe curves described by the 
foodies of the system are supposed to be fixed, the term 
without the sign / will disappear from this equation; 
we shall therefore have in consequence of the equa- 
tion (S), 
i.2.fm.(pCv)ds =z 2.fm.iv.(p'(v).ds'^l.fmdt.(PiX'\' 

but the equation (Tj differentiated with respect to* ^^ 
gives 

we have therefore 

0=^.2. fm.(p(v).ds. 
This equation answers to the principle of the least 
action in the law of nature. m.^Cv) is the entire force 
of the body m, therefore the principle comes to this^ 
that the sum of the integrals of the finite forces of the 
bodies of the system, multiplied respectively by the 
elements of their directions is a minimum : presented 
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in this manner it answers to all the mathematical laws 
possible between the force and the velocity. In the 
state of equilibrium, the sum of the forces multiplied 
by the elements of their directions is nothing in conse- 
quence of the principle of virtual velocities; what 
therefore distingubhes in this respect, the state of 
equilibrium from that of motion, is, that the same 
differential function which is nothing in the case of 
equilibriu^iy on being integrated gives n minimum in 
^at of motion, 
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CHAP. Til. 



Of the motions of a solid hoiy of imj/ figure whatever. 

ib. JLuE difiVrential et^u^tions of the . motions of 
translation and rotation of a solid bod j, may be easily 
deduced from those which we have given in Chap. V ; 
bnt their importance in the theory of the syalteni of the 
world, induces us to develope them to a greater* extetit* 
IM us suppose a solid body, all the parts of If hick 
are solicited by any forces whaterer. hei Xy i/y iiod s 
be the orthogonal co-ordinates of its centre of gravity ; 
j:4--^j ^-f-y, and z-^-z' the co-ordinates of any 
molecule dm of the body, then x*^ y , and z' will be 
the co-ordinates of this molecule with respect to the 
centre of gravity of the body. Let moreover P, Q, 
and R be the forces which solicit the molecule parallel 
to the axes of s, y, and 2. The forces destroyed at 
eiich instant in the molecule c/m parallel to these axes 
will be by No. 18, if the element dt of the time is s^|^ 
posed constant, 
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It foIIoi;?s therefore that all the molecules acted upmi 
by similar forces should mutually cause an equilibrium. 
We have seen at No. 15, that for this purpose it it 
necessary that the sppf of. tbf forces parallel to the 
same axis should be nothing, i?hich gives the three 
following «quations ; 

the letter >S.)>9kig li«^ 4 uign of mUg^Umi (X^^w^ 
tbt mojfic^edm^ ivhkb^^cmg^t to be mtepdMi )(0 tit^ 
ivhote iiiafls ^f 4lie body. Tbe vwiafcl0s>i;i (j/, »aM ib 
Hre the wme for all th^ ftiojepule^, w^mmjf tbewfore 
fiQ^sethem md^pei^kiilt'af (hei^9a:^itli«9rf)motiiiC 

We have moreover by the nature of the centre of 



^.a:'.dm=D; S.y'.dmz=S)i S.z^.dm=0; 
*#hic!i equations give 

S.^.dm=0; S.^.dm^sO; S.^.dmz^Oi 

vre shall therefore obtain 
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m.^—S.Qdm;} . (A) 

at* J 

these three equations determine the motion of the centie 
of gravity of a bod j^ and answer ta the eqiiations of 
No. SO, relative to the centre of gRivitj of a %fs^\Mxskt6i 
bodies.* 

We have seen at I^o. 15, that for the eq«ilibriiua 
of a solid bod J, the sum of the forceSf^p^iallel to tbcr 
axis of X multiplied respectively^ b^f their distanctft 
from the axis of 2, minus the sum of the forces parallel 
to the ^"x^is of 3^ multiplied By flieir distances fiom the 
axis of %^ is equal to nothing y wo shall thercfoi^ bava 



* As the equations (A) do not contain the co-ordinttet 
a/, x^*y &c. of the different molecules of tbebodj, they are 
independent of them and only indicate the motion of the 
centre of gravity of the body. This motion is not infla« 
enced by the mutual actions of the molecules upon each 
other, but solely \sj the accelerating forces if hich solicit 
them. 

It is evident from the above that the centre of gravity of 
any free body whatever, like that of a syatemy has always 
the same motion as if this body were all concentrated iBt« 
one point and acted upon by the same accelerating forces at 
the parts of the body were, when in their natural state* 
This accords with what ^ been given at No. 20. 
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S.{(x+x').Q—(y+y').P}.dm ; (I) 
but we have 

and in like manner 

S.cQx—PjfJ.dm=zi:.S. Qdmr^y.S.Pdm ; 
lastly we have 

S.{x'd^t/'\'Xd^y'—y'd^x—yd^x' }. dm=id*y. S.x'dm-^ 
d*x.S.y'dm-\-x.S.d*y' .dm—y.S.d^x' .dm ; 
and by the nature of the centre of gravity each of the 
terms of the second member of this equation is nothing; 
the equation (1) will therefore become in consequence 
of the equations (A)^ 

S. (^-^—).dm=zS.(Qx'—Py').dm ; 

by integrating this equation with respect to the time f, 
we shall have 

S. "^ ^ .dmzzzS.fCQx'—Py'J.dt.dm ; 

the sign /of integration being relative to the time f. 

From the above it is easy to conclude, that if we 
make 

S.f(Qx^—Py').dt.dm=iN; 

S.f(Rx'—P%').dt.dm=iN'; 

S.f(Ry'—Qz').dt.dm=N«/ 
we shall have the three following equations 



S. ^ — .dm=zN; 



CB) 
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♦hese three equations coatain the principle, pf the pre- 
servation of areas; they. arc snfScient for delennioipg 
tlie motion of the rotation of a body about its centre of 
gravity* ; united to the equations (A) they c«nip!etely 
determine the motiotis of the translatien and of the 
rotation of a body. 

If the body be forced to turn about a fired point j U 
results from No. 15, that the equatbns (B) are suffi- 
cient fot t&is pur^pose ; but it is then neCcss'a^y to fix 
the origin of the co-ordinates x',^', anrf z' at Ms point. 

26. Let us pattfeoterly tovma ibese «qNi«roVi*aria. 
si>M)»«e th« origin fe«d at mf point whilt^er, difier- 
ent or not from the centre of gravity. Let us refer the 
position of each molecule to three axes perpendicular 
to each othc* and fixed in tfte body, but moveable in 
^acfc^. Let B be the ?HtliDation of tfre pkm /(iVni^d i>f 
tfle t^ first axeif npoti tlie plaWe 6!f ^ and'y ; M ^ i>^ 
tit6f tfngle fdfnietf bf tlie liftft 6( ititers«<:ti'on of Aese" 
tW6 planes! and the ttrst axis; lastly, lei ^ ^ {h6 coirit- 



* As the equations CBJ do not contain the cb-ortfiiiiteWt^ 
the mtfe of ^rtrritjr of m system, tiiey only shevthe 
different positions, of the bodj^ with respect to three axes 
which have their origin at thaf centre, consequently the 
motion of rotation which the equatlooi^Cif>deferniiL ii^ 
the same as if the centre ef giwity were «*resti^ ' 

A body acted upon by accelerating forces may therefore 
have two motiottiV ow that of translation, tlfe same as if 
the body were ^HHsentrafed iota one point at its centre of 
gravity and acted upon by all the forces parallel to their 
directions, and the other that of rotation abput the centre 
of gravity the same as if M^ (fblnt weri' AiS; ' 

2e 
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plement of the angle ^hich the projection of the third 
axis upon the plane of j: and y makes "with the axis of x. 
We will name these three new axes principal axes, and 
we shall denote by xf^^ y^y and %^^ the three co-ordinates 
of the molecule dm referred to these axes ; then, by 
No« SI, the following equations will have place, 
Jf'sssar^.fcos.O.sin.^J/.sin.f+^^^-^'C^s.^} 

4-^^*{co8.d.sin.\|/.cos.^— cos.\t/.siii.f]-|-2^.8in. 
d.sin.^" ; 
y=jr^,{cos.0.cos.\l/.sin.^ — sin.\|/.cos.f} 

-|-^^.{cos.0.cos.'4/.cos.f+s^'^'^*®^***?H"*^-''"' 
O.cos.4' ; 

x'=:x'^cos.d— ^^.sin.S.cos.^ — 2:'^sin.d.sin.f* 

By means of these equations we shall be enabled te 
deyelope the first members of the equations (B) in 
functions of 6, 4^, and ^, and of their dijflferentials. 
But we may considerably simplify the calculations, by 
observing that the position of the three principal axes 
depends upon three constant quantities, which can 
always be determined so as to satisfy the three equations 

S.x»y".dm=Qi S.xf'z".dm=0; S.yV.dm=0. 
Suppose then 

S.Cy^*^z^).dm=iA; S.Cx«*+zf^).dm=:B; 
S.(a!ff*+yf^).dm—C; 
and for abridgment let 

d^.sm.B.sin.<p — (l^,cos.(p=:=qdi ; 

rf4'.sin.d,cos.(p-|-rf^«8in.$s=mft. 

The equations (Bj will, after all the reductions, be 
changed into the three foUoi^^ing, 
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SOS 



.rf.y.sin.O.sin.^+flr.rin.O.cos.^ — Cjp.cos.Sri^ 

COS. ^.{Aq.cos.Q.sin.f-^- Br. coi. 9.cos.$-j- 
Cjp.sin.fl} 



); CO 



4-sin.4/,{jBr.8in.^ — Aq.cos.^}^=z — N*; 

— siQ.4/.{^9.cos.d.sin.$-|" Br.cos.d.GOS.f 
+Cp.sin.d}=— iV»; V 

these three equations give by differentiating them and 

supposing 4/=:0 after the differentiations, which is 

equivalent to taking the axis of the jr's indefinitely 

near to the line of intersection of the plane of x* and y' 

"with that o(x^' and j/^y 

M.co8.&.( Br. cos.(p^Aq.Bin.(p)-\'m.B.d.C Br. co8.(p^ 

^q.sin.^) — d.CCp.cos.Q):=:i — rfiV/ 

d^.(Br.s\n.^ — Aq.cos.^) — dfl.sin.fl.f Br.cos.^-I"*'^* 

sin.(p)-\-cos.6.d.(Br.cos.(p-{'Aq.sin.<p)-\-d.(Cp.sin.O) 

— — dN'; 

d.(Br.%\n.(p — Aq.cos.p.) — d^.cos.&.(Br»cos.f-\'Aq. 

sin.(p)—Cpd^.sm.B=:z—dN"; 

If we make 

Cp=zp' ; Aqz=q'; Br^r'; 
these three differential equations will give the following 

dp''^^^.q'r'.dt=dN.cos.O—dN'.sin.O ; 

e;.sin.^frfxV".cos.(p; )' ^^^ 
rff'+~p.p'3'.<a=:— rrfi^.sin.fl-frfiV'cps. 



i).cw>^^—dN'.sia,p 



V 
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these eq^atiofii fMre very can?cni«Bt («r d^UitmiiHtig Ihr 
motion of rotation of a body ivhen it turns very is^early 
about one c^ its pciaci^pHl ^es^ whiph is Oh^ mse pf tb^ 
celestial bodies* 

S7. The three priopipal sMpes ta whi<;^ we bar« re-^ 
ferred ti^ angles 6, ^, an4f i ile^erve paiticuVir ottaa- 
tion. Le( ua prooaed to dpi^miio^ Vmx (losilion in 
any solid whatever. 

The valuer of a:', ^ , ai^d of a' th« pjce^^edinig JWwber, 
Ifiye b^ No, 21 ^ the foUoving. equations, 

sin.f; 

+y.fcos.9,eo^.4'.cos.(p+si|i,4'#rfi|..^>T-s'.8ia.l. 
, , cos.<pj, 

«f'==^.^Q.$.sin,+-^y.sin,fl.co5.>H^«;'-cosy9. 

From whicli may be obtained 
^'''co^.}>— y.S4n.(5=.r'.pos.+— y .sin.>|/ ; 
aK'8in.(p -f-y .cos.(p = a:^ca9*d*sin.%I/ -^y' .co|;0.cqs,4 — 
s^sin.^• 

Suppose 

S.x^.dm=:(^ ; S.j/^.dm^zb* ; S.;s'*.(foizz=c* ; 
S.afy\dm=fi S.x'z^.dmzzzg ; S.y'z'.dm-=hi 

then 
co8.$.S.ar^2^.rfm — sin.^. S.y"z".dmz=: (c? — 8V-sin-** 
sin.>l/.co|.>J^*/.sIn.6<f€08."4' — 8in^*4'J +oo«,,fl,('g.cos. 
>|r— A.sin.>]/J ; 

sin.(p.S.a:''«'^rfm+cps.?).S.y'2'^(lw==»in.8xQ»^fa*.f^^ 
'4'+6^co8.•^^7-€•+2/sin.^^.co••>^J 

-ft('c08.*<— sin.*e J . f ^•sili.4'4-A.cos,4' J . 
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By equalling to nothing the second members of these 
two equations, we shall have 

^* fa*— 6*J.«in.^|/.cos.4'+/-(cos.*4/— 8in.*^|/^' 

but we have 

^ ° 1 — tang.^d 

by equalling these values of ^lang.gd, and substituting 
in the last instead of tang. its preceding value in 4^, 
and then making for abridgment tang.>^=:«, we shall 
obtain, after all the reductions, thj6 following equation 
of th£ third degree ; 

+{ Ca'^^).n+f.a -^^) H (h(?-ka'+fg).u+gb' 

-gc'-hfh 

As this equation has at least one real root, it is evidently 

always possible to render equal to nothing at the same 

time, the two quantities ^ 

cos.(p.S.j:V.(fw— sin.(p.S.^V.{fe / 

and consequently the sum of their squares, (S'j:"z".dm) 
•\'(S.y^z"*dm)'^y which requires that we should have 
separately 

S.x"z\dmzz;0 ; S.t/"z".dm=!d. 
The value of w gives Xhat tff the angle ^J/? and conse- 
quently that of the ta^g. 9, and of the angle 0. It is 
y^t required to determine the angle (p, which mpy be 
done by mtmrn of the conditioB S*9"j/".dmx;di9 which 
femaiBS to be ftilfiHed. For this purpose it may be 
observed, that if we substitute in S.^y .rf)» for if^ and 
y their preceding values, that function wiUbe changed 
into tlie form, jH".sin.2({4-i.cos.2(p, H and L being 
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functions of the angles and 4^9 and of the constant 
quantities a*, ft*, c*, /, g", A,/ by equalling this ex- 
pression to nothing, ure shall have 

tang.2(p=--^. 

The three axes determined by means of the preceding 
values of d, 4^, and ^, satisfy the three equations 
S.xy.dm=0 \S.x"z".dm=.0; Syz^.dm=Of; 



* If F be supposed equal to ycos.4/ — ^^'sin.^J' and G to 
j:'cos,0.sin.>|/-f-ycos.d.co8.4/ — s'sln.d, then a:^ :n F.cos.9 + 
6r.8in.^ and y'^=6r. cos.f — F.sin.^; consequently 

therefore 

S.xyf.dmz=:s\n.(p.co8.(p.S(G*'-F^)dm+(co8.^(p^$ln.*f>) 

S.FG.dm. 

If the second member of this equation be equalled to nothing, 

as 2sin.9,cos.^=sin.2^ and cos.*^— sin.'fzzcos.^^, we 

shall hare 

s'm.^p.S.(G^—F*)'dm'\^^co8.^ip.S.FG.dm=0. 

If n=S.(G^'^F^).dm, L±=^.S.FG.dM and !i!l:??=tatt. 

2^, hy substitution, the above equation may ba changed 
into the following 

tan.^=--gr-. 

+ These calculations which would be found very tedious 
in practice are much facilitated by the knowledge of one of 
the principal ares of rotation. Thus for instance, let the 
position of the axis x'^ be known in the body, as the situa^ 
tion of ttict three rectangular aj^s ^, ^', and^' are arbitrary, 
x" may be supposed to coincide with a/ which will cause^the 
angles f and 4/ and coi^equently their sines to vanish^ their 
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The equation of the third degree in u seems to indicate 
three systems of principal axes similar to the preceding ; 
but it ought to be observed, that u is the tangent of the 
angle formed by the axis of a/ and the intersection of 



•o-sines will then be equal to unity, also the qaantities/ 
and g yiiXi be equal io nothing, as is evident from substituting 
JQ them fory and s' their respective values. The equation 

^ . ._ .e-in«>^+^cos4 

* *°g- ^ "~c»— a*.sin.»4/— 6».cos,*4.— 2/.snu>I/.cos.>j, ""^^ 

therefore be transformed into the following tan,2fi'=-7^; — 777, 

in which V, c', and ll are the respective values of A, c, and 
h when x^^ coincides with y. It appears from this expres. 
lion, as tan.2d'=tang.2Cd'4-9^>)» that the other two axes 
must be taken in the plane of if 2/, one making the angle 
V and the other the angle d' + OO with the axis ofy or the 
plane of a:'' y. 

If A'niO and 6'zz:c' the angle d becomes indeterminate, 
therefore every line in the plane of y z' passing through the 
origin of the axes is a perpendicular axis. 

When the bodies are symmetrically formed, the axis of 
the figure is always a principal axis and the others may be 
found by this rule. Thus for instance in the case of the 
ellipsoid which has three unequal conjugate diameters, let 
them be taken for the axes of a?, ^, and s, then the body will 
be divided into similar and equal parts by each of the planes oi 
the co-ordinates ; therefore each molecule (/iw above the plane 
Q^ X y having the co-ordinates^, 3^, and 2: will have another 
corresponding and equal-one below that plane having x , ^, 
and — z for its co-ordinates ; consequently the indefinitely 
small elements of the integrals S.xz,dm and S»yzMin corres. 
ponding to these molecules will be xz.dm and — xz.dm^ 
yz.dm and ^-^yz.dm^ therefore j^ integrals will Tanisji as 
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the plane of x! and y with that of cd^ and y^ ; but it b 
evident that it is possible to change intaeacb other the 
three axes oiod^ o£y" and of z"j as the thice preceding 
equations will be always satisfied ; the equation in u 
ought therefore equally to determine the tangent of the 
angle formed by the axis of a:' and the intersection 
af the plane of of and y'^ either with the plane of or* 
and y, or with the plane of x" and z"j or with the 
plane of ^^^ and z". Thus the three roots of the equa- 
tion in u are real and appertain to the same system of 
axes* 

It follows from the above that^ generally, a solid has 
only «ne system of axes^ whioh possess .the property 
treated upon. These axes have been named the prin- 
cipal axes of rotation, by reason of a property that is 
peculiar to them, which will be noticed in t&e course 
of this work*. 



they may be supposed to coDsist of an indefinitely great 
Bomber of indefinitely sn^ll quantities, which from their 
contrary signs destroy each other. The integral S.x^dm 
may in a similar manner be proved equal to nothing, con^^ 
sequently the three axes of the ellipsoid are principal axes. 

* These axes are called the principal axes of rotation on 
account of the properly which the body possesies^ if uoU 
acted upon by any accelerating force, of always turning rounds 
any one of them, if once put in motion about it in conse. 
quence of ap initial impulse. This property may be demon- 
strated in the following manner. 

Suppose a body, not acted upon by any accelerating foirce,^ 
to turn about a fixed axis in consequence of an impulse which 
has been given it. Let one of the threes rectangular co* 
ordinates to which the molecules of the body are referred, 
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The mm of the products of each molecule of a bod j 
into the square of its distance from an axis, is called its 
moment of inertia with respect to this axis. Thus the 



that of z for iostance be sapposed to pais along this axis, 
conceiTe r to represent the distance of a molecule dm from 
it, having its angular velocity, which is eommou to all the 
points of the body, denoted by u. The centrifugal force of 
the molecule dm will be represented by r«»*, consequently 
the moving force with which the molecule acts upon tl^ fixed 
axis in a perpendicular direction to its length is ru*,dm. 
The resultant or the two resultants of the whole number of 
forces which act upon the axis, shew the pressure which it 
sustains* 

To find this pressure let us snppose that the force ru\dm 
is applied directly to the axis of where its direction meets 
it. The force may be resolved at the point where it acts 
upon the axis into two others parallel ia the axes of x and y^ 
the cosines of the angles that the direction of the force rw*. 

dm makes with the axes x and y are - and ^, consequently 

the components of this force parallel to these axes are xu*. 
dm and yt^.dm^ therefore the resultant or sum of all the 
components parallel to the axis of jr is the integral S,x<a*.dm 
otu^S.x.dm; this quantity, if ilf represent the mass of the 
body and X the value of x at its centre of gravity, is equal 
to ^*MX. In like manner the resultant of the forces paral. 
lei to the axis of ^ directed in the plane of yz is V^MY Y 
representing the value of y at the centre of gravity of the 
body. Let 2/ and z" denote the distances of these resultants 
from the plane of x and y^ then by the theory of moments 
we shall have the following equations 

MXz'z=:S.xz.dm^ MYz"z=zS.yz.dm. 
which will give the values of s' and zf\ 

2d 
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quantities A, By and C are the moments of inertia of 
the solid which we have considered, with respect to 



If z' and s'' are eqnal, the forces mMX and «;JtfFare 
applied at the same point, and maj consequently be reduced 
to one u*.M^X^+y*y which represents the action upon 
the fixed axis arising from the centrifugal force of the body. 
Let the axis of z be one of three principal axes which haye 
their origin at the centre of gravity of the body at the distance 
a from the origin of z upon that axis ; in this case XzzO and 
fz=0; let the origin of the co-ordinates be moved without 
cbangiog their directions from its first point to the centre of 
gravity of the body, then the co-ordinates of dm will be x^ 
y^ and z — a» As z is one of the principal axes, we* shall 
have the following equations. 

S.x(z^--a)*dmz:;:S.xz.dm'^aS.xdmz=Oy 
S^(z — a).dmz:iS.yz.dm — aS.ydmzzOy 
therefore because S.xdmzzMXz:::^ and S,ydm=zMVzzQf 
it is evident that jS>.a?z»dm=0 and iS.^s.c/inzzO, consequently 
v*S.xz»dm:=:0 and u*S»ifz.dmz=0. As the resultant ul^.MXoi 
forces directed in the plane of xzj and the sum of*S.xz,dm 
of their moments are nothing, these forces will be in equi^ 
librio independent of the fixed axis. The same is evidently 
the case with respect to the forces in the plane of ^ and z ; 
therefore in this case the centrifugal forces of the different 
molecules of the body do not act upon the axis of rotation 
and the same motion would be continued about it, if it were 
not fixed. 

If the fixed axis s is a principal one of rotation that does 
not pass through the centre of gravity of the body X and Y 
will not vanish, but as S.xz.dm and S.yz.dm are equal to 
nothing, the distances d and z" must consequently be equal 
to nothing, therefore the fixed axis will be acted upon by 
the force n;*.Mv^JC*+l* applied at the origin of the co, 
prdinates ; if this point be fixed the pressure arising from 
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the axes a?^, y, and z".* Let us name O the mo- 
ment of inertia of the same solid with respect to the 



the centrifugal force will be destroyed, and if the axis of 
rotation were free to move about this point the rotatory 
motion with respect to it would still be cootinued* 

It is evident therefore, that if any point in a body be 
taken as a fixed one ; there will be thre^ axes passing through 
it, round which the body would move uniformly without 
acting upon them. 

If the body were forced to turn about any ether axis 
passing through that point, the action of the centrifagal 
forces upon it would not take place at that point and it 
would consequently be displaced. Vide the Mechanique 
Philosophique of Prony, a similar proof is also giren by 
Poisson, 

* Suppose for example that MA (Jig* ^) is a parallele. 
piped it is required to find its moment of inertia with respect 
to the axis MB. Let MG=aj MB=:bj and MB=c and 
suppose the axes of the co-ordinates x, ^, and z to be taken 
from their origin at M in the respective directions of these 
lines, then if the uniform density of the parallelepiped is 
represented by ^ and dx dy dz Is the volume of a molecule 
of the body, its inertia will be denoted by the integral SSS* 
(x*+y^)^dxdydz. This quantity when integrated with re- 
spect to s, from zzzQ to zznc^ gives 

icSS.(x^-\'y'^).dxdy. 
This expression when integrated with respect to ^, from 
yzziO to yz±b, becomes 



icS.(x^b+^^\dx; 
ating with respec 

(a?b ab^\ 
t+t) 



from which by integrating with respect to jf, from ^rrrO to 
x'zza the result 
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axis of %', afid we sball find by means of tbe values of 
a:' and of y of the preceding nnmber 



may be obtatoed, wbicb is tbe moment of inertia of the 
parallelepiped MA with respect to the axis MB, The mo- 
ments with respect to the other axes may be obtained by 
properly changing amongst themselves the letters a, b^ and 
c; let MzzifMbCy then the moments with respect to the 
three axes MG^ MEj and MB will be 
M M M 

The moments of inertia of an homogeneous ellipsoid with 
respect to the three principal diameters, may be readily 
found from the general equation to its surface 
a*ft*«»+ «»c»^» + 6 V«^=a*6»c% 
a, bj and c representing the lengths of the three rectangular 
semi.diameters, which are respectiyely in the directions of 
the three co-ordinates x, y^ and 2. The inertia with re- 
spect to the axis of z is 

^SSS(x^+y^)dxdydZy 
^ representing the density of the body. 

This expression when integrated with respect to tbe entire 
ellipsoid gives 

j^.abc^.(a^+b*) 

V denoting the ratio of the circumference to the diameter of 
a circle. By changing the letters a and c into each other 
the moment of inertia 

^.abcfir.(b^+c^) 

■10 

will be obtained with respect to the axis of .r. In like man*, 
ner by changing a and b into each othev tbe moment of 
inertia 

— .«dcfvftf*+c*> 

10 i) 
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The quantities sin.^O.sin.*^, sin.^d.cos.'(p9 and cos.'i 
are the squares of the cosines of the angles ^hich 
the axes of x"y y"^ and z" make with the axis of z' i 
from \¥hich it follows in general, that if we multiply 
the moment of inertia relative to each principal axis of 
rotation, by the square of the cosine of the angle that 
it makes with any axis whatever,' the sum of these three 
products will be the moment of inertia of the solid rela- 
tive to this last axis. 
The quantity C is less than the greatest and greater 



will be obtained with respect to the axis oty. The conteoC 
ofthe ellipsoid is represented by -r-.a&c, and its mass Mby 

4f.— .aic: hy tubstitation therefore the followiDg will be 

3 

the moments of inertia of the ellipsoid with respect to the 
axes Xy yy and Zy 

The greatest moment of inertia is abont the shortest aad 

the least about the longest axi?. 

In the case of the spheroid bzric and the moments with 

2M M 

respect to the axes of « and y are "t-.^* and — Ca*+6v. 

o o 

In the case of the sphere azzihzpc^ and the moments of 
inertia with respect to any axis passing through its centre if 
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than the least of the three quantities Ay J3, and C* ; 
the greatest and the least moments of inertia therefore 
appertain to the principal axesf • 



* Suppose A to be the greatest and C the least of the 
quantities Ay By and C7, and «, /3, and y to denote the 
three angles which the axis s/ respect! velj makes with the 
axes x"y y, and z^'y then by observing that cos.*«+cos,*/5 
co8.*yirl, notes No. 2, the preceding equation may be 
made to assume the following forms^ 

C=^— C^— B;cos.»j3— fJ— Qco».*y> 
C'=C+(^— C;cos.*«+(B— C)cos.»^ ; 
which shew that O is less than the greatest and greater 
than the least of the three quantities Ay By and C 

+ A method of finding one of the principal axes of rotation 
of a body may be derived from the properties which two of 
the axes possess, of having the moments of inertia with re. 
spect to one of them a maximum and to the other a minimum. 
Thus let x" be an axis of rotation passing through the origin 
of the co-ordinates which it is required to find, and suppose 
it makes the angle d with the plane a/i/y and that its projec. 
tion upon the plane x'^ makes the complement of the angle 
-^ with the axis of x'. Suppose also the axis of y" to be 
drawn perpendicular to x" in the plane of a?' y, and the axis 
iof z" to be perpendicular to the plane x^' y, all the co- 
lordinates haying the same origin, then the following values 
^ix^'y y"y and z" may be obtained, 
I a/'z=s'sin.d+(ycos.4.+«?'sin.4/)cos.d, 

i y"zzzi/mi,'\f — a?'cos.4', 

9}* — 2/rnfi.fl — C^'cos.'4/ + a:sin.4/)sin.d. 

Let these values of ^ and a" be substituted in the expres. 
lion iS(3/"*+)5"*)Jffr which may be denoted by i, then if the 
;ingles d and 4^ are supposed variable we shall find ' 
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Let Xy F, and Z be the co-ordinates of the centre 
of gravity of the solid referred to the origin of the co^ 
ordinates, which we shall fix at the point about which 
the body is forced to turn, if it be not free ; x^ — Xy 
y — Fand z' — ^ will be the co-ordinates of the molecule 
dm of the body relative to its centre of gravity : the 
moment of inertia relative to an axis parallel to the axis 
of z' and passing through the centre of gravity, will 
therefore be 

S.{ (x'—Xr+cy- Yy }.rfm 
but we have by the nature of the centre of gravity, 
S>a:fdm=mX\ S.y'dm-=mY\ the preceding moment 
will therefore be reduced to 

We shall consequently have the moments of inertia of 
a solid relative to the axes which pass by any point 
whatever, when these moments shall be known relative 
to the axes which pass through the centre of gravity. 
It is evident at the same time, that the least of all the 



r^^^- 






If these values be equalled to nothing they will give ti 
either a maximum or a minimum : the angles d and 4/ may 
then be obtained from them which will shew the position of 
the axis ^', from which the other two may be readily found. 
This method like that of Laplace requires very tedious cal» 
culations. 
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moments of inertia has place with respect to one of the 
three principal axes which pass through this centre*. 



* The moment of inertia with respect to any axis 2' is 
S.(Jt'*+y*).c/«, but for any other axis parallel to 2/ which 
has the lines a and b for the co-ordinates of any one of its 
points, this expression becomes 

Let r be equal to the distance between the axes or V^a^^-6' 
then if the axis of J passes through the centre of graiity of 
the body, as S.JdmzzO and S.^'drnzzO^ No. 15, the ex- 
pression will become 

therefore the moment of inertia with respect to an axis 
passing through the centre of gravity of a body, is less than 
for any other axis, by the square of the distance of the two 
axes multiplied into the mass of the body, consequently the 
minimum minimorum of the moments of inertia of a body 
belongs to one of the principal axes which passes through its 
centre of gravity. 

To find those points of a body, if there be any, abont 
which all the moments of inertia are equal. 

Let a, 6, and c denote the co-ordinates of one of these 
points, the centre of gravity of the body being taken for the 
origin of the co-ordinates which are supposed to be in the 
directions of the principal axes passing through it, then a; — a, 
jf — 6, and z — c will be the co-ordinates of any molecule 
with respect to the point sought ; now from the nature of 
the qoestion every straight line passing through this point 
must be a principal axis, consequently we have the following 
equations 

S.(X''^Q^^b)»dmzz:S»xy.dm — aS.if»dm — b.S^x.dm+ab. 
S.dmz=0^ 
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If it be supposed that by. the nature of the body, 
the two moments of inertia A and B are equal, we 
shall haye 

C"=^.sin.*fl+C.CQ8.*e ; 



jS.(cr — a){z^c)Amz=.S»xz*dm — aS.z.dm—cS.x.dm'-^-ae. 

S.dmznOy 

S.(y—b)(z — c),dmz=:S,^z.dm'^b,S.z.dm — c.S.t/.dm + bc. 

S.rfmzzO; 

but S.xy.dm^^ S.xz.dm^ S.yz.dm^ S.x^dm, S*y.dm^ and 

S.z.dm are respectively equal to nothing, therefore the 

above are reduced to these 

abmznO^ acmzrO, ftciwirO. 
It Is evklent, that if the point sought exist, as from the 
last equations two of the quantities a, by and c are equal to 
nothing, it must be upon one of the principal axes belonging 
to the centre of gravity of the body. Suppose bzzczzOj then 
a the distance of the point sought from the centre of gravity 
Is indeterminate and upon the axis of x. The moment of 
Inertia of this point with respect to the axis of .r is A^ but 
with respect to axes parallel to those of ^ and z it is B'\'m 
a* and C-\'ma^, The problem requires that we should have 

These equations are impossible unless BzzCy which gives 



m 



therefore 

^ m 
•onseqnently b has two values which, if A be greater tlmn 
C, are real and upon the axis of x at equal distances on each 
side of the centre of gravity. 

It appears from the above that there cannot be any point 
in a body about which all the moments of inertia are equal, 

Se 
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hy makiag 4 equal to a rfg*hiiar^Ie, mhich mill came 
the axis otz^'io be- perpendiciilar^to that of s/^, the 
equation will give C=.A. The moments' of inertia 
relative to all the axes sitimted<in the.pkne perpedicn- 
lar to the axis of %"^ will be therefore equal to each 
other. But it is easy^to be assured that, in this case, 
we shall have for the system of the axis of s'' and of any 
two axes perpendicular to it and to each other 

for, |roi^ deinoting bjf cc" ai»d.^'' the co-ordinates of .^ 
molecule dm, of a body referred to the two prii\qp^I 
axes t^«niu lite plftne,fierpeod|Galar to the a^isK)f s?, 
with 'respect to which the nM)vne|]ts of inertia afO'Sup- 
posed equal, we shall have 



if ^he quantities ^^, j?, and C belonging io t|ie centre of 
gra^Elty of t]^e ][)ody ^re unequal ; if one of the three qui^oti- 
^ies J(, B, and C is greater than either of the othiers, ai|d 
the others equal, in this case, there are two points with 
respect to -.wftich all the moments of inertia are equal upon 
the principal axis io which the greatest o( the moments A^ 
By and C7 belongs. If the three moments A^ 0, and C7are 
are equal, the centre of gravity of the body is the only point 
about which all the moments of inertia are equal. 

For example, in the oblatesspheroid the points are upon 
the minor axis of the generating ellipse, at the distance of 
the square root of the fifth part of <t)ie differem^e b^tw^n tbe 
squares of the semii»major and semi««iiinor axes on each side 
from the centre of the spheroid. Xhis last problem was if^t 
solved by M* 3ioet, and afl^wards ia.M m^oper fiimil^r to 
l^ke ^ove by $f. J). Ppisson, 
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angle which the-'^ axh of o?^ makes with the axis of j?^, 
wte have* . . 

x'zzs&xf', COS -fi^-;}^ . sIb, s ; ; 

yz=y '^ COS . g— ^^^^ih .r p 
oAk^^enU> 

rfSfi.sir.e.do's.siijJi 

=0 ; antK6'dxes per^etK^idiflW 16 ffialt of i^ at^ tlifer^- 
fore principal axes, an6S in tffis^ case the solid has an 
inlShife liuthBei* of j!)rihbi]pjil* a^fey. 

ffatfhVsattte time Ah^Bh^C^ We sHall Havegen- 
crally C^:r=i^; that is to say, alltKe mDmentsrof ihertiii 
of the solid are equal ; but then wd have generally 

S'.xy.dhiz^O; S.x'z*.dm±Jih S.ifz'.dmtidOH 
Titaterdf may Be the ^ositioii" of the plkne of a/ artd y, 
so that all the axes are principal ax^sr; This i^ the 
case of the sphere : we'shall'ffhd ih the course of the 
Slfccliani^e Celtste that tliiSr property Belongs to an 
infitiite dunffier of other sotid^s of i^hich* the general 
c^uatidii' wilt bf^ ^Ven . 

28. "f He quantities p,' q^ andV whicU wd have infhi- 
duced into the equations (C) of No. 26, Have this 
remarkable property, that they determine the position 
of the re^ and instantaneous a!x fit of rotation of a body 
with respect to the principal axes. In fact, we have 
relative to the points situated in the axis of rotation 
dlr'zziO, c/y=0, and dz'=.0; by differentiating the 
Tfilues of j?V 3/^9 and z' of No. 26, and making the sine 
4c=dO after the differentiation, which may be donoi 
because we are able to fix at will the posUion of tb^ 
axis of a:* upon the plane oix* andy, we shall have 
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p — d(p.C08.f }-|-2'''.rf4/.8in.ftiz:0; 

t/^.{d^,^\n.^ — <f(p.C08.d.8in.f — rfO.sin.S.cos.f} 

4-«''.(/9.cos.fc=0 ; 
d«'= — :r^.{rf^'C08'^»8in.^-|-d(p.8in.fl,cos.9} — y.{rf9. 

cos«d.cos.(p.— *-£J!!p.8iD.9.6in.f }— s^.6?O.siii.d=0. 
If we raoltiply the first of these equations by — ^sin.^, 
the second by cos.O.cos.^^ and the third by — sin.A. 
cos.(p ; we shall have from adding them together, 

If we multiply the first of the same equations by cos.f^ 
the second by co8.0.sin.(p, and the third by — sin.9, 
sin.^ ; we shall have from adding them together. 

Lastly, if we multiply the second of the same equations 
by sin. d, and the third by cos.d, we shall have from 
adding them together, 

(hzzqt/^ — rx^^. 
This last equation evidently results from the two pre- 
ceding ones ; thus the three equations rfx'=:0, dyz=Oy 
and dz'=0 are reduced to these two equations which 
belong to a right line forming with the axes of o:^, y, 
and z'^y angles which have for their cosines 



Vp^'+q^-Vr^^ /l>*+ff*+^*' /p*+5*+r»* 



♦ Let the right line be represented by ^xi'^'\-tf^^+z^^y 
then by letting fall a perpendicular from the ei\d of it upon 
the axis of a?^, we shall have by trigonometry y^a:^* +^^* + a^* 

: af^ : : rad. (1) : . -^ _ == or the cosine of the angle 



Digitized by 



Google 



LAPLACE*8 MECHANICS, SSI' 

This right line is Iherefore at rest and forms the real 
axis of rotation of the body. 

In order io have (he velocity of rotation of the body, 
let us consider that point in the axis ofz" which is at 
a distance equal to unity from the origin of the co- 
ordinates. We shall have its velocities parallel to the 
axes of a:', y'j and s', by making j:^=:0> t/^z=Oy and 
%f^z=:l in the preceding expressions of rfi/, dy', and dz\ 
and dividing them by dt ; which gives for these partial 
velocities 

d^ d§ —dd 

—.sin. 9; ^.cos.O; — ^.sin.0; 



the whole velocity of the point is therefore — ""^ ^** 

sin.^d y 

or yq^+r^. If we divide this velocity by the 

distance of the point from the instantaneous axis of 

rotation, we shall have the angular velocity of rotation 

of the body; but this distance is evidently equal io th« 

sine of the angle which the real axis of rotation makes 

with the axis of z'\ the cosine of which angle is 



which the line makes with the axis of or^ ; by sabstituting 

(orv^ and «'' their respective values and — « this ex-. 

q q' 



becomes /a?"* .r^x^^*p*a/'* or V^l>*+5*+r». 



pressioa 

The cosioes of the Qtjber aogUi may be found io a similar 
Planner. 
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,==—=-. we shall therefore have Vp^+^^+r^ fot 

the aWgdia# velotHf of rd<*»loiii». 

It ^pt^d frouf the abdve, tfiat iWiatttVet* may Be' 
the movement of rotutiorto* a bbdy, eitfce* aboUXftffi^dc* 
^oinf, Of due cbnsidfeiied as Mdli ; thte n46veiif^^ catC 
only W rl'gard'edtas otte of station abwtan a^idfiace* 
during one inslartt, biit wMit5l? ibiay vary fi^ on^ !«' 
^ftmt t6 ahothei^. 

The position of this axis with respect to tte'ttrtje^ 
principal axes aild the angular velocity of rotation, 
depend upon t6e variables p, yya^d r; the determin- 



« To &d tlie aognlar velocity about thtt imnioveabl<J axi* 
^ rotatioo; from the "distance equal to unity uppu the axis 
ofz^ let fall a perpendicular upon the axis of rotation ; the^ 
perpendicular will represent the sine of the angle which^ 
&is axis makes with z"^ and is consequently eqUal tb 

V^^^+^ " /(^^): the angular ,elo. 

city about the axis of rotation at a distance represented by 
unity, may therefore be foand by the following proportion 

if the quantities p, fy and r are constant the axis of rotation 
will remain fixed in the body, the angular velocity will also 
llop invariable ; but the converse of this is not equally true, 
tor the axis <jf rotation-may change ite- position in the body 
and the angular velocity ren^kin the same, that is, the quan. 
^y^rp^a^rpi may continue contftatot' altboU]^' p, ^ 
and r vary. . < 
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and whicji by e:!q}ressing quantities independent of the 
situation of t|xe plane of j/ ^nd y^\ j^re them^Jves in- 
dependent of this situation. 

29. Let us determine these variables in functions of 
the time, in the case in whic)i the body is not solicited 
by any exterior forces. For this piirpose let the equa- 
tions (jy) be resumed of No. 26, containing thevaria^ 
bles jo', 9', and r' which arein a constant ratio to the 
preceding; The differentials .rfZV, dN^^ and rfiV'^ ate 
in this case nothing, and these equations give by being 
added together after they have been respectively raulti- 
pUed by J?', 5',, ai?(J r' 

which becomes from integration 

li being a constant quantity. 

If the equations (H) are multiplied respectively. 
AB.p'j BC.q*y and AC.r'j and afterwards a^ded to- 
gether,* they wiH give ]by integrating their sura 

JH" being a constant quantity; this equation contains 
the principle of the presery^ion of living forces. From 
these two integrals the f9llowing ^gu^t^o^s p?^/ lie 
obtained, 

^ ^ C.(A-B) ' 

H-^BC.k-^B.(4-C) p'' . 
— C.CA—B) 

thus q' and r' MfUl be known in functions of the tin^e I, 
when p* shall have been determined : but the first of 
the equations (D) gives 

AB.dp' . 



dt=: 



(A^BJ.^r'' 
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nrlitcb, by substitating the values ofq' and r', becomes 

J.B.C.dp' 



dt= 



\^{JC\k*—H^+A.(B — C).pf*}.{H*—BC.k*^B. 



(A-C).p'^' 

an equation that is only integrable in one of the tbret 
following cases, Bz=zAy B=:Cy or Az=zC*» 



* In the cases in which this equation can be integrated it 

maj be made to assume the following forms, in which a aud 

b are substituted for the constant quantities* 

a*dp' 
First. If AzzBy dtzzb.—^'yi and tzub. (circular are 

having a for radius and p' for tangent) 4-const. 

Second. If AzizC. dtznb, /=== and iz=,b. hyp. loe. 

(p'+/a»4y»J+con8t. 

^ ad^ 

Third. If B=C. dt=b, /=== and tzzb. (circular 
V a*— p'* 

arc having a tor radius and j>' for sine^ -f const. 

^adp' 
Fourth. I(AC.k*z=:H\ dt=b , .— = = and t=b. hyp. 

*og« + const. 

Fifth. If H*=BC.k\ dt=zb. -—7 p- and tei;. hyp, 

log. ^ ^--- + const. 

Va*+p'* + « 
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The determination oftbe three quantities p^, q'^ and 
r', requires three cpffsTaprrq&nfTt^^^ and that 

"which is introduced by tthe integration of the preceding 
equation. But these quantities only giVe the position 
of the instantaneous axw^f 'Joiation of the body upon 
its Surface; bi relKti^ \6 *He tlfrt8 nKnb'ipfl alftsliil^ 
it's a^uTar^ veldclfy df^^oWliofi/^' To^6a?e^frc?'rkt 
movement of the body about a fixed point, it is necessary 
also to know the position of the principal axes in space ; 
this should introduce three new constant quantities rela- 
tive to the primitive position of these axes, and requires 
three new integrals, w|iic}i when joined/to tbe^pre* 
cediog/ifiU givt tbecomplete solution of the problem. 
The equations (C)' of Ncr. 126 contain the three ^on^tlint 
quantities i^ JV% and iV^i But they art not eritirfly 
dSfincf litem the (JonsfenfqukM Ifftcf, 

if we ad(i fogether tfee scares of the ffrU memlieirs of 
the equations (C)y we shall have 

which gives K'=N^^N'^.'^N^^ 

The constant quantities Ny NJy and JV^, answer to 
the constant quantities c, e'^ and c^ of No. 31, and the 
function \tV p1'\'q'^'Yr'- expressesihe sum of the areas 
described during the time f by the projectioits of each 
molecule of the body upon the plitn^ relative' to^wfaicih 
this suni IS a maximum. N' and N" are noihin^\^W 
tiveiothis plane; t)y therefore equalling' to' nottiing 
their values found m No. 26, we shall have 
p=igr.sin.$— 4?*^^'*^ > 

0=:u^.cos.d.sin.^^.cos.Q.cos.4>4~Q?«'^*^ > 
from which may be obtfeitfed' 

P 

608^^ ^=*^ 



2r 
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8in.6.cos.<p= J — =», 

Bj means of these equations, we shall know the Talnes 
of • and fin functions of the time relatire to the fixed 



^ If from the centre of the co-ordinates a perpendicnlar 
be erected to the ioTariable plane, and «, /8, and y denote 
the respective angles which it makes with the co«.Drdinates 
^^y^y ft°<i 2^) then it may be I'eadily proved, No. 31 notes, 
that cos.^iz — sin.0.8in.f, co8./3;z: — sin.d.cos.^, and co8,y 
zzcos.d, consequently we have the following equations 



COS.azr 



co8./?=r 



cos.Tcz: 






The position of the inyariable plane with respect to three 
axes fixed in space may be found' in the following manner. 
Let O (Jiff* 19) represent the centre of the co-ordinates or 
the point about which the body turns, Ox^'y Oy^, and Oz^ 
the three principal axes to which the co-ordinates x^', tf^^ 
and z^ are referred, Om the perpendicular to the inyariable 
plane, and Ox one of the three rectangular fixed axes be. 
longing to x, ^, and z to which the ordinates x are referied. 
From any point x in the axis Ox let the right line xm be 
drawn cutting the line Om at m, then in the triangle xmO 

sm*zzOjF*+Om* — ^Ox^Om,cos.xOm. 
The co-ordinates of the points with respect to the axes of 
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plane that we have considered* It only remains to find, 
the angle \|/, which the intersection of this plane and 
that of the two principal axes makes with the axis of ^r'^ 
which requires a new integration. 
The values of y and r of No. §6 give 

rf\J/.8in.*ft=:5rd^.sin.d.sin.^r<ft.5in,fl.cos.^; 
from which maj be obtained 



3o^y ^"^ and z^f are x0.co%.xOx"^ xO.cos.xO^y and a^O.cos. 
xOz^^ and those of m to the same co-ordinates are mO.cos* 
mOxff, mO.cos.mOy, and mO.cos.mOz"^ we therefore have, 
page 8, 

xm^-=i(x0.cos,xOx"'^m0.co%.mOx")^+(xO,cos.xOif'f^m 
O.cos,m0y")^+(x0.cos.x0z"—m0.co%.m0z»)*. 
From these two values of a?m* we shall find, by making the 
co-efficients of 0^% Om* and Ox.Om in the eqnations equal 
to each other, that those of Ox.Om give 
cos.mOx-zcos,xOx".cos.mOx" + cos.^O^^cos.mOy +cos* 
xOz".oo9.mOz". In a sunilar manner it may be proved that 
cos.m0^ricos.yO^//.cos.OTOa?''+co8.3^0y.cos.i7iOy/ + cos. 
S/Ozf^.cos.mOsf'y and cos. mOz=co8.zOxff. cos- mOxf^-h cos. iO 
y^cos.mOy + cos.zOz'i.cos.mOz". (See page 111). W« 
therefcMre evidently have the following equations 

cos. mOx —?j^:^!:f£^i±£^ 

.^^^^ ^'<^Q«-i^^g^^-i-g^'^»J^O^^^-fr^cos.t/Qa/^ 
t^^^f} l^'gQs.gOg^^+9^.cos.gOj/^+r.co8.;gOti ^/ 
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but by "irhat precedes 
^e shall therefore have 

If we substitute ips^ead of fit ^ts vahie found above ; wc 
shall have the value of 4/ m a function of p' ; the three 
angles ^, (p, and \|/ will thus be determined in functions 
of the variables p', 9', and r', which are themselves 
determined in functions of the timQ^, We shalLthere- 
fore'know at any instant whatever the values of these 
angles with respect to the plane of x' and y', which wc 
have consider^ ; and it will be easy by the forraulaB^Jf 
i^herical tr^onometry to find the values 61 uie same 
ai^Tes Velative to any other plane ; ttis will inlrodfuce 
two new constant quantities, which united to tUe ibur 
preceding one^wilj, fori[n th^ six constant ^uaptities, 
tJl^at ou^t tp;giyie the complete solution of the problem 
i^pjut wbicl\.we have treated. But it is evident that 
the consideration of the plane above mentioned simj[>li- 
fiet this problem. 

The position pf the tliree principal axes Japon the 
surface of the body being supppsed to be knoirn ; if |it 
|iiy instaijt ^hat^ver we are acquainted with the posir 
lion of the reaj a:^is of rotation upon this surface, and 
the angular velocity of rotation ; we shall have at this 
instant the values off>^ q. mA r, because these values 
divided by the angular velocity of rotation express the 
cosines of the angles whicli the real axis of rotation 
forms with the three princi^pal axes : we shall therefore 
have the TOlues of p^,„^^ r^ ; but l^ese lagt values 

are proportional to the sines of the angles which tbe 



Digitized by 



Google 



Laplace's mechanics. 2iid 

three principal axes iform vfiih the plane of :i/ and y^ 
reTative to M^hich the sum of the areas of the projections 
of the molecules of the body multiplied respectively by 
these molecules, is a maximum ; we shall therefore be 
able to determine at all times the intersection of the sur- 
face of the body by this invariable plane, and conse* 
qucntly to find the position of this plane by the actual 
conditions of the morement of the body. 

Let us suppose that the movement of rotation of a 
body is owing to an initial impulse, which does not 
pass through its centre of gravity . It results from what 
has beeq demonstrated in numbers 20 and 33, th^t the 
centre of gravity will take the same motion as if this 
impulse was immediately. applied to it, and that the 
body win take the same movement of rotation about 
this centre as if it were immoveable. The sum of tlbe 
areas ^escribed about this point by the radius vector of 
each molecule projected upon a fixed plane and mul- 
tiplied respectively by these molecules, will be pro- 
portional to the moment of the initial force projected 
u|)on the same plane, but this moment is the greatest 
relative to the plane which passes by its direction and 
by the centre of gravity; that plane is therefore the 
invariable one. If the distance of the initial impulse 
from the centre of gravity is denoted by/, and the Ve- 
locity which it impresses upon this point by v; m 
representing the mass of the body, mfv will be the 
moment of this impulse, which being multiplied by ^ 
will give ^ product equal to the sum of the areas de- 
scribed during the time t; but this sum by what pre^. 
cedes is it.\/pf*+q'^+r^* ; we have therefore 

If we had known at the commencement of the move- 
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menf , the position of (l^e principal axes relative to the 
invariable plane, or the angles and (p ; we should also 
have known at this coramenceraent, the values of p'y 
5', and r', and consequently those of /?, y, and r; we 
shall therefore have at any instant whatever the values 
of these same quantities*. 



* The diagram (Jig. 20j may serve to assist the learner 
in the readier unclerstanding of this number. 

Let the body be supposed to be put in motion about the 
point Situated npon the principal axis z"^ by an impulse 
acting upon the point B of the surface in the direction of the 
line AB, Let MBM' be a section of the body made by a 
plane passing by the point O and the right line AB: this 
plane is the invariable one ; let Om be a perpendicular to 
it. If we know the section MBM' of the body at the be- 
ginning of the motion, we shall know the angles which its 
perpendicular makes with the three principal axes. Let Oo/', 
Otf"^ and Oz^^ represent the three principal axes and 01 the 
instantaneous axis of rotation of the body, then at the be- 
ginning of the motion 



cos.IOjp'^zt- 



r 
cos . 10^' iz; -7 -=i 



cosJOz": 



Let MOM' be the section of the planes MBM' and afiO^^i 
then one of the constant quantities which belong to the values 
of t and >}/ in functions of p will depend upon the time wfaeti 
t commenced, and the other upon the line taken arbitrarily 
in the plane MBM' from which the angle 4" commenced. 
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LAPLACE'S MECHANICS. §31 

This theory may serve to explain the two motions of 
the rotation and revolution of the planets, by one 
sole initial impulse. Let us suppose that a planet is 
an homogeneous sphere having a radius J?, and that 
it turns about the sun with an angular velocity {7; 



In the case of the rotatory movement of a solid body not 
acted upon by any accelerating forces we evidently bave, 
(seepage 107,) 

dxzuzdoj—ydp^ 

dy±zxd^ — zd-^fy 

dzzzzyd-^f — xd^* 

If the three equations (Z) No. 21, are respectively multi- 

d^ dcif ' d-^ 
plied by j^, — j and — , which are made to pass under the 

sign 2, and added together, when ^, % and — are 

at at dt 

substltated for their values, they will give 

bat as the equation (Q) No. 19, when ^—O, gives 

^dt^ , — ' 
we shall have 

In this equation c, c', and cf^ represent the initial forces of 

impulsion, and C a constant quantity which is necessarily 

positive. 

IC a.cos.a, a.cos.jS, and a.cos.y are respectively substi- 

d^' 
*uted for c^, c', and c, («ee notes No. 21) and ^-.cos.x, 

ut ' 
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t bein^ imagined to denote its distance from Ibe mx : 

we snalj then have v r U; moreover if we suppose 

that the planet moves in consequence qJ^ an in|tia\ ^«. 
pulse, the'directidn of which too]^ p!^^^ ^J ^. ^^^£9^X 



TT .cos.pt, and ^r.cos.* for -779 -rrf and 3- (see notes 
<// ' dt dt dt dt ^ 

page 108) the above equation will be changed into the 
foUowing, M . >- ^ 

—.1 co8.».cos.x+cos.^.cos^+cos,7.cos.i^ii=r-*-. 

In this equation «, ^, and y are the angles which the per. 

pendicular axis to the Invs^nahleplatie makes with the fixed 

axes of X, jr> and z; and x, /a, andy are the angles whi<^ 

the instantaneous axis of the composed rotation malLes wi'Ui 

dB '^ * 

the same axes, ~ being the velocity of rotation, i^et <r re* 

present the angle which the instaotaneoas axis of rotation 
makes with the perpendicular axis to the invariable plane, 
then, (notes page 227) ' » * 

COS.a=COS.a.COSA+COS.^.C08./A4*<!08.y.COS,y; 

oonsequentlj — .cos.o^i —9 — being a constant quantitj 

which depends upon the initial movement of the body. We 

therefore have a ratio, independent of the form of the body, 

between the real velocity of rotation at each instant and the 

position of the axis of rotation relative to the' ihvariabii 

plane. This curious property was discovered by Lagrange. 

If the plane of x^ be taken by the centre of the body and 

tiie right line in the direction of which the impulse ill gitc^t 

tiiie constant quantities d and c^ will vanish^ atkd the g^iieral 

dp 
equation found above will be reduced to c.^^^£; w^cji 

thews that the velocity of rotation with respect to the axis 
•fwi, that is parallel to the plane of tKe impulse^ is invariable. 
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Asm its otklt^i it is eridettt that it will rerolTe abcmt 
da axis perpendicular to the intariltbte plktae ) bjr there- 
fore considering this axis as the third priaeipal axb^ 
•we shall have fenO^ and eonsequeatlj }'=0, r'=dO; 
We shall therefore have p^±sMf9 or Cpz=mfrU. 

a 

Uttt i§ irt^ll ktiown that ifi tM sfe^hfete wt$ hate Cbt^ 

9 

mB^f consequently 

which gives the distance /of the direction of the initial 
impulse from the centre of the planet, and answers to 
the relation observed between the angular velocity p of 
rotation, and the angular velocity U of revolution 

about the sun. Relative to the earth we have ;^= 

R 

H^^^&bS^ ; the Jpatalkt of the suu s^m ^=0,0000 

4S665 and consequent^ /is—.J?^ very yearly • 

As the planets tit flot bonidg^^otift, thdy iHlty bi 
eonsidered as formed df s^erlcal and cbii^trical k^ 
inin» of unequal deu^ities. Let g represent the densitj^ 
of one of these lamini^ of which the rkdiuft is IS, g being 
a function of i2; we shall then have 

^— 3 y^.RKdR ' 



* ttt order to fitfid th^ value of (7 in the case wh^r^ the 
densitj f of each spherical lamina varies as some function of 
its radius, let us suppose (Jig. ^l) that JCBD is the sectioi 

9b 
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m being tbe entire mass of the planet, and the integrals 
taken from R^dO, to its value at the surfaces we shall 
therefore have 

a p S^.R^.dR 

If, as it is natural to suppose, the laminae be densest 

nearest the centre, •/' ^* p will be less than |/Z* ; the 

value of / will therefore be less than in the case ol 
homogeneity. 



of a sphere made by a plane passing through its centre O and 
axis of rotation CD, 1st the radius OA be drawn perpen. 
dicular to CD or axis of s, and RS parallel to it or cutting 
the circumference of the circle JBCD in JR and S ; draw 
the radius OR meeting the line SR at JR, suppose, OjRz:;1{, 

OPVl?+p=««j then PjRrzVll*— u% and if |c=3. 14159, 
&c. the surface of the cylinder generated by the reyolutioa 
of SR ftbout CD is 4puV^2l»— f#% therefore Apudu^B^-^u* 
is the differential of the solid generated by the reyoludon of 
the plane CRSD about CD, consequently 4pfu^duy^R*^u* 
is the integral of that solid, when it has each of its molecules 
multiplied into the square of its distance from the axis CD; 
this integral may be readily found by supposing JR* — u^zzw* 
or u*=JR* — w*, then u^zril* — ^R^w^+w^y consequently 
uUiu=—R^wda+n^dw and 4pu^duv^*-^u* z;£4p.(—K* 
w*dw+w^dw)y which by integration becomes 4p.( — -J^'ap* 
4^2p5)^Cor. ; when v=0 this integral should vanish hut 

RS 
as wzzR in this case 4p.f — fH^+— + Cor.— 0, there. 
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30, Let us now detennine the oscillations of a body in 
the case in which it turns very nearly about the third 
principal axis. It is possible to deduce them from the 
integral in the preceding number, but it is simpler to 
obtain them directly from the differential equations 
(D) of No. 26. The body not being solicited by any 
forces, these equations will become by substituting in 
the places of p', j', and r' their values Cp, Aq^ wid jBr, 

rfp-i — ~.qr.dt=Sii 

C— B 
dq'\ — -T^.rp.di:=Ji'y 

dr "i — g— .pj .dfc=0. 
The solid being supposed to turn very nearly about its 



fore, as When uzzR^ w:=db the above iptegral for the sphere 
whose' radiiis =il becomes '^pR^^ If R is supposed to be 
variable in this last expressioa, its differential will be ^R^ 
dRj which is the value of an indefinitely^small lamiif)! of a 
sphere at the distance R from the centre, which has each of 
its molecules multiplied into the square of its distance from 
an axis passing through that centre; if f:=:f,(R,) represent 
the density of the lamina, then ^pfR^dR will denote the 
number of its molecules each multiplied into the square of 
its distance from the aids, therefore Czz^fpR*dR. Now 
the mass m of the sphere is equal to 4pfpR^dR^ therefore 

the value ofp is -j^T^j^j which by substitution gives 

^_^mJfR\dR 
~ 8 VfR^dH • 
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tkivd priaeipal axis^ 7 and r are rtty smaH quantities^y 
tke'squafesancl the pfoducts of >rliich may be negfected; 
this gives dpuz&y and eonsequentfy p a constant quan- 
tity. If in the two other equations we suppose 

me shall have 

M and 7 being t^ra c^s|^nt ^uauUUes. The angular 
Telocity of rotation will be yV*+g*+r% or simply p, 
by neglecting thcf f ^osyf^^ qf 9 and r ^ tbia velocity will 



♦ If the angle 10 J^ {Jig. 20) is very small the angles lOai^ 

and 10^* will be very nearly right angles, therefore their 

q r 

eorines . . -i^ and . — > and conseqaentlv 

the quantities 9 and r will be very smalL 
^ + By i|^l]|$#^ljUig *f.w.f«i+*> for % mi jW.«#s^f*« 
rfryji fqi: r in, the^^ e%uatia<^ ^«y liiUbe ^ngiA v»^<iMi 

A C 
— JM'.sln.f «< +y;i|itt+:S^.JM^,dn.(^fi<-f ^J|.^^ 

^wwweM\y 

— Jkf 11+ itf.^g-^pqrf); 
from which n=p \/l^^?E^^ %9d ^^-M 



a/ ^(^—^) naay be readily obtained. 
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tMerefot^be ¥^ neaflj eoB^nt Lattij*, the siae of 
tht angle formed by the real axis of rols^ioa and by 

the third principal axis \iiH Jbe ■ f ■ . ^. • 

^ if «t the Qiigin of the moyement vie have y-rrO and 
and nszfi, tbal is to say, if the real axis of rotation co- 
incides at this insitent with the third principal as;i0, vie 
jahall have Jlf2z=:0 and ]iP=0 ; q and r will be (here* 
fore alwaj^s nothing, ^nd the axb of rot^ion Mfill al* 
\iays QtHtcide with the third principal a^is ; iVom 
trhich it follows, that if (be body begins to tiu»n about 
one of the {nctnoipiil axesy it will continue tottum uni- 
fpf »1 J ahoutthfit same axis. This remaikaUe propetty 
of the priacipalftxes, has eansed theii to be called the 
pfiQcipal axea ol rotation ; it belongs exdnsively to 
them ; for if the real ai^is o{ notation }s invariable at 
the aurfeoe of the hodj, we haTe dpz:=.Oi c/jt^csO^ wd 
dbrasO ; thu pt eeedii^ yaluea etf these qnantUies thare*^ 
lore give 

In the general case where A^ B^ and € are nnequaF| 
t^o of the three quantities p^ q^ and r are ndthtng in 
consequence of these equations, which implies, that 
the real axis of rotation coincides with one of the prin- 
cipal axes. 



If two of the three quantities A^ JB, and C are equals 
for example^ if we haYe-4=:i6i (he three preceding 
equations will be reduced to these rp-=Si and pqzsdD^ 
and th?y may be satisfied by supposing pzs^O* The 
axis of rotation is thep m a plane perpendicular to the 
tliif4 {Nrineipal axis ; but we have seen, No. S7, that 
all the axes situated in this plane ^re i^cipal axes^ 
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Lastly^ if we hate at the same time AsszB^=:Cj the 
three precedipg equations will be satisfied whatever 
may be p, q^ and r, but then by No, S7, all the'axes 
of the body are principal axes. 

It follows from the aboye^ that the principal axes 
alone have the property of being invariable axes of ro- 
tation ; but they do not all of them possess it in the 
same manner. The movement of rotation about that 
of which the moment of inertia is between the moments 
of inertia of, the two other axes ^ may be troubled in a 
sensible manner by the slightest cause; so that there 
is no stability in this movement. 

That :^te of a system of bodies is called stable 
in which) when the system . undergoes an indefinitely 
small alteration, it will vary in an iftdefinilely small 
degree by making continus^l oscillations about this 
state. This being understood, let us suppose that the 
real axis of rotation is at an indefinitely small distance 
from the third principal axis ; in this case the constant 
quantities jif and M' are indefinitely small ; if n be a 
real quantity the values of q and r will always remain 
indefinitely small, and the real axis of rotation will 
only raal^e oscillations of the same order about the third 
principal axis. But if n be imaginary, sin.fitZ-f-vJ 
and cos.(ut'-\-y) will be changed into exponentials; 
Qpnsequently the expressions of; and r may augment 
indefinitely, and eventually cease to be indefinitely 
small quantities* ; there is not therefore any stability 



♦ By the rules of trigonometry M.sin. (nt + y) zz 
*^jj — e ^_^, in this expression « 
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in the movement of rotation of a body about the third 
principal axis** The value of n is real if C is the 



represents the number of which the hyperbolical log«r2thin 
is unity. If n is an impossible quantity it may be supposed 
equal to m^ — 1 ; let this value be substituted for it in the 
above equatien, and we shall bare qzz:M*Bin,(mt^ — 1 

IX jjf^^f^ — ^ As the quantity 

"•^ • «/=! 

mt is real, the valae of q may increase as tbatof^ increases, 
until it ceases to be indefinitely small. It may be shewn in 
a similar manner that if t increase r "will also increase^ aad 
at length cease to be indefinitely small. 
* In the equations 

Jet the values of ffy q'^ and r' be substituted, theoi if the 
Mcond, after having divided both its members by AB^ be 
subtracted from the first, the fbllowing will be obtained^ 

A{d-C)q^+BiB^C)r*=k^'^^. 

If q and r are very small .at the beginniug of the morementy 

the constant qnantity k^ -jjr- which may. be. represented 

by Xr, is very small at that time ; the quantities q^ and r* 
will therefore, if the difference A-^C and JB— C have the 
same sign, always remain yery small and have for their re. 

.pectWe limits —^ and -^-^. 

If the difSNTj^nces A — C and B^C have not the same dga 
and the constant quantity ^ is supposed very small, the 
above equation may have place although the values of q and 
and r increase indefinitely. u'. " 
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grarterf o^ i^t Icist of the ihpt6 ^naotitiet A^ Bj hnA 
C5 kk ihtn the product (C^A).(C-^B) k potki?«s 
but this product is negative if C is between A and By 
and in this case n is imaginary ; thus the moyement of 
rotation is stable about the two principal axes of which 
the moments of inertia are the greatest and the least; 
but not M about the otheif prihcipal tttiiSi 

In order to determine th* posilibd of the prittdpal 
axes in space, let us suppokb the third pf iilcipal aiil 
Very nearly perpendictilat to the platte lif ^ fthd j/\ to 
that may be a Very small quantity bf wMeh the square 
tan be neglected. We shall have by Not i^i 

i»— rf4c=pift; 
which gives from integration 

4ips? — pi-^h 
8 being a constant quantity. If Wtf afterwards make 

sin.d.sin.f=:^/ sin.0.cos.f:sir / 
the values of q and r of Noi SO^ l¥ill give by extract- 
ing rf4/, 

Jts du , 

and by integration 

s=:$.Mi.(pt+\) _-,8in.rif*+y^ / 



* ,^- ..^.^ .^±±lut^. 



* BjF difihrentifttion and substittatieli the eqialidna 
di du 

wiUbecoma 
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fi and % heUm two new copstaat quantities ; tbe problem 
18 thus . completely resolved, because the values of s 
and u give the angles d aftd (p in a function of the time, 
and \|/ is determined in a function of /p and /. If /8 is 
nothing the.phne of a:' andy' becomes the invariable 
plane to which we have referred jn the preceding num« 
ber the angles d, f), and 4"* 

31. If the. body is free, the analysis of the preceding 
numbers will give its movement about its centre of gra- 
vity ; if the solid is forced to move about a fixed pointy 
it will always shew its movement about this point. It 
remains for us to consider the movement of a solid sub- 
jected to turn about a fixed axis. 

Let us suppose that x Is the axis which we shall 
imagine to be horizontal : in this case the last of the 
equations (B) of No. S5 will be sufficient to determine 
the movement of the body. Let us suppose also, that 
the axis oft/' is horizontal and that the axis of z' is ver- 
tical and directed towards the centre of the earth ; let 
us conceive lastly, that the plane which passes by the 
axes of y and z'^ passes through the centre of gravity 
of the body, and also that an axis passes constantly 



d*s dr 

These equations may be readily integrated* See No. 623 
of the Traite da Calcal Differentiel et da Calcul Integral of 
Lacroi^ where a general formula is givea for equations of 
this description. 

2u 



Digitize( 



d^y Google 



ArcMgfe this centie iM tk6 origin of ikt «(MMiM»#f 
L^t 9 b^ the ftDgle Wbttb tbb new a±iA makei ^Mhliifit 
ofi'; if t^ hame th« eo-ordinates feferml to tbitt MW 
axis, yf' tind s^ we sftaH bave^ 

y=i:y.C08.9-j-2*.sifi.6 $ *'=i:s*'<cOB*fl— ^^«ki.8; 
fhMh i^hicb may b^ obtaiaed 

S.dm.(jf"^^%^") is the moment of inertia of the bodij 
relative to the axis of j;' ; let C be this moment. Hie 
last of the equations (B) of No. S5 -will give 

tjet us suppose that the body is solicited onty by the 
force of gravity : the values of P and P of No. 23 wilt 
be nothing and R will be constant, which gives 

d'N^ 

'the axis of z^ passing through thd cehtre ot gfa^iff df 
the body, w^ have S.y*.dm=±D\ liidiieoVcr if A tgprt-, 
fKentstiie distancis oirthe centre dfgtaVity df ih^body 



* By referring to figure 17^ and notes page 169, A may 
be supposed to be the cent*^ of the coordinates and point 
through which the hori^omftal axis aS passes, ^Kthe vertical 
axis of 7!y ^Z the horizontal axis of y, AY^ that of s" which 
passes through the^eMMtil^rMly/^ the body and makes 
the angle d with z\ and AX^ the axis of y'^. In this case 
bik values of y and 'i m^ he toufid hi ^6 tetltos of j^ &nd 
«^, lb a maaner similar to that tti l^htl^ih the VkHi^^ Of a anft 
y were Totind la the feirins ot ir^ ahd ^^ id the albo^b riiren? 
tioned number* 



Digitized by 



Google 



from the axis of x'y we shall hare S*%"^dmzr::mhj m 
being the -whole mass of the body ; we shall therefore 
have 

-7:-=wiA.i2.sin.0 ; 
at 

and consequently 

dt"^ — "C^ 
Let US now consider a se^pnd body, all the parts of 
which are united in one 6(de point at the distance / from 
the axis oi x' \ we shall have relative to this body C= 
m'J^^ tnf being its mass; moieover h will be equal to /; 
by equa^ng 

These two bodies will therefore have exactly the same 

movement of oscilUition, if their ipitial ^n^ular felopjr 

ties, when their centres of gravity ar$ in the vye^rtigiil^ 

C 
ave ihe fiame, and we hate kut -t-* 

The second body just noticed is the siixiple pemi|i- 
lum, of which we have considered the psqillations at 
No. 1 1 ; we are therefore always able to assign by this 
formula the length / of the simple pendulum, the oscil- 
lations of which are isochronous to those of the soilid 
wrhlch has here been considered and wiiich forms a 
compound pendulum. It is thus that the length of 
the simple pendulum which oscillates seconds^ \s 
determined by dbservations made upm compound 
pendulums. 
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CHAP. viir. 



Of the motion of fiuids. 

Jte. tVe shall make the laws of the motion of fluid? 
depend upon those of their equilibrium, in a similar 
manner io that by which- we have in Chap. 5, deduced 
the laws of the motion of a system of bodies from those 
of its equilibrium, h^i us therefore resume the general 
equatipn of the equilibrium of fluids given in No. 17 ; 

the characteristic S being only relative io the cor 
ordinates x^ y^ and % of the molecule, and independent 
of the time U When the fluid is in motion, the forces 
which would retain its molecules in the state of equi- 
librium are by No. 18, dt being supposed constant, 

^-m- <^<iy' MS)' 

it is therefore necessary to substitute these forces for 
P, Q, and iZ, in the preceding equation of equilibrium. 
Denoting by ST the variation P.S.r+Q.Jjr+JS.^r. 
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which we will suppose exact* ; we shall have 

.r-f=...(S)+>..(g)+...(S). a> 

this equation is equivalent to three distinct equations, 
for the variations ^x, 5^, and >z being independent, we 
may equal their co-eflScients separately to nothing J* 



* As this vaTiation is exact in the cases in which the 
forces of attraction are directed towards centres that are 
either fixed or moveable, it comprehends all the forces in 
nature which can act npon ttie molecules of a fluid mass, and 
may therefore be regarded as always exact. 

f In places where an incompressible fluid is supported at 
one of its sides, the value of p shews the pressure against 
this side in the direction of a normal to it ; at those parts of 
the fluid mass which are free this value is nothing. When 
the value of p is a known function of t^ x^ ^, and 2;, it 
will give, by being equalled to nothing, the equation of the 
surface of an incompressible fluid d^iring its motion. If / U 
not contained in this value of />, the surface of the fluid will 
preserve the same form and the same position in space, on 
the contrary when p contains t it will change its form or po. 
sitioD every instant. 

X In order that the reader may have a correct idea of the 
corresponding variations of/, a?, ^, and z and the total or par- 
tial variations of a function of them, I shall suppose F a 
function of /, ^, ^, and 2;, and first imagine x^ y^ and z to 
vary, t remaining constant. In this case the cootempora. 
neons values of Fmay be coropareti, which at a determinate 
instant answer to the difiCerent points of a system and belong 
to the dtfierent molecules placed at these points at the same 
Instant. 

If lOn the contrary «, ^^ iand z ^re supposed constant and 
t to vary, the values of F will appertain to the, different 



Digitized by 



Google 



fits LAMAf f'i 1fB(P9AVIM« 

The co^ofdlmites XfyjMAzate fiinrtioos of the 
primitive CfM>idiQate9 ud of the ttipf i; let o^ ^, and 
c be these primitiye co-ofdinaies, «pe i^ball then have 

-=(£)'«+a)»+(S)"= 

«^=C^)'-+(rO»+(l)'« 
MI)'°+(I)»+(J).»». 

Bj substituting these values^ in the equation (F)^ the 
co«efficknts of ^a, ^y and ^c may be equalled yepa-' 
n^lj to nothing; which will give three oqaationsof 
partial differentials between the three co-ordioi^te^ s^ 



' molecules which during successive instants pass bj the same 
point which has Xy y^ and z for its co-ordinates. 

Lastly ; if we make x^ y^ and z to vary eiUier partitdly or 
together and suppose t also variable ; the diterent values of 
F will belong to the same molecole, and change as it passee 
in successive instants from one point to anethef in the system. 
If the position of the molecule is known at the i^omflMaee- 
ment of the motion, the constant quantities belonging to 
the three equations which give the values of jp, y^ and z in 
futtctloQs of t will be known. The vaUee of «, y^ and* 
may therefore be found at any iastaot, which wUi give tho 
position of the moleeale at that iastaat. 

If the time ^ be eliminated from Ae three eqaations given 
by the jralues of jr, jr, and z^ two equations of tike emrve 
described by the molecule will be known. The £enn ani 
position of the curve wiH ehang^ by passing from one mo* 
lecule to another: the constant qaantities in this oaio 
changing their values as the initial potitton e€ the moieoble 
changes. ' 
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jf^ and K of tk« mobctile, its primitirec^Hifdiiifttet^^ 
^ ^ Md t^ ttine r. 

It redfmio* Idr us to fiiifil tke coodUtioiis of the €Oii>- 
tinoky ofUieftiid. For tbii purpose let Uft^^oMkkr 
lit the oti^ of ib« tnottott, a recUdgpafor fluid patal^ 
l^lepiped hating for its thff^ cH«i6nsioti6 d«, Ab^ and 
dt. Denoling by (^) the primkite demtfy of tMs 
molecule, its mass will be (^AaMbAt. Let tfak 
parallelepiped be represeated by i(A)^i it is easy to 



^ Iti fixate %d th^ ffefCtaagular pamtleleptped jf is f^re. 
vented, hating do, d6, and d« for its du^ edges ; this 
^atiallelepipsd is changed afteir the ttme 4 in^o that gtTen 
fB i^«re 21^ io which from the extremities of the •dsgkjf 
which is composed of the jnpleciiles that formed the edge dc^ 
two planes gn^ Joj are supposed to be drawo parallel to the 
plane of x and ^ ; by the prolongation of the edges of the 
parallelepiped gt or (B) to these planes a new one (C) is 
fctrttied equal to (B)^ as 4he parts ent of from {B) and those 
added to (C) respectively compensate each other. The 
height fg of (C)j as it is independent of the mdieeiiles in 
da and db^ is found by making c alone to vary in difieren. 

tiating the value of s, it is therefore equal to I 3- j.dc. In 

figure 1^9 let ^qrp denote the section («) hating lis Tide dp 
formed by molecules of the side db, dc, and its side ^ by 
molecules of the side da, dc of the parallelepiped (A)* 
From j and p the iioes Im and pit are suppose^ to be drawn 
j^AraUel to >die ajpis of ^^ meeting the line qr or its conlkiH. 
•tioB in f» and m,, and consequently forming a new paraU. 
lelogram (x) which is equal to the former («) ; as it has the 
jMae base ip apd is beiweenliie sam» ^arallela, TheTaloe 
of }p is found by taking the differential of y fn making a, 2, 
and t coosUnt, and the valie or»^»*y takiiig tiK^ffeveMM 
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perceiTd that afler the time t^ it will be cbanged into aa 
oblique angled parallelepiped; fpr all the moleeules 
prioHtively situated upon any side whatever of the 
parallelepiped (AJ^ will again be in the san^e plane, 
at least bj neglecting the indefinitely small quantities 
of the second order : all the molecules situated upon the 
parallel edges of (A) will be upon the small right lines 
equal and parallel to each other. Denoting this new 
parallelepiped by (B)^ and supposing that by the ex- 
tremities of the edge formed by the molecules which in 
the parallelepiped (A)y composed the edge de, we 
draw two planes parallel to that of x and y. By pro- 
longing the edges of (B) until they meet these two 
planes, we shall have a new parallelepiped fO-con- 
tained by > them, which is equ^l to (B) ; for it is evi- 
dent that as much as is taken from the paralldepiped 
(B) by one of the two planes, is added to it by the 
other. The parallelepiped (C) will have its two 
bases parallel to the plane of ^ and^: its height con- 
tained between its bases will be evidently equal to the 
differential of z taken by making c alone to vary; 

whioh gives ( ^ J*^^ f^^ ^^^ altitude. 



of X in supposing y and z constant. These last values mul- 
tiplied together give the value of the surface of the pan^. 
lelogram (x), or that of its equal («) ; which value, When 

multiplied by Tt" J*^^ ^he differential of sr, glTes the con. 

Itttt of the i^raUelepipedCCi) or (B). 
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We«b»ll have its base, by observing tliM it is eqbal 
to iht-wetiixm o( (B) made by a plane pamllet to that 
of X and y ; fet Ibis section be denoted by (O* Tb* 
value of z will be the same with respect to t^emoleculei 
of which it is focroed ; and we shall Aave 

Let Sp and iq ht two ct)iftig<\i6as sHes of tile section 
(s)^ of which the first is /ornaed by molecules of the 
side dfe.dc of Ihc parftflMepipea f iij, and ifhe second 
by molecules of its side da.dc. If by the extremities 
of the side ^p we suppose t^o right lines parallel to the 
axisbf x,' m\^ w^ jproldig fiie site of tbe^araftelogram 
(b) parallel to Sp until it nleets these lines ; they will 
intercfept dbttveen^therasdlves a iiiw parilfelognlim (\) 
equal to (s)j the base of which will be parallel to the 
axisbt^x. The sWt 5p feeing fomied byimoletules of 
the face dfr.dc, relative to which the value of « is the 
same ; it is easy to perceive that the height of the 
parallelogram r^)j tff the" differential of j/ taken by 
supposing b^ Zy and / ^obttant^ nrhtck gives 

from which may be obtained 

this is £lie eKpressioti of tlie height of the parallelogram 
(X). Its base is espial to the section of this parallelo- 
gram made by a (jtane parallel to the axis of x; this 
section is formed cff the moleeaks of the parallelepiped 

2i 
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(A) by relation to which z and y are constant^ its 
length is therefore equal to the differential of x taken 
by supposing Zy y^ and t constant, which gives, the 
three equations 

dx=(|).d^(J).<>H<^).de; 
Suppose for abridgment 

^(?J(I)-(I)-(S)<I).(I) 

^\db)\dc)\da) \dbj\daj\dcj 

+(S)<I)-(S)-(J)-(I)-(S)= 

we shall have 



(l)<S)-0-(l)^ 

this is the expression of the base of the parallelogrflm 
(\) ; the surface of this parallelogram will therefore be 
/g.dg.dft 

(dz\ • This quantity alMi expresses the surface of 
Tc) 

the parailelogtam ifO, if we mulitiply it by f^J.dc 

we shall have PAa.Ab.dc for the magnitude of the 
parallelepipeds (C) and (B). Let § be the density 
of the parallelepiped (A) after the time^; then its 
mass will be represented by ^./3.da.d6.dc, which being 
equalled with the first mass (q).da.db.dCf gives 
p^:=z(Oi (G) 
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for the equation relatiye to the continuity of the fluid. 
33. We may give to the equations (F) and (G) 
another form, more convenient for use in certain cir- 
cumstances, het Uy Vf and v, be the respective velo- 
cities of a fluid molecule parallel to the axis of ^^ y^ 
and z : y/e shall have 

(t)=«= (i)=- (i)=- 

By differentiating these equations, and regarding Uy Vy 
and y as functions of the co-ordinates Sy yy and % of 
the molecule, and of the time ^ ; nve shall have 

(SKJ)+-(i)+'(i)+'-(^)= 

The equation (F) of the preceding number will then 
become 



+<%)] 



In order to have the equation relative to the continuity 
of a fluid, let us snppose that in the value of fi of the 
preceding number, a, J, Ofud c may be equal to x, ^, 



Digitized by 



Google 



t59 LAPLACB*8 irBCfrAWICt. 

aod 9, andtbat sty y, and 2 may be eqMl respectivefjr 
to a>^ttdti y^'odty and z-^ydij -whicli n equtvaleitt <a 
taking the first eo-ordinate» a, d, antl c todefivrtelj 
near to OT) y^ and' 2/ wesbaU^tben bare 

«=>-H.-ia')+(i)+(S)i. 

the equation (jCr) becomes 

ttme cx>ii|ider /> as a iiinction afofy y^ t^ w^t^ yrt 
sball bare 

the preceding equation will therefor^ become . 

this is^^ iY^ eqmatiom iel^¥^ tk> tl^^ cpn^imf jr o^ the 
fluvj^ and itis easy to perceivei tha^.it is.tb^ differaiw 
tial of the equation (G) of the preceding number^ 
taken relative, to the timp (t. 



♦ The eq^aTfoll 
is equivalent to the following 

which is what the equation ^^^'befoyies ifheo the values of 
/B and (f) are .8ubstitu.te4* 

f If the fluid be iilcompressibie, as the mass the density 
and the magnitude of each molecule of. the fluid will remain 
iajra^iabl^, ib^ equation (K)y by equalling separately tba 
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Thfe €qua*fon CB^) is susceptible of iniegr&fim in en 
ftrf exteiwlve case^ that is y^hetk i#Sjr-f^3[^+T^« i* «» 



.'IttS^. 



TariiUiops.of the deos^jr and the m^s to nptbii^, ^ill give 
the ^q follovma . 

By joining these equations (o the^three given hy that of (11} 
"we shaR* have five which: willeuatrle ns to determine the un- 
known qiiatt^ities e» P> f^r "0% and v ii^fntrc^o.as of /, x, 
^, and 2f. , . 

Ifth^i^Aopptr^^i^AfldidiS'b^niOf^ileaiis the^deoMfy ^ 
will be a constant quantity ; in this case we shall have oolyi 
the second of the above equations and the three gi?en hy 
that of (H) to determine the four unknown quantities p, 
II J v^ and V. 

If the fluid is elastic we shall have the equation (K) and 
the three given by that of (H) : if the lemperature be the 
samie throughout the mass^ the density will be m the pres* 
aure, which gives p::zkg ; therefore there will be only f^w 
unknown quantities which the four equations above raeu* 
tioned are suflicient to dicover. If the temperature be 
variable and a given function of the time, the quantity k 
wiB \m a^fuficti^nof tfies^ vjiri^b(es, confequeptJy tlw before 
meutiofred equations will be sufficient to determine th'e values 
of/?, M, t>, and-v. 

It apupj|rs«fran^tle above that we shall have in erery date 
as many equations "as there are unknown quantities in the 
problem. ;Bn4 as these are lequatioiis of pardai diSerentia^ 
tions of/, Xi t^ and z^ they have at present resisted every 
attempt to integrate them. Inr some instaices ihey have 
beei^afalpiified and integrated by particulaf wppositions, 
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exact variation of x^ y, wd %y p being also any foiio* 
Hon whatever of the pressure p. If therefore Ip repre- 
sent this variation ; the equation (H) will give* 

"'-H(S)+*'-Ks>+(l>+(f)i 

from which we majr obtain by integrating it with re- 
spect to if 

''-/Mt)+M(S)'+(i>+(s>r 

It is necessary to add a constant quantity which is a 
function of ^ to this integral, but we may. suppose that 
this quantity is contained in the function f • This last 
function gives the velocities of the fluid molecules 
parallel to the axes of x^ y^ and % : for we have 

«=a)> 'Ki).= KS)= 

The equation (K) relative to the ccmtinuity of the fluid 
becomes 



but even then the greatest difficulty has attended the deter, 
minatlon of the arbitrary constant quantities which depend 
upon the state of the fluid at the commencement of its motion. 

♦ That the equation (B) gives 
may be rendered evident from considering, for instance. 
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«=(^)+(l)(SHI)(l) 

+a>(S)+^K^•H?)+(S)^ 

thus we have relative to hombgeneoils fluids 

It inaj be observed that the function u.^a:^.i^-^Y.H 
Is an exact variation of x, y^ and z at all times, if it be 
during one instant. Let us suppose that at any instaot 
whatever, it is equal to ^^ ; in the following instant we 
«hall have 

»^.KS)■^+(^)•'^+(l>^ 

it will therefore be ao exact Tariation at thu iostaat, 

tion at tbe first instant ; but the equation (ffj giresat 
thU instant ( J)-8*+(^)->iH-( J).S«=8r-|.>. 

this equation is consequently an exact variation in x. 



* The integration of the equation 

irhich presented the greatest difficnlties has been fortunately 
accomplished by Marc Antoine Parseval, a French mathe. 
matician. Vide the eighth Cahter of the Joarnal de I'Ecole 
Poljtechnlque. 
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jfy aRd^l" tbus if ibe ^MlsHoo v.^ir-j-f.^-^v.^s; be an 
exact n^rjhtloik «M9 ih^taM^ it i^U ftHo be Oiae in the 
next) it M^Hierefore an ex:«ct yariatiop «t all /tijo^. 

tVliealtte niotionft are yter^«mal4 %eiAaf tfc^lect 
the squares and the products of u^ % and ¥ ; the eijua- 
lion (H) then beeooies 

Abavefore in this cas^ nSx^7y^y'\^ .^% hsk «n exact ra^ 
liatioii, if) as w^ ha^e sopposied^ j9 Jbe ^ Aindioft off $ 
kjr nataiag tliiB diffeicnliol ^^ we shall hare 

and if the fl^id tte hbrnbg^eatous, ttie €(}ua'tioil df con- 
Uattkj ivifi become 

•KS)+($)+(3)- 

iPhesfe i#o equations contaiti the MrTiole of l!i^ theety df 
very small un(iu)ati0ns of Komdgen&oitf s #iitds. 

34. Let us coilsider an faOmogeiieotts fluid mass 
ivhicb has an Qnifinni ituMremfeilt c|f xoiic^oi ab6ilt this 



* In the case of the very small undulations of an homo- 

dp p 
geneous incompressible h^e^vy fluid^ such ^ wat^r^ / — ::^^ ; 

if the axis of z 1)« supposed hi the dfreetion of gravity, at 

it3 ^urfiRe the equation F— /— ^( ^ J is changed into the 

fcpfloving il^^c::! £ ) • g representing the constant force of 
gravity. 
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iixts of Xn L^ n represent the angular Telocity of ro- 
tation at a distance from the axis which we will take 
for the unity of distance ; we shall then have -»= — nz ; 
v:=z7iy* ; the equation (H) of th^ preceding number 
i^vill also become 

P 
which equation is possible because its two members are 
exact differentials. The equation (K) of the same 
namber in like manner will become 



. * In figure 25 let A represent the origia of the co. 
ordinates, AY the axis of ^, AZ that of Zj and AD the 
projection upon the plane i^z of a line drawn from a molecule 
in the fluid mass perpendicular to the axis of a? ; from D 
draw the line DZ perpendicular to the axis AZy then DZ 

zr^, AZ=z^ and ADzzX^^^+z*. Let a line DE be 
drawn from D perpendicular to ADy and from any point E 
in it draw a line EF perpendicular to DZ ; then if DE rem 
present the Telocity of the molecule in the direction perpen- 
dicular to ADf it may be supposed to be resolved into two 
others DF and FE in the respective directions of 3^ and z. 
As the velocity at the distance represented by unity from 

the axis of ;r is n, that at the distance |/^*+s* is «v^j/*4-3« 
=DE. From the similarity of the right angled triangles 
AZDmdDFE 



\/]l^+z* : z : : nV S^-^-z^ : DF-zznz^ 
bat DF-zinz fs the velocity in the direction of the axis y^ 
and ought to be taken negatively as it tends to diminish that 

2k 
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and it is evident that tins equation is satisfied if the;fiuid 
ihass be homogeneous*. The equations of the motion 
of fluids are then therefore satisfied, and consequently 
thui movement is possible. 

The centrifugal force at the distance ^y^^z* from 
the axis of rotation, is equal to the. square of the velo- 
city n*.(;y*-f-s*J divided by this distance ; the function 
ff.(t/iy'\-%&z) is consequently the product of the cen- 
trifugal force by the element of its directionf ; therefore 
by comparing the preceding equation of the movement 



axis* Again V^j^*+s* :y ii w\/jf*+«* : FE^my^ or ftkt 
velocity of the molecule in the direction of the axis «• 

* That the equation (H) is reduced to the yalue given in 
this number appears evident frbm considering, that all the 

terms in the second member vanish except v. I — l.$y=— < 
»*i/^ and D.( — Vltrz:— 'ii*«5« 

In the equation (K) the respective valves <rf f ( ^ }> 

y- J and i\'T )^ !" this case, are evidently eqwal to 

nothing : also the partial ditferentiatioiis of p respectively 
vanish if the fluid is homogeneous* 

f The ceBtrifygal force at the distance t/y»+«* from the 

axis of rotation is equal to '*^-— ^ orfi».^p+? j this 

value multiplied into the element of its directiob or " " ^ 

fives «^CJ'^+a*«J• 
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of a fioid, with tbe general equattoB of the equUibrivm 
of fluids given in No. 17 ; vre maj perceive that the 
conditions of movement of which it treats, reduce 
themselves to those of tbe equilibrium of a ftiid na«s 
solicited by the same forces, and by the centrifiigal 
force due to the movement of rotation : vhicb is otheri* 
ivays evident*. 

If the exterior surfisice of a fluid mass is ftee, M»e 
shall have 3p=0 at this snr&ce, and consequently 

from which it follows, that tbe resultant of a}l the 
forcea which act upon eaeb molecule of the exteflov 
surface, should be perpendicular to this surfcoe ; it 
ought also to be directed towarda' the ulterior of the 
fluid mass. If these conditions be fulfilled aa bamo* 
geneous fluid mass will be in equilibrio, supposing ai 
the same time, that it covers a solid body of any figiure 
whatever. 

The case which we have examined is one of those la 
which the variation tr.^j^f^.$^4*v.is is not ^cact t foff 



* The general equation given in this number, when the 
value of Wis substituted, becomes 

which is independent of the time, and has n*.(y^y^z^z) for 
the yalue of the centrifugal force multiplied into the element 
of its direction ; it is therefore evident that the conditions 
of movement are, in this case^ the same as those of the 
equilibrium of a fluid mass solicited by the same forces and 
by the centrifugal force arising from the rotatory motion of 
the mass. See notes page 134. 
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this variation becomes . — n,Xz^t/—yh) ; thcrcfofc in 
the theory of the flox and reflux of the sea, we cannot 
suppose that the variation concerned is exact, because 
it is not m the very simple case in which the sea has n^ 
other movement than that of rotation, which is com» 
mon to it and the earth. 

35. Lei us now determine the oscillations of a fluid 
mass covering a spheroid possessed of a movement of 
rotation nt about the axis of x ; supposing it to be very 
little altered from the state of equilibrium by the action 
of v6ry small forces. At the beginning of the move- 
ment, let r be the distance of a fluid molecttle«from the 
centre of gravity of the spheroid that it covers, which 
we will suppose imVnoveable, let 6 be the angle that 
the radios r forms with the axis of a:, and ^ the angle 
which the plane that passes by the axis ofx and this 
radius forms with the plane of or and y. Let ns sup- 
pose that after the time t the radius r is changed into 
r-^aSj that the angle d is changed into d-\-xUy and that 
the angle w is changed into nt-^-^-^av ; aSy au, and a«^ 
being very small quantities of which we may neglect 
the squares and the products; we shall then have* 



* Id figure 18, let C represent the origin of the co. 
ordinates at the centre of gravity of the spheroid, CBj CFj 
and CE the respective axes of ^, ^, and s, CA the distance 
of a fluid molecule from C, AD a perpendicular let fall 
from the molecule to the plane of FCB or xy, DB and con. 
sequently ABj perpendiculars drawn from D aud A to the axis 
of a:, then CAzizr+aSy CBzi^LXy BDzzzy^ and AD=zz, also the 
angle ACB made by the radius and axis of x^zB+otu^, and. 
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2=rr4-«5 J .sin . (^au) .sia . (nt-^-^-av) . 
If we substitute these values in the equation (F) of 
No. 32, we shall have by neglecting the square erf «, 

+«r*.^^5sin.*6.(^)+2/i.sin.9.cos.e.(^J 

f 
At the exterior surface of the fluid lp=X) ; alsdin the 

«tate of equilibrittm 

o=:J!l.j.{cr+«s;.sin.re+«w;}'+rsr; ; 

(^5 V) being the value of ^ F which belongs to this state^ 



the angle ABD or the inclination of the planes ACB and 
Xi/zsznt-^zT+etv, By trigonometry, in the right angled 

triangle ACB we have 

rad.(l) : cos.(Q+au) : : r+as : xz=z(r+»s)cos.{9+»u), 

and 
rad.(l) : s\n.(Q+au) : : r+»8 : -4B=i:(r+fli*).sin.(d+«w); 
also in the right angled triangle ADB we have 
rad.(l) : CQS.(nt+i!f+dv) : : (r+eit)sin.0+»u) z yn{r 
-^»s)%\n.(fi-\-mu)coSn(nt'\-''cj-\-ot.v) and 
Tad.(l) : sin.(fi/+i!r+ao) : : (r+«5)sin.(d4-«M) ; 2:=i(r 

-f«0.8iD.(6+«w)«»i'J»('*'+^+*^>^' 
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Let Ds suppose the sea to he the iaid ireai^A npcrn ; 
the yanatuHi (W) wttl be the piodnot of the gravity 
multiplied by ih^ element of its dii«ctioB« Jje/t g re* 
present the fiwce of gravity, and ay the eievatba of a 
molecule of water at the surface above the sarfaee of 
equilibrium, which surface we shall regai^ as the true 
level (niveau) of the sea. The variatioa (i V) in the 
state of nyovemeot will by this deration be increased 
by the quantity — ag.^^y, because the force of gravity 
aqts very nearly in the diracMop of the %y*% and tosro^ds 
their origin. -Lastly denoting by oiV the part mflV 
relative to the new forces which in the stat^ ol move* 
ment solicit the molecule, and depend either apon the 
changes which the attractions of the spheroid and the 
fluid experience from this state, or from foreign attrac- 
tions ; we shall have at the surface 

The variation — .J.ffr-j-a*^ .sin, (^d-{-aw^}* is increased 

by the qaantity o^ff^.^^.r.sin.'fi*, in consequence of the 
height of the molecule of water above the surface of the 
sea ; but this quantity may be neglected relative to the 

term — ot'g^^y^ because the ratio — of the centrifugal 



* The quantitjr <^^$^.r.siq.^d m^y be ohtsU)e4 from t)# 

variation— .J.{fr + 4»0.sin.Cd+awJ}» by differentiatip^. 

that variation with respect to r, neglecting the quantities 
m8 and «t#, which afe relative to time, and supposing that 
Ir is equal to ^y. 
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Ibroe at the equator to gravity^ is a yery snail fraction 

-equal to r^*. Lastly, the. radius r is irety nearly con- 

stant at the surface of the sea, because it differs very 
little from a spherical surfkoe; yr€ toiay therefore sup. 
pose ^r equal to nothing. The ^uation L thus be- 
comes at the surface of the sea 

the variations Sy and 5 P beitig relative to the two va- 
riables B and is. 

Let us now consid^ the equation rdative to the 
continuity of the fluid. For which pufpose, we may 
suppose at the otigin of the nioteraeiit a tectangular 
parallelepiped, of which the altitude is dr, the breadth 
rdto.sin*6 and the length rAB. Let f', fl', and ts' re- 
present the values off, d, and w afiet the time t. By 
following the teasoning of No. S2^ we shall find that 
after this time, the Yolume of the Auid molecule is 



* cfi^.^^.r.siD.^d has the same ratio to — «^.9y ^ 

i»*.r.sin.»d , , ^ 

' » — has to -—1, but the tenCrifiigal force at the eqna. 

. n*r* «*r 1 

tor IS ^ Qv n^Vj and — is nearly equal to — r- there. 

fore ■ " may be neglected when compared with — 1. 



e 
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equal to a rectangular parallelepiped of Trhich tfaa 

' ' Uude is ( "T" l-dr and the breadth 

...i....KS>-+(^)<"|. 

by extracting dr by means of the equation 

lastly its length is 

by extracting dr and dw, by means of the equations 

■ H^y^+iwy^i^y- 

Supposing therefore 

^'=(S^)'(l)-(£')~(^)'0'(S) 

, /'rfr'\ /'d9f\ /-dvr'^ /'dr'\ /'dfl'\ /'rf«'\ 

+(£)<S)-(^HS)-(f )•(?)' 

the volume of the iholecule after the time t will be fi'. 
r'^.sin.fl.dr.de.dw; therefore naming (p) the primitive 
density of this molecule, and p its density correspooid-* 
ing to f ; we shall have by equalling the primitive ex- 
pression of its mass, to its expression after the time f> 

^./8V^sin.fi'=rf)J.r*,sin.e ; 
this is the equation of the continuity of the fluid. #Ta 
the present case 

we shall therefore have by neglecting the quantities of 
the order a*, 
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^■=>^(^)+-(S)+-a)- 

Let «s suppose tliat after the time d, the primitive 6^^ 
sity f^J of the fluid is changed into {p)-\'ap'; the pre- 
ceding equation relative to the continuity of the fluid 
^1 give 

(d.r^s \ 
irr 

36. *Let us apply these results to the oscillations o£ 
the sea. Its mass being homogeneous we have /=:0 
and consequently 

Let us suppose conformably io virhat appears to have 
place in nature^ that the depth of the sea is very small 
relative to the radius r of the terrestrial spheroid ; let 
this depth be represented by y, y beiiif a very small 
function of 6 and z? which depends upon the law of 
this de|)th. If we integxaie the pie^^eding equatioa 
with respect to r, from the surface of the solid which 
the sea covers unto the surface of the sea ; we shall 



* As the ti#t»8 D^eessary U eknildate this Mid the Mlo^* 
h^ number satisfactorily would from their very great le/igth 
too much increase the size of the work, I shall refer the 
reader who is desirous of full iDformation respecting them 
to the fourth book of the Mecbanique Celeste, where all 
the equations are integrated and every particular explained 
Id the fullest manner. 

Sl 
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find that the value of s is equal to a functioa of 6, ^, 
and t independent of r, plus a very small function 
ivbich will be with respect i^ u and v of the same small 

order as the function - ; but at the surface of the solid 
r 

which the sea covers, when the angles d and ^ are 
changed into d-^au and w/-f*^"f^^i ^* *s easy to per- 
ceive, that the distance of the molecule of water con- 
tiguous to this surface from the centre of gravity of the 
earth, only varies by a very small quantity with respect 
to au and av^ and of the same order as the products of 
these quantities by the eccentricity of the spheroid 
covered by the sea: the function independent of r 
which enters into the expression of s is therefore a 
very small quantity of the same order ; so that we may 
generally neglect s in the expressions where n and v are 
concerned. The equation of the motion of the sea at 
its surface given in No, 35 therefore becomes 

^-r^S«. S 8in.^9.r^^+2ii.sin.9.cos.5.r^) ^ = — 

the equation (L) of the same number relative to any 
point whatever of the interior of the mass of fluid, 
gives in the state of equilibrium 

0~ X{ (r+as) .sin. (d+c^u) f^O V)—^ ; 
^ 9 

(IV) and Op) being the values of 5 F and Ip which in 
the state of equilibrium answer to the quantities r^dk^ 
d-j-aw, and T7-|-ar. Suppose that in the state of mo- 
tion, we have 

the equatipn (L) will give 
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|-(^j=(g)_.„.3,.,,.(*). 

The eqaation (M) shews that n. f^) is of the same 

order as^ or 5, and consequently of the order — ; the 

value of the first meraber of this equation is therefore of 
the same order; thus multiplying this value by rfr, 
and integrating it from the surface of the spheroid 
which the sea covers unto the surface of the sea, we 

shall have P — — equal to a very small function of the 

P 

order — , plus a function of 3, t?, and t independent of 

r, which we will denote by a ; having therefore regard 
in the equation (L) of No. 35 only to two variables 
• and zj, it will be changed into the equation (MJ^ 
with the sole difference, that the second member will 
be changed into Sx. But x being independent of the 
depth at which the molecule of water which we are 
considering is found ; if we suppose this molecule very 
near the surface, the equation (L) ought evidently to 
coincide with the equation (M) ; we have therefore 
Jx=jF' — g*^t/9 and consequently 

the value of $ P in the second member of this equation 
being relative to the surface of the sea. We shall find 
in the theory of the flux and reflux of the sea, that this 
value is nearly the same for all the molecules situated 
upoathe same terrestrial radius, from the surface of the 
solid which the sea covers to the surface of the ^ea ; we 
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have therefoie relative to att these mofecoles -^=g.3[y ; 

which gives p' equal to p.gt/ plus a function independ- 
ent of Oy TSy an() r s but at the surface of level of the 
sea, the value of »p^ is equal to the pressure of the small 
column «y of wj^ter which is elevated above this sur- 
face, and this pressure is equal to ap^gi/; we have 
therefore in all the interior of the fluid roass^ from the 
surface of the spheroid which the sea cavers^ to tbt 
suriace of level of the sea, p'lzupgi^i therefoie anj 
point whatever of the sur&ce of the spheroid covered 
by the sea, is more pressed than in the state of equi- 
librium, by alt the weight of the small column pf vrater 
comprised between the surface of the sea and the sur- 
fhce of level. This excess of pr ess^ro becomes negative 
at the points where the surface of the sea is sunk below 
the surface of level. 

It follows from what has been said, that if we only 
^ve regard tatbe variations of d and of tv ; the equation 
(It) will be changed into the equation (M)^ for all 
the interior molecules of the fluid mass. The values of 
u and of v, relative to all the molecules of the sea situ- 
ated upon the same terrestrial radius, are therefore de- 
termined by the same differential equations: therefore by 
supposing as we shall in the theory of the flux and reflux 
of the sea, that at the beginning of the motion the values 

^^ ^^ y'dir ^' xin )' ^®'® ^^® ^^"*^ ^^^ ^ ^^^ "*^ 
teenies situated upon the same raditts these moleeules 
would remain upon the same radius during tfcc oscil- 
lations of the fluid. The values r, », and d may 
therefore be supposed very nearly the same upon the 
small part of the terrestrial radius comprised behrecn 
the solid tftat the sea covers and the surface of the sea: 
therefore from integrating with relation to r the equation 
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f r**> being the value of r'* at the suT&ce of the «phc-> 
loid covered hy thie sea* The fuuetioa r"^ — (t^sj h 
TQ?yDe«rl)r •qual to r".{«— f^Jj+SryfO^ (s) bein§ 
Ui« vahie of 4 at the surface of the spheicid; the term 
3rr^($} may be neglected on aceouEt of the $t»aUne9$ 
of y and (s) ; thus we shall have 

Moreover the depth of the sea corresponding to thj^ 
Mglcs S+qtw and i2f+OT-|-«i? is 7-{-o^'{s — (s)}; if we 
place the origin of the angles d and nt'\-t!f at a point 
and a meridian fixed upon the surface of the earth, 
which may be done as we shall forthwith see; this 

depth wHl be Ti'^^\^gh\^'^\T' jt phwtheefcinfct 

tion »ijf of the fluid molecule of the surface of (he sea 
above the surface of level ; we shall therefore have 

The equation relative to the continuity of the ffufd 
consequently will become 

U nay te observed that in tbi^ equationi the anglejs M 
and nt''\-^ are reckoned relative to a poiiit and to m 
meridian fixed upon the earth, and that in tl^e^tialioii 
(M) these same angles are reckoned retati^v^ to the 
axis of a:, and to a plane which passing ihvm^h Ibis 
axis Will have a movement of rotation about it equally 
n ; but this axis and this plane are not fiised at the Hrr^ 
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face of the ^arth, because the attraction and the pres- 
sure of the fluid whfch covers it ought to alter their 
position a little upon this surface, as well as the move- 
ment of rotatioa of the ' spheroid. But it is easy to 
perceive, that these alterations are to the values of at^ 
atid 'aVy in the ratio of the mass of the sea to that of the 
terrestrial spheroid ; thus, in order to refer the angles ^ 
and nt'\-m to a point and to a meridian ivhicb are in- 
variable at the surface of this spheriod in the two 
equations (M) and (N) ; it is sufficient to alter u and 

V by quantities of the order — and — , which quanti- 
ties may be neglected ; in these equations therefore, it 
may be supposed that au and av are the movements of 
the fluid in latitude and longitude. 

Again, it may be observed, that the centre of gravity 
of the spheroid being supposed immoveable, it is ne- 
cessary to transfer in a different direction to the fluid 
molecules the forces by which it is actuated in conse- 
quence of the re-action of the sea ; but as the common 
centre of gravity of the spheroid and the sea does not 
change its situation in consequence of this re-action, it 
19 evident that the ratio of these forces to those by 
which the molecules are impelled from the action of 
the spheroid, is of the saxne order as the ratio of the 
fluid mass to that of the spheroid, and consequently of 

the order - ; they may therefore be neglected in the 

calculation of S P. 

37. Let usjconsider in the same manner the motions 

C[( the ajbmosphere. We shall in this research neglect 

the' variations, of the beat at difierent latitudes and dif- 

. ferent heights, as well as all irregular causes which 
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agitate if, and only have regard to the regular causes 
which act upon it as upon the ocean. We shall con- 
sequently suppose the sea covered by an elastic fluid of 
an uniform temperature; we will also suppose conform- 
ably to experience, that the density of this fluid is 
proportional to its pressure. This supposition gives 
an indefinite height to the atmosphere, but it is easy to 
be assured, that at a very small height its density is so 
trifling that it may be regarded as nothing. 

This being agreed upon, let 5', «', and 1/ represent 
for the molecules of the atmosphere, what Sy w, and » 
signified for the molecules of the sea ; the equation (L) 
ef No. 35 will then give 

-f-«^^Sw Z sin.'O.i — l+2w.sin.0.cos.d. 
/rfti'x , 2n.8iii.*d rds'\ > , . < /dV\ 

{iiir—r—\Tt) \ +^5'-- \ ISF ) 

-2nr. sin.^d. (^) ^ —'txKr+c.s'). 

sin.fO+««'Jf+SF— ^. 

f 

hti us at present consider the atmosphere in the state 
of equilibrium in. which s'y u'^ and t/ are nothing. 
The preceding equation will give by integration, 

^.f^.sin.«9-|-F— /^t= constant. 

The pressure p being conceived to be proportional to 
the density, we shall make pz=,Lg.py g being the 
gravity at a determinate place, which may be supposed 
to be the equator, and / being a constant quantity that 
gives the height of the atmosphere, conceived to be of the 
same density throughout, as at the surface of the sea : 
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tUt beigfatisvery saiaH mAmn 4Dmipa»ed ivMi the mdUm 
€ff tlie tevrastnrial spheroid, -of ^whicii it is not tbe 9S0A 

The integral^— is equal to LgAog.p; the preceding 

^^astkm of Ike eqailibrium of tlie atmosphere tonse- 
-qiictftly becomes 

At 

At the surface of the sea, the value of V is the same for 
% molecule of air as for the molecule of water which is 
contiguous to it, because the forces which solicit each 
molecule are the same ; but the conditions of the equi- 
librium^of the sea vequires ibirt we shodld bftve 

therefore at this surface /> is constant, that is to say, the 
density of 4he lamina <A air nefct 4e the«ea| isibrough- 
out the same in the state of equilibrium. 

If ^ represent the part of the radiasr comprised 
between the centre of the spheroid and the surface of 
the sea, and r' the part cemprised between Ibis sur- 
face and a molecule of air elevated above it, r* will 

only differ by quantities nearly of the order T— ,i^ F 

from the height of th^is moteeule above the surface of 
the sea : we shall therefore neglect the quantities of 
this order. The equation between /> and r will give 

%r.i.g.;=co.,^.+r+,'.(J)4^.(^)+J'.«.. 

It) ^^ 
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jY ) being relative to the surface of the sea where 
we have 

con8t.=: VA — . R .sia.^d ; 

the quantity — (^"T*" ) — n*i?.sin,*9 is thegtavity at this 

same surface ; we shall denote it by g\ The function 

— I being multiplied by the very small quantity r'*, 

we may determine it on the supposition that the earth 
is spherical, and neglect the density of the atmosphere 
jrelatiVe to that of the earth ; we shall thus have very 
nearly 

fdV\ m 

denoting the mass df the earth ; by equating r ~- j 
zz:rrjrj^:==:~ ; we shall therefore have /g'.log./c=coii8t. 
.^^g/,^^^ g/ . ffQ^ which may be obtained 

€ being the number of which the hyperbolical logarithm 
is unity, and 11 being a constant <|uantity evidently 
equal io the density of the air at the surface of the sea. 
Let h and h' represent the respective lengths of pendu« 
lums oscillating seconds at the surface of the sea under 
the equator, and at the latitude of the molecule of air 

which hafi been considered : we shall have —=7-, and 

consequently 

2m 



m 
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This expression of the density of (he air shews, that the 
laminae of the same density are throughout equally 
elevated above the surface of the sea, except by the 

quantity nearly ; but in the exact calculation 

of the heights of mountains by the observations of the 
barometer, this quantity ought not to be neglected • 

Let us now consider the atmosf^here in the state of 
motion, and let us determine the oscillations of a lamina 
of level, or of the same density in the state of equilib- 
rium. Let «(p be the elevation of a molecule of air 
above the surface of level to which it appertains in the 
state of equilibrium ; it is evident that in consequence 
of this elevation, the value of S F will be augmented by 
the differential variation — ag.5(p; we shall therefore 
have J V=zO FJ— ag.^H-*^ ^f O^) being the value 
of ^F which in the state of equilibrium corresponds to 
the lamina of level and to the angles 6-}"*^ ^"^ nt-^-'sr 
-|-at?; ^P being the part of J F arising from th^ new 
forces which in the state of movement agitate the at- 
mosphere. 

Let fz=z(p)'\-ap'y (p) being the density of the lamina 
of surface in the state of equilibrium. If we make* 

/ yK we shall have 

but in (he state of equilibrium . 

^ - Kfy 

the general equation of the motion of the atmosphere 
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will therefore become relative to the laminae of level, 
with respect to which Sr is verj nearly nothing, 

-(-r».S«. $ sin.»e/^)+2«.8in.9.cos.fl/^') 

m(sf) being the variation of r corresponding in the 
state of equilibriam to the variatons »u' and axf of the 
angles 9 and ts. 

Let us suppose that all the molecules of air situated at 
first upon the same terrestrial radius, remain constantly 
upon the same radius in the state of motion, which has 
place by what precedes in the oscillations of the sea ; 
and let us try if 4his supposition will satisfy the equa- 
tions of the motion and of the continuity of the atmos- 
pheric fluid* For this purpose it is necessary, that 
the values of u' and ^ should be the same for all these 
molecules; but the value IV is very nearly the same 
for these molecules, as will be seen when we shall de* 
termine in the sequel the forces from which this varia- 
tion results ; it is therefore necessary that the variations 
}f and ^t/' should be the same for all these molecules, 

and moreover that the quantities 2/ir.5w.sin."fi.r — J, 

and «^r.8in.'d.^.{5' — (s')} may be neglected in the 
preceding equation. 

At the surface of the sea we have $=iy, ay being 
the elevatiou of the surface of the sea above its surface 
of level. Let us examine if the suppositions of f equal 
toy, and ofy constant for all the molecules of air situ- 
ated upon the same radius, can subsist with the equation 
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of the continuity of the fluid* This eqaatioit, by 

No. 35, is 

from which we may obtain 

r-^acs^ is equal to the value of r of the surface of level 
which corresponds to the ancrles 0-|-aa and tjy+ar, plus 
the elevation of the molecule of air above this sur- 
face; the part of as' which depends upon the variation 

of the angles fl and w being of the order , may be 

neglected in the preceding expression of ^', and con- 
sequently it may be supposed in this expression that 

5'=:(p ; lastly if we make (p=!y, we shall have \--ff 

=0, because the value of ^ is then the same relative to 
all the molecules situated upon the same radius. More- 
no 
over y is by what precedes of the order I or — ; the 

expression of^ will thus become 

therefore u' and t/ being the san^c for all the molecules 
situated originally upon the same radius^ the value of 
y will be the same for all these molecules. Moreover 
it 18 evident from what has been said, that the quantities 

2itr.Jw.sin.*dY^) and n?r.sin.«d.^.{s'— r^';}, may 

be neglectf^d in the preceding equation of the motion of 
the atmosphere, which can then be satisfied by sup- 
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posing thai m' and d' are the same for all tha molecules 
of air situated originally upoh the same radius: the 
suppositiqin that all tbe«e molocEks remain constantly 
npon the same radius daring the oscillations of the fluid, 
is therefore admissable wilh the equations of the motion 
and of ihe continuity of the atmospheric f|nid. In this 
case the oscillations of divers laminae of level are the 
same, and may be determined by means of the equations 

-\-}',6zs^sin.'d.f — l-|-Sn.siD.S.cos.d. 

-These oscillations of the atmosphere ought to produce 
analogous oscillations in the altitudes of the barometer. 
To determine these by means of the first, let us suppose 
a barometer fixed at any height whatever above the 
surface of the sea. The altitude of the mercury is pro- 
portional to the pressure which its surface exposed to 
that of the air experiences; it may therefore be rcprci- 
sented by Ig.p ; but this surface is successively exposed 
to the action of different laminae of level which elevate 
and lower themselves like the surface of the sea; thus 
the value of p at the surface of the mercury varies ; 
first, because it appertains to a lamina of level wliich 
in the state of equilibrium was less elevated by the 
quantity at/ ; secondly, because the density of a lamina 

is augmented in the state of motion by ap^ or by * . . 

In consequence of the first cause the variation of p is 
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— -oy.f J- J, or *^ ^ ' ; the total variation of the den* 

rity ^ at the surface of the mercury is therefore aCp)* 

—y— . It follows from the above, that if the altitude 

•of the mercury in the barometer at the state of equilib* 
rium is denoted by A:; its oscillations in the state of 

motion will be expressed by the function — '—-z ; 

they are therefore similar at all heights above the sur« 
face of the sea, and proportional to the altitudes of the 
barometer. 

It now only remains in order to determine the oscilla- 
tions of the sea and of the atmosphere, to know the 
forces which act upon these two fluid masses and to in- 
tegrate the preceding differential equations ; which will 
be done in the fourth book of this work» 
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CHAP. IX*. 



Of the law of unhersal gravitt/ obtained from 
phenomena. 

38. After haying developed the laws of motion, we 
will proceed to derive from them and from those of the 
celestial motions presented in detail in the work entitled^ 
Exposition du Systeroe du Monde, the general law c^ 
these motions. Of all the phenomena that which seems 
to be the most proper to discover this law, is the elliptic 
motion of the planets and of comets about the sun: let 
us see what may be derived from it. For this purpose^ 
let ^ and y represent the rectangular co-ordinates of a 
planet in the plane of its orbit, having their origin at 
the centre of the sun ; also let P and Q denote the forces 



♦ This chapter which forms part of the first chapter of the 
iecood book of the Mechaiiique Celeste, is added in order to 
afford the reader some Idea of the manner in which Laplact 
a|>jpliei tim rMles giVen in the introductory treatise. 
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•which act upon this planet parallel to the axes of :r and 
y, during its relative motion about the sun, these forces 
being supposed to tend towards the origin of the co- 
ordinatesy lastly, let dt represent the element of the 
time which we will regard as constant; we shall 
have hy Chap. 2, 

If we add the first of these equations multiplied by — y 
to the second multiplied by x, the following equation 
will be obtained, 

It is evident that xdj/ — ydx is equal to twice the area 
Which the radius vector of the planet describes about 
t^esun during the instant dt 5 by the first law of Kepler 
.this area is proportional ta the element of the time,, we 
shall therefore have . - ; 

adj/—ydxz:=cdt9 .; 

c being a constant quantity ; the difierential of the first 
member of this equation i& eq,ual to nothing, conse^ 
guently , . 

' .^ xQ~yP=d(i. 

It follows from this equation that P has to, Q [bo 
same ratio as x has to y, and that their resultant passes 
by the origin of the co-ordinates ; that is by the centre 
efthesun. This is otherways evident, for the cuf Ve de^- 
scribed by the planet is concave towards the sun, con- 
sequently the force which causes it to be described 
tends towards that star. 

The law of the pr^ortionality of tbi$area» to^be 
time's emj^Ioyed to describe tl^m, therefore eondiieti^ 
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m to this remarkable result ; that the force ^hich soli« 
cits the planets and the octets is directed towards the 
centre of the son. 

39. Let us now determine the law by which the force 
acts at different distances from this star* It is evident 
that the planets and the comets alternatelj approach to 
and recede from the sun, during each revolution ; the 
nature of the elliptic motion ought to conduct us (o this 
law. ' For which purpose resuming the differential 
equations (1) and (3) of the preceding No., if we add 
the first muIHpIied hj dxto the second multiplied bj 
dj/^ we shall have 

irhich gives by integration 

the constant quantity being indicated by the sign of 
int^ration. If we substitute instead of di its value 

*<y*^y , which is given by the law of, the propor. 
tionality of the areas to the times, we shall have 

For greater simplicity let the co-ordinates x and ^ 
be transformed into a radius vector and a traversed angle 
conformably to astronomical practice. Let r represent 
the radius drawn from the centre of the sun to that of 
(he planet, or its radius vector, and v the angle which 
it forms with the axis q{x; we shall then have 



consequeq^ly 

Sn 
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If the principal foree that fio(« npi^ tbe piMf t bd 
deaoted l^y <>i the preceding I^fo^ wt)I gi?e 

P=:(p.cos.v/ Qz=^.sin.v/ ^tefiV'^PH^i 
therefore 

by substitv^ioQ we shall have 
ooDtequently 

This equation will give by means of quadratures tbt 
value of V in r, wh?n the fioK^ f ista kne^n ^notion of 
f) but this force being unknown, if the nature of the 
curve which it causes to be desciJbed is gt¥e% by 
differentiating the prece(|ing expresjuoiA of ^fpdr, we 
shall have to determine f the equaticA 



^fl^S"d.\ridv-i 



T y,| 2 • 

dr 

The orbits of the planets are ellipses, having the 

centre of the sun at one of the foci ; if in the ellipse «r 

denotes thjs^»i|^e w^i^h the majof ax4s makes^with the 

axis of Xf and the origin of j; be ixed at the focus, 

aad a represent the semi- major ayis, «nd e tbe ratio of 

the eccentricUy %o the semi-major axis; we ^aU ktivm 

a(l-e^> 

which equation belongs to a parabola if fr=:I, and a be 
infinite; and to an hyperbola if e surpass unity, and a 
lbenega;lh^ TkisLequ^tiQAgi«ea 

dr* ^ J- 1 : ' 
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tbwforei the drbits of the planets heUig dwie secticNlife, 
the force ^ is inverselj^ as the square of the distance of 
the centre of these planets from that o( the sun. 

We also perceive that if the force (p is inversely as 

the square of the distance, or expressed by — , h being 

a constant coefficient, the preceding equation of conic 

sections will satisfy the differential equation (i) 

between r and t), which gives the expression of (p when 

h c* 

we chaiige ^ ifrto — • WeshailthenhaveA= 



which forms a conditiotial equation between the two 
constant quantities a and e of the equation of conic 
»ectiOfis ; the three constant quantities a, e, and t? of 
thisr equation are therefore reduced to two distinct con- 
stant quantities, and as the differential equation be-> 
tween r and v is only of the second order, the finite 
equation of conic sections is the the complete integral 

From the above it follows, that if the curve described 
be a conic section the force is in the inverse ratio of 
the square of the lUstanoe, and reciprocally if the force 
be inversely as the square of the distance, the curve 
described is a conic section. 

40, The intensity of the force (p relative to each pla^ 
net and to each comet depends upon the coefficient 

^ > 5 the laws of Kepler likewise give the means 

of determining it. Thus, if T denote the time of the 
/evolution of'a planet, the area that its radius vector 
describes during this time being the surface of the pla- 
netary ellipse ifl equal to vaVl— c*, «r being the ratio 
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of (he scmUcircuaiference io the ndiiis ; bot by what 
precedes, the area deicribed daring the instant eft is | 
cdt : the law of the proportionality of the areas to 
the times will therefore give the following proportion^ 

therefore 



Relative to the planets, the law of Kepler, that the 
squares cf the times of their re volutions are as the cubes 
of the great axes of their ellipses, gives r*=A*fl*, A" 
being the same for all the planets ; we therefore have 



c= j^ -• 

Sa( I — t*) is the parameter of the orbit, and in di&rent 
orbits the values of c are as the areas traced by the radii 
' vectores in equal times ; these areas are therefore as the 
square root of the parameters of the orbits* 

This proportion has equally place illative to the or- 
bits of comets compared either to each other or to the 
orbits of the planets; this is one of the fundamental 
points of their theory which answers so exactly to all 
their observed motions. The major axes of their orbits 
and the times of their revolutions being unknown, we 
calculate the motions of these stars in a parabolic oibit, 
and, expressing by JD their perihelion distance, we 

suppose cz=z — T — ; which is equivalent to nial^ing 

e equal to unity, and a infinite, in tbe preceding ex- 
pression off; we have therefore Tclative to comets, T* 
'z=zk^a^, so that \vhe!i their revolutions shall be known, 
the major axes of tiieir orbits cdn be determined. 
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The %zpres9ion of e gi?^ 



ve have therefore 

The coefficient -— being the same for ^11 the planeti 

and comets, it results that for each of these bodies^ 
the force f is inversely as the square of the distanoet 
from the centre of the sun, and only varies from om 
body to another by reason of these distances ; from 
\vhich it follows, that it is the same for all these bodies 
supposed at equal distances from the sun. 

We are therefore conducted by the betrntiffll laws of 
Kepler to regard the centre of the sun as the focus of 
an attractive force which extends itself infinitely in all 
directions, decreasing in the ratio of the squares of the 
distances. The law of the proportionality of the areas 
described^by the radii vectores to the times employed in 
describing them, proves to us that the principal force 
which solicits the planets and the comets is constantly 
directed towards the centre of the sun ; the cUipticity 
•f the planetary orbits, and the very nearly parabolical 
motions of the comets, shew that for each planet and 
for each comet this force is inversely as the square ot 
the distance of these stars from the sun; lastly, from 
the law of the proportionality of the squares of the 
times of the revolutions to the cubes of the major axes 
of the orbits, or that of the proportionality of the 
areas described during the same time by the radii vec« 
tores iu different orbits to the square roots of the para* 
meters of th^se orbits, which law contains the preceding 
tmd is extended to comets; it results, that this force k 
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tbe same for all the planefk^ ^aad tke eomdi plueed ai 
equal distances from Ae sim^ siO that in this case, these 
bodies would be preci{>itated towards it with the 
▼elocity» 
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BRRATA. 

F^e 11. Notes lineS, ^y direction by S. ^c, read^ 

direction by lines denoted by S. Spc, 
Page 56. Line 1, fotp ds^ read^ d*%. 
Page 135. Notes line 4 from the bottonii instead ofy 

to one half that, read, to that. 



Digitized by 



Google 



Digitized by 



Google 



Digitized by 



Google 




- I 



Digitized by 



Google 



Digitized by 



Google 



Digitized by 



Google 



Digitized by 



Google 



Digitized by 



Google 



Digitized by VjOOQIC 



...'y^fA^Ai''^ .b^ 




n 




469 837 



THE BORROWER WILL BE CHARGED 
AN OVERDUE FEE IF THIS BOOK IS NOT 
RETURNED TO THE LIBRARY ON OR 
BEFORE THE LAST DATE STAMPED 
BELOW. NON-RECEIPT OF OVERDUE 
NOTICES DOES NOT EXEMPT THE 
B#R^O^R->F&W* OVERDUE FEES. 







/^ 




t 



Uiitized by Google 



